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Abstract. In this paper, the concept of fuzzy bipolar soft set initiated by
Naz and Shabir [22] is modified and strengthened. Consequently, the ba-
sic operations on fuzzy bipolar soft sets are redefined and their algebraic
properties are studied. The notion of fuzzy bipolar soft ordered semigroup
is defined and, furthermore, the concepts of fuzzy bipolar soft left (resp.,
right, two-sided) ideals over ordered semigroups are introduced and char-
acterized.
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1. INTRODUCTION

The remarkable concept of fuzzy set was initiated by L. A. Zadeh in his seminal article
[30] of 1965. Since then fuzzy set theory is widely studied and extended to various areas of
mathematics. Rosenfeld [23] was the first who extended the idea of fuzzy sets to abstract
algebra, and defined fuzzy subgroupoid and fuzzy subgroup. N. Kuroki [15-20] introduced
the notions of fuzzy semigroups and fuzzy (left, right, bi-, interior, semiprime, generalized
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bi-, quasi-) ideals of semigroups. Kehayopulu and Tsingelis [4] took the lead in consider-
ing the concept of fuzzy sets in ordered groupoids (ordered semigroups). Kehayopulu and
Tsingelis [5-8] defined fuzzy (left, right, bi-, interior, quasi-) ideals in ordered semigroups,
and studied the decomposition of different classes of ordered semigroups. Moreover, they
characterized several classes of ordered semigroups such as simple and regular ordered
semigroups in terms of fuzzy sets. Shabir and Igbal [24] introduced bipolar fuzzy left
(resp., right, bi-) ideals in ordered semigroups, and characterized their various classes by
the properties of these ideals. lbrar et al. defifed3)-bipolar fuzzy ideals anda, 3)-

bipolar fuzzy interior ideals in ordered semigroups, and characterized regular (resp., intra-
regular, simple, semisimple) ordered semigroups by using properties of these generalized
bipolar ideals. N. M. Khan et al. [9] characterized various classes of ordered semigroups
in terms of their generalized fuzzy ideals. Muhiuddin et al. [21] studied fuzzy semiprime
subsets in ordered semigroups. J. Tang et al. [27] introduced the notions of interval valued
generalized fuzzy bi-ideals (resp., quasi-ideals) in ordered semigroups and examined their
related properties. Moreover, they characterized bi-regular (resp., intra-regular and regular)
ordered semigroups by interval valued generalized fuzzy quasi-ideals. Sana et al. [2] in-
troduced and studied the concepts of possibility fuzzy soft ideals and possibility fuzzy soft
interior ideals in ordered semigroups. In [13], the authors introduced interval valugg-

fuzzy filters of ordered semigroups, and characterized fuzzy (left, right) filters of ordered
semigroups in terms of interval valuéd, € Vq)-fuzzy (left, right) filters. In [26], the
authors introduced and examined the concepts of pure fuzzy and weakly pure fuzzy ideals
in ordered semigroups. In [10], the authors defined the notidh"of;)-quasi coincidence,

and introduced e, € V(k*, ¢x))-fuzzy filters (resp., fuzzy bi-filters) of an ordered semi-
group. Further, they characterized different classes of ordered semigroups by these fuzzy
filters. Ahn et al. [1] applied the notion of hesitant fuzzy set to ordered semigroup theory
and introduced hesitant fuzzy left (resp., right, bi-, quasi-) ideals, and investigated their
several properties. Similarly, many other researchers [11, 12, 14, 25, 28, 29] contributed a
lot to fuzzy ordered semigroup theory through various dimensions. Besides, Zararsiz [31,
32] contributed to fuzzy set theory by studying the algebraic structure of fuzzy numbers.
She also presented the methods of evaluating the similarity measures between sequences of
triangular fuzzy numbers for making contributions to fuzzy risk analysis. In 2014, Naz and
Shabir [22] introduced the concept of fuzzy bipolar soft set. This innovatory contribution
opened a new dimension for research in the framework of fuzzy set theory.

In this paper, the notion of fuzzy bipolar soft set and the basic operations on the struc-
ture are redefined, and the algebraic properties of the notion are examined. Besides, the
concept is extended to ordered semigroup theory, and the notion of fuzzy bipolar soft or-
dered semigroup is defined and studied. Similarly, the concepts of fuzzy bipolar soft left,
right, two-sided ideals over ordered semigroups are introduced and characterized. In [22],
presenting the concept of the structure, the authors consider a set of parafeteds
define its Not set denoted asF, where—e = note for each element in E. Further,
they use different subset$, B, C of the parameters set to define fuzzy bipolar soft sets
on an initial universe seX. To make things simple, we use a single set of paraméiers
and, for a non-empty subset of F, define an injective functiorf : A — E, whereA
and f(A) are used as domains for the pair of mappings characterizing a fuzzy bipolar soft
set. Hence, we consider all fuzzy bipolar soft sets over an initial universe with the
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fixed set of parameterd. In this way, the related operations become more functional and
convenient for a detailed analysis of fuzzy bipolar soft set theory in various algebraic and
non-algebraic structures, for example, (ordered) semigroups, (ordered) hypersemigroups,
(ordered) semirings, (ordered) near-rings, (ordered) AG-groupoids, lattices and (partial)
metric spaces.

2. Fuzzy BIPOLAR SOFT SETS

In this section, we redefine the notion of fuzzy bipolar soft set and explain it by suitable
examples. Consequently, the basic operations on fuzzy bipolar soft sets such as union, in-
tersection and product are redefined. For further details of fuzzy bipolar soft set theory and
its applications in decision making problems, we may refer the readers to [22]. An ordered
semigroup(sS, -, <) is a setS, where(S, -) is a semigroup angs, <) is a partially ordered
set (poset) such that the order relatieti’is compatible with the binary operation of mul-
tiplication “-". Moreover, if P is a nonempty subset &f, we say thaf’ is a subsemigroup
of S'if and only if: (i) PP C P, and ii) ifa € P such thatS > b < a, thenb € P. Fora
nonempty subse® of S, we denote by(P] the subset of defined as

(P]={se€ S|s<p forsomep € P}.
Naz and Shabir presented the notion of fuzzy bipolar soft set as follows:

Definition 2.1. [22] A triplet (F, G, A) is called a fuzzy bipolar soft set ov&l, whereF’
and G are mappings given by

F:A—FPU) andG:-A— FP(U)
such that
0 < (F(e)(z) + G(=e)(z)) <1 (Ve € A).
Now, in the following, we redefine the concept of fuzzy bipolar soft set.

Definition 2.2. AssumeS be an initial universe setf(S) the collection of all fuzzy subsets
of S and E a set of parameters with respectfoFor A C F, letf : A — E be aninjective
function. Then, a fuzzy bipolar soft (FBS) sgtover.S is an object of the form

+
)\A - ()\a )‘7A)7

+ —
whereX : A — F(S) and X : f(A) — F(S) are set-valued functions such that the
condition

0< A(E)(@) + A(f(©)() <1
holds, for allx € S ande € A.

The fuzzy bipolar soft seX4 can also be expressed as

M= (@A) () | < € A},
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+ —
For eachte € A, the sets\(¢) and\(f(¢)) arec-approximations of the fuzzy bipoar soft set

+ —_
A4, and the valuea(e)(z) andA(f(¢))(z) respectively denote the degrees of membership
and that of non-membership ofe S. Besides, for alk € A andx € S, the condition

+
0 < A(e) (@) +A(f(e))(z) <1
is imposed as consistency constraint.

+ —
If A(e) = ¢, the empty fuzzy set of and\(f(e)) = S, the universal fuzzy set &,
for anye € A, then(e, ¢, S) will not appear in\ 4.

Note. For the sake of brevity and convenience, we shall deﬁ()fée)) by A\(e), and
+ - + -
write (A, \) instead of(\, A, A).

Let's explain and elaborate the idea of fuzzy bipolar soft sets with the help of the fol-
lowing examples.

Example 2.3. AssumeS = R be an initial universe setf = {-2,-1,1,2} a set of
parameters andd = {1,2} a subset ofE. Letf : A — E be an injective function such
that f(1) = —1 and f(2) = —2. Further, foralle € Aandx € S, let’s define

S = { e
3e?

otherwise

and

otherwise

2[e]

_ L
M) = {3'5’ S

Then,\4 is an FBS set ove$.

Example 2.4. LetS = {1, 72, 73} be an initial universe sety = Z3 a set of parameters
and A = {0,1} a subset ofF. Let's define an injective functiofi : A — FE such that
f(e) = et foralle € A. Thus, we havg(0) = 0 and f(1) = 2. Then, an FBS set,
over S can be defined in terms of its fuzzy appproximate functions as follows:

(0) = {(Tl, 02), (TQ, 03), (Tg, 02)},

(1) = {(71,0.4), (12,0.5), (73,0.4)},
A0) = {(71,0.3), (15,0.4), (r3,0.3),

A2) = {(71,0.3), (72,0.2), (73,0.3)}.

The FBS sek 4 can also be expressed as

{(0,{(71,0.2),(72,0.3),(73,0.2)}, (71,0.3),(72,0.4),(73,0.3)}),}
Ag = )

+
A
+
A

{
(1,{(71,0.4), (72,0.5), (73,0.4) }, {(71,0.3), (72,0.2), (73,0.3) })
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or, simply, as

\ (0, (11,0.2,0.3), (72,0.3,0.4), (13,0.2,0.3)),
A7) (1, (11,0.4,0.3), (12,0.5,0.2), (13,0.4,0.3)) ("

Example 2.5. Consider an initial universe se§ = {by, ba, b3, by, b5, bg, b7, bg} having
eight bungalows. LeE = {e1,e9,e3,£4,¢5,66} be a set of parameters, whetg(i =

1,2,3,4,5,6) stand for the parameters “expensive”, “cheap”, “traditional”, “modern”,
“non-airconditioned” and “airconditioned”, respectively. For a subsét = {¢1,¢3,¢5}
of E, let's define an injective functiofi : A — E such thatf(e;) = —¢;(i = 1,3,5).
Here, fori = 1, 3, 5, the notion “—¢;” means “note;”. Thus, we have

fle1) = —e1=ey,
fles) = —e3=¢y,
f(€5) = &5 = &g.

Now, let

0»3, if bg{b17b3ab5ab7}a
0.2, if b€ {ba,bu,bg,bs},

4, if be {b1,bs,bs,b7},
3, if b€ {bo, by, bs,bs},

, if bE{b17b37b5>b7}7
, if bE{b27b47b6>b8}’

6, if be{b1,b3,b5, b7},
~5, |f be {b27b47b67b8}7

=

5 b S {bl,b37b57b7},
.3, |f b S {b27b47b67b8}7

if b € {blab37b57b7}7
if b¢e {bg,b4,b6,b8}.

IS

Alee)(b) =

Then,\ 4 is an FBS set oves.

+
Definition 2.6. Let A4 be an FBS set ove$ such that, for alk € A, we have\(e) = S,
the universal fuzzy set of and ;\(s) = ¢, the null fuzzy set of. Then\, is called
+ —
universal FBS set ove¥. We denote it by 4 = (.5, 5).
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+
Definition 2.7. Let A4 be an FBS set ove¥ such that, for all: € A, we have\(e) = ¢,
the null fuzzy set of andX(g) = S, the universal fuzzy set 6t Then) 4 is called null
+ —
FBS set ovef5. We denote it by 4 = (£, D).

Definition 2.8. Let A4 be an FBS set ove$. The complement of4 , denoted as\CA, is
defined by

C

+ —
Aa = (>‘a A, A)

c c

S (

=
=

N
= ()

where

forall € € A.

+ —
Example 2.9. Consider Example 2.4, whetey = (A, \) is an FBS set ovef. Then, we

can defin@\cA by virtue of Definition 2.8 as below:

¢ (0, (71,0.3,0.2), (72,0.4,0.3), (13,0.3,0.2)),

AT { (1,(71,0.3,0.4), (12,0.2,0.5), (13,0.3,0.4)) }
Definition 2.10. Let A4, J4 be FBS sets over a universe We say that\ 4 is an FBS
subset ob 4, denoted as\ 4 % 44, ifand only ifJ): < gandg < Aifand only ifK(s)(x) <

+ — —
0(e)(z) andd(e)(x) < A(e)(z), for all z € S ande € A. Similarly, A4 is said to be an
FBS superset af if and only ifé 4 is an FBS subset of4.

Definition 2.11. For two FBS sets\4 and §4 over a universeS, we say that\ , and
+ + - -
04 are FBS equal if and only ih = 6 and A = 4. This relationship is denoted by
+ o+ - = + +
Aa = da. Further, we note thah = ¢ and\ = ¢ if and only if A\(¢)(z) = d(¢)(x) and

Ae)(z) = 5(5)(3:), forall z € Sandx € A. Equivalently\4 andd 4 are FBS equal if
and only if

A g oa and oA g AA.

Definition 2.12. Let A\, and 4 be FBS sets over a common univefseThen the FBS
intersection of the two FBS sets is an FBSsebver S defined by

o) = A nde),
and
Ye) = M) Vi),
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Here, the symbolg and Vv respectively represent the operations of fuzzy intersection
and fuzzy union of two fuzzy sets. Further, fonalt S ande € A, we note that

and
v(E)(@) = max{A(e)(x),d(e)(x)}-
+ -
Example 2.13. Consider Example 2.5, whevey = (A, \) is an FBS set ovef. Let

+ —_
54 = (0, 0) be another FBS set over the same univetstefined as follows:

g(s o) 0.5, if be {by,bs,bs,br},
! 0.3, if be {bo,by,bs,bg},

g(s ) = 0.2, if be {b1,b3,bs5,b7},
8 0.1, if be {by,b,be,bs},
E(g o) = 0.3, if be {by,bs,bs,br},
o o 04, |f be{b27b47b67b8}a
g(e )(b) o 0.4, |f b S {b17b37b57b7}7
2 )03, if be {by,bs,bg,bs},
Sea)b) — 0.6, if be {by,bs,bs b7},
4 )04, if be {by, by, b, bs},

and

5(8 )(b) . 0.5, if be {b17b37b57b7},
o T )04, if be {bo,ba,bg,bs}

Letys = A4 N 0. Thenyy, is defined as follows:

a0 = {03
(I e ]
IR s A
0 = {oh e



268 Aziz-Ul-Hakim, H. Khan, I. Ahmad, A. Khan

p 6, if be {bybs,bs,b
S = 400 T bE bbby br},
0.4, if b€ {ba,bg,bg,bs},
and
p 5, if be {by,bs,bs.b
v(g6)(b) = 0.5, ' € {b1,b3,b5, b7},
0.4, if b€ {b2,bs,bs,bs}-

Definition 2.14. Let A 4 andd 4 be FBS sets over a common univesselhe FBS union of
the two FBS sets is an FBS sef over.S defined by

o) = AV o)

and
() = Ale)Ad(e),

~ + + - - =
foralle € A. We denoteyy = Mg Ud4, Where'+y =AVdandy=AAJ.

Here, the symbolg and A respectively represent the operations of fuzzy union and fuzzy
intersection of two fuzzy sets. Further, foralE S ande € A, we note that

4 + +
V(e)(z) = max{A(e)(z),d(e)(z)},

and

v(e)(x) = min{A(e)(x),d(e)(x)}.
Example 2.15. Consider the FBS sefsy andd 4 overS defined in Examples 2.5 and 2.13,
respectively. Let4 = A4 U d4. Then, we have

{0.5, if be {b1,bs,bs,br},

+
b =
7(61)( ) 037 if be {b27b47b6vb8}a

n 0.4, if be {by,bs,bs,br},
b =
’Y(EB)() {03, if bE{b27b47b67b8}a
0.5, if be {by,bs,bs,br},
b f—
7(e5)(0) {0.4, it be {by,ba, b, bs},
_ 0.4, if be {by,bs,bs,br},
b p—
7e2)(®) {0.3, b {ba. b b bs),
_ 0.5, if be {by,bs,bs b7},
b pr—
v(e4)(0) {0.3, if be {by,ba,bs,bs},
and
_ 0.4, if be {by,bs,bs,br},
b f—
7(E6)(b) {0.2, if b€ {ba,bs,bs,bs}.
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Definition 2.16. Let\ 4 andéd 4 be FBS sets over a common univessdefine an injective
functiong : A x A — f(A) x f(A) such thatg(a, 8) = (f(«), f(8)) for all («,5) in
Ax A. Then the And-product of the two FBS sets is an FBS geverS, whered = Ax A,
which is defined in terms of its fuzzy approximate functions as follows:

+ +

HB) = Aa)Ad(),
and
Y B) = Aa) Vi),
+

~ + + - = =
forall (o, 3) € A. We denoteyy = Aq Ada, Wwherey = XA and v = AV §. Further,
forall z € S and(a, 8) € A, we note that

+ .t *
Y(a, f)(z) = min{Ae)(z), 5(5)(x)},

and

Ve, B) () = max{A()(@),5(5)()}.

Definition 2.17. Let\ 4, andd 4 be FBS sets over a common univesséefine an injective
functiong : AxA — f(A)x f(A) suchthay(a, 8) = (f(a), f(B)) forall (a, 8)e Ax A.
Then the Or-product of the two FBS sets is an FBS gaiver.S, whereAd = A x A, which
is defined in terms of its fuzzy approximate mappings as follows:

n + +
Va, B) = AMe)Vvia(p),

and
V(e B) = M)A

for all (o, 8) € A. We denotey = Ay Vv o4, Where
all z € Sand(a, 8) € A, we note that

HeB)(@) = max{A(a)(

+ + - - =
=AVd,y=AAJ. Further, for

~—
>+
[
~—
S
~
tv—‘

and
Y, B)(z) = min{A(a)(x), 6(3)(@)}.

3. THE ALGEBRAIC PROPERTIES OF FUZZY BIPOLAR SOFT SETS UNDER VARIOUS
OPERATIONS

In this section, we discuss the algebraic properties of FBS sets over a common initial
universe sefS, and hence develop certain propositions without providing their proofs as
they are straightforward. It is observed that the collection of all FBS sets over a common
universeS forms a bounded distributive lattice.

Proposition 3.1. Let A 4 andé 4 be FBS sets over a common unive$sé& hen the following
idempotent laws hold:
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() AaUAa = Aa.
(i) AaNAs= 4.
Proposition 3.2. Let A 4 andé 4 be FBS sets over a common univess& hen the following
commutative laws hold:
() AaUba =054 U
(i) AaNéa=0d4NAa.
Proposition 3.3. Let A4, 4 andy4 be FBS sets over a common univeseThen the
following associative laws hold:
() AaU(64U7va) = (AaUba) Ura.
(i) Aan(6aN~va)=(AaNda)N7a.
Proposition 3.4. Let A 4 andé 4 be FBS sets over a common unive$s& hen the following
absorption laws hold:
() AaN(AaUb4) = Aa.
() AaU(AaN64) = Aa.
Proposition 3.5. Let A4, 4 andy4 be FBS sets over a common univeseThen the
following distributive laws hold:
(I) )\A ﬁ ((5,4 LNJ’}/A) = (>\A F\ 5A) G ()\A FW’VA).
() AaU (64 0v4) =AaU64) N (AaUra).
Proposition 3.6. Let A 4 be an FBS set over a universe Then the following identity laws
hold:
() \aUBy = A4
(i) A\aUS4 = Sa.
(i) \aNdy =Dy
(V) AaNSs=A\4.
Proposition 3.7. Let A 4 andé 4 be FBS sets over a common unive$s& hen the following
De Morgan’ s laws hold:
() (Aa084) = Xa s
(i) (Aaf164) = AaUda.
Proposition 3.8. Let A4 be an FBS set over a universe Then the following laws of
complementation hold:

M) (ha)” = Aa,
iy Sy=2a.
(iiy &, = Sa.
Consider an initial universe sét and a set of parametefs. Let FB(S, A) denotes
the collection of all FBS sets ovef with a fixed set of parameterd, whereA C F.
It is easy to see that the collectidhB(S, A) is partially ordered by inclusion, where the
FBS sets® 4 andS 4 are the least and the greatest elements, respectively. So, by virtue of
Propositions 3.1-3.5, we establish the following result:
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Proposition 3.9. (FB(S, A), N, CJ) is a bounded distributive lattice with the least element
@ 4 and the greatest elemefl.

Note. In what follows,S always represents an ordered semigroup.

4. FUzzy BIPOLAR SOFT ORDERED SEMIGROUPS

In this section, we define and study the notion of FBS ordered semigrougboveis
proved that the FBS intersection (resp., And-product) of two FBS ordered semigroups over
S'is an FBS ordered semigroup ov&rMoreover, we show by an appropriate example that
the FBS union (resp., Or-product) of two FBS ordered semigroups$isnot generally
an FBS ordered semigroup ov&r

Now, we define an FBS ordered semigroup oSexs follows:

Definition 4.1. An FBS set\4 over S is called an FBS ordered semigroup oveif and
only if, foralle € Aandz,y € S, the following assertions hold:

+ + +
() AE)(y) > min(A©)(x), A©)(y)):
@) A)a) £ mx(A@@ AW

(i) =<y =Me)@) = AOW): Me)@) < ME)(w).

Theorem 4.2. Let\ 4, andd 4 be FBS ordered semigroups ov&r Then, so is\ 4 N 0A.

Proof. Letya = Ag N d4. Further, let: € A andx,y € S. Then, since\4 andd 4 are
FBS ordered semigroups ov&r we have

Ye)ay) = min(A(e)(zy), 5(e)(xy))
+ + + +
> min(min(A(e) (), A() (), min(d(e) (), 3(£)(y)))
+ + + +
= min(min(A()(x), §(£)(x)), min(A(e) (1), 6 (£) (1))
= min((e)(2),(e) (v)).

Similarly, we obtain

y(E)(xy) < max(y(e)(x),v(e)(y)).

Now, leta,b € S such thata < b. Then, since\4 andj, are FBS ordered semigroups
oversS, we have

+ : *

y(e)(@) = min(A(e)(a), d(e)(a))
> min(A(e)(b), 8
= J()),

and, similarly, we gety(c)(a) < ~v(g)(b). Therefore,y, is an FBS ordered semigroup
overS. This completes the proof. O



272 Aziz-Ul-Hakim, H. Khan, I. Ahmad, A. Khan

Itis evident from Theorem 4.2 that the FBS intersection of two FBS ordered semigroups
over S is always an FBS ordered semigroup oerHowever, the FBS union of two FBS
ordered semigroups ovéris not generally an FBS ordered semigroup a¥eiVe justify
the claim with the help of the following example.

Example 4.3. Consider the ordered semigrodp= {a, b, ¢, d} with the multiplication *”
and the order relation <" given below:

. ‘ a b ¢ d
ala a a a
bla b d d
cla d ¢ d
dla d d d
S:: {(a7 a)7 (a7 b)7 (a7 C)7 (a7 d)7 (b’ b)’ (C’ C)7 (d7 d)}

Let A = {e1,e2} C E ={e1,e9,e3,e4} andf : A — E be an identity function. Define
the FBS ordered semigroups andd 4 overS as follows:

Mer) = {(a,05), (b,0.2), (¢, 0.4), (d, 0.3)},

Mea) = {(a,05), (b,0.3), (¢, 0.5), (d, 0.4)},

Aer) = {(a,0.2), (b,0.4), (¢,0.2), (d,0.3)},

A(e2) = {(a,0.2), (b,0.5),(¢,0.3), (d,0.4)},
and

3(ex) = {(a,0.4), (b,0.4), (¢,0.2), (d,0.3)},

3(52) = {(av 05)7 (ba 05)7 (Ca 03)7 (da 04)}>

5(51) - {(aa 03)7 (ba 04)3 (07 06)v (d7 05)}7

5(22) = {(a,0.2), (b,0.3), (,0.5), (d, 0.4)}.
Letya = Mg Uda. Then,v4 is defined by
(er) = {(a,0.5), (b,0.4), (c,0.4), (d,0.3)},

Yea) = {(a,0.5), (b,0.5), (c,0.5), (d,0.4)},

v(e1) = {(a,0.2),(b,0.4), (¢,0.2), (d,0.3)},

Y(e2) = {(a,0.2), (b,0.3), (¢, 0.3), (d, 0.4)}.
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Here, we note that

Ye)(be) = F(e1)(d) = 0.3 # 0.4 = min{H (1) (), ¥ (e1)(c)}
and, similarly,

v(g1)(be) = v(g1)(d) = 0.3 £ 0.4 = max{v(e1)(b), v(e1)(c)}.
Therefore;y4 is not an FBS ordered semigroup over

Theorem 4.4. Let \ 4, andd 4 be FBS ordered semigroups ov&r Then, so is\ 4 Ada.

Proof. Letyq = Mg A 04, whered = A x A. Further, lef«, 8) € Aandz,y € S. Then,
since) 4 andd 4 are FBS ordered semigroups ov&rwe have

Yo, B)(wy) = max(A(a)(zy), 5(6)(xy))

and, similarly,

Y, B)(y) > min(Y(a, 8)(@), H(a, B)(y)).

Now, letz,y € S such thatr < y. Then, since\4 andd4 are FBS ordered semigroups
over S, we have

e, B)(z) = max(A(a)(z), d(5)(x))

< max(\(@)(y), 5(8)(y))

= (e, B)(y),
and, similarly,
Y B)@) = Fa,B)y).
Therefore;y, is an FBS ordered semigroup over O

It is obvious from Theorem 4.4 that the And-product of two FBS ordered semigroups
overS is always an FBS ordered semigroup oer However, the Or-product of two FBS
ordered semigroups overis not necessarily an FBS ordered semigroup ¢vero justify
the claim, we have the following example:

Example 4.5. Let's reconsider Example 3, wherel 4 andd 4 are FBS ordered semigroups
overS. Letyy = Aa V d4, Whered = A x A. Then, we note that

+ +
max{A(e1)(d), d(e1)(d)}
max{0.3,0.3} = 0.3,

(e1,e1)(be)
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n + +
Y(e1,e1)(b) = max{A(e1)(b),d(c1)(b)}
= max{0.2,0.4} = 0.4,

and
+ + +
Y(er,e1)(c) = max{A(e1)(c), d(e1)(c)}
= max{0.4,0.2} =04.
So, we find that

0.3
0.4
min{ﬁ(sl, €1)(b), $(€1, e1)(0)}

Therefore;y, is not an FBS ordered semigroup over

Y(er,e1)(be)

™l

4.6. The (r,t)-level subset of a fuzzy bipolar soft setln this subsection, we define the
(r,t)-level subset of an FBS sety over S and characterize an FBS ordered semigroup
Aa overS by means of itgr, ¢)-level subset.

Definition 4.7. Let A4 be an FBS set ove§. Fore € Aandr € (0,1],¢ € [0,1), we
(r:t)
denote by\ 4 (¢) a subset of5 defined as

(rt) + -
Aale) ={z e S: Ale)(x) >r, Ae)(x) <t}

(rt)
For anye € A, the subseh 4 (¢) of S is called an(r, t)-level subset of 4.

Proposition 4.8. Let A\ 4 be an FBS set ove¥. Then it is an FBS ordered semigroup over
S if and only if/\(g(t;) # ¢ is a subsemigroup df for all € (0,1],¢ € [0,1) ande € A.
Proof. Let A4 be an FBS set ove$ and )\(,:@) # ¢ an(r,t)-level subset of 4. First,
assume thah 4 is an FBS ordered semigroup ovér We need to prove thax(;(t;) is

(r;t)
a subsemigroup of. For this, letz,y € Aa(e). Then, since\ is an FBS ordered

semigroup ovess, we have

+ + +
Ae)(zy) = min{A(e)(z), A(e)(y)}

= min{r,r} =1,
and

maX{X(E)(x), X(5)(74)}
max{t,t} = t.

IN

A(e)(zy)
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(r,t) (r,t)
This implies thatry € Aa(g). Now, leta,b € S such thatu < b, andb € A4(g). Then,
since) 4 is an FBS ordered semigroup ovgrwe have

+ +
Ae)a) = Ae)b) =,

Me)a) < Ae)b) <t

(r,t) (r,t)
which implies thats € A4 (g). ThusA4(e) is a subsemigroup df.
(T’t)
Conversely, assume thay (¢) be a subsemigroup &f. To prove thath4 is an FBS
ordered semigroup ovet, first we need to show that

+ + +
AE)(zy) = min{A(e)(x), A(e)(y)},

Me)(ay) < max{A(e)(@), M) ()},
forall x,y € S. On the contrary, let

>+

+ +
A@)(zy) < min{A(e)(z), A(€)(y)},

Me)(zy) > max{AEe)(@), M) )}
for some elements, y € S. This implies that

Xy < M@, Me)ay) < Ae)(),
and

AE)(zy) > Me)(x), Ale)(zy) > A(e)(y).
Then there exist some real numbesss (0,1}, ¢, € [0, 1) such that

+ + + +
AE)(zy) <ro < Ae)(x), Ae)(zy) <10 < Ale)(y),

and

M) (zy) >to> M), AE)(xy) > to > AE)(y).
So, it follows that

+
Ae)(z) > 1o, Ae)(z) < to,

NEW) > o AW < tor

(ro,to) (ro,to)
This implies thatr,y €X4(e). Sincel4(e) is a subsemigroup df, thus, it follows that
(TmtO)
xy € Aa(e). Then, we have

NE)(@y) > 1o, ME)(y) < to,
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which is a contradiction. Thus, we conclude that

+ + +
Ae)(zy) = min{A(e)(x), Ae)(y)},

and

Ae)(zy) < max{A(e)(x), M) ()},
forall z,y € S. Next, leta, b € S such thatz < b. Then, we need to show that
+ +

Ae)a) = AE)(b), Ae)(a) < AE)).

On the contrary, let

X(E)(@) < ME)B), ME)(a) > M),
Then, there exist; € (0, 1] andt; € [0,1) such that

+ +
Ae)(a) <ri < A(e)(b),

AE) (@) >t > A(E)(b).

(r1,t1) (r1,t1) (ri,ty)
Thenb € A4(e) buta ¢ A4(e). This is a contradiction because (¢) is a subsemigroup
of S. Thus, we conclude that

+ + - -
Ale)(a) = Ae)(b), Ale)(a) < Ale)(b).
Therefore\ 4 is an FBS ordered semigroup over d

4.9. The Cartesian product of fuzzy bipolar soft sets.Here, we define and study the
Cartesian product of two FBS sets over an ordered semigfoupiore than else, it is
proved that the Cartesian product of two FBS ordered semigroupsasemn FBS ordered
semigroup ovel x S.

Definition 4.10. Let A4 andd4 be FBS sets ovef andg : A x A — f(A) x f(A) be an
injective mapping defined by, 8) = (f(«), f(8)). Then, the Cartesian product afy
andd 4 is an FBS sety4 overS x S, whered = A x A, which is defined in terms of its
fuzzy approximate functions as follows:

+ .t *
V(o B)(z,y) = min{A(a)(z),0(B)(y)},
and

V(e B)a,y) = max{Aa)(@),5(8)w)},

forall (o, 5) € Aand(z,y) € S x S. We denotes = Ay X d4, WhereJyr = K X g and
= A x 4.

Theorem 4.11. Let A 4, andé 4 be FBS ordered semigroups ou&r Thenis x §4 is an
FBS ordered semigroup ovérx S.
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Proof. Lety4 = Aa x d4, Wwhered = A x A. Suppos€a, 3) € A and(a,b), (c,d) be
any elements it x S. If (a,b) < (¢,d), thena < candb < d . Thus, for alla, 5 € A,
we have

and

>+
~~
=
—
=
Y%
>+
—~~
=
—
59
—
(o9
—~~
=)
~—
—
(=)
~
IN
> |
~~
=
—
N

Now,

Yo B)(ab) = minfA(a)(a), 5(A)(b)}
> min{A(a)(c), 5(8)(d)}
= A, B)((c,d)),

and, similarly,

Further, we have

V(e B)((a,b)(c.d)) = ~(a, B)((ac, bd))

and, similarly,

+ .t +
Ve, B)((a,b)(c,d)) = min[y(a, B)((a, b)), y(a, B)((c,d))].
Therefore;y, is an FBS ordered semigroup ovgrx S. a
Definition 4.12. Let A4 andd4 be FBS sets ove§. For (o, 3) € A x Aandr € (0,1],

(1)

t €10,1), we denote byA 4 x d4)(c, ) the subset of x S which is defined as follows:

(rt) - _
(Aa x da)(a, B) = {(z,y) € S x5 : X@)(@),6(8)(@) = 1, AMa)(a), 8(8)(x) < t}.

Equivalently, we have

(r,t) (r,t) (r,t)
(Aa xda)(e, B) = Aala) x Aa(B) .
(rt)
For any (a, 5) € A x A, the subsefA4 x d4)(«, 5) of S x S is called an(r,t)-level
subset o4 x d4.
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(rt)
Proposition 4.13. LetA 4 andd 4 be FBS ordered semigroups overThen(As x d4)(a, 5)
(# ¢) is a subsemigroup of x S forall r € (0,1],¢ € [0,1) and(«, 5) € A x A.

Proof. Let v4 = Aa X d4, Whered = A x A. Then, by Theorem 4.11, we see that
(1)
~v4 is an FBS ordered semigroup ov€rx S. We need to prove thafs(«, 3)(# ¢) is
a subsemigroup of x S, for all » € (0,1], t € [0,1) and(«, ) € A . For this, let
(rt)
(a,b), (c,d) € va(a, ). Then, sincey, is an FBS ordered semigroup ovei S, we have

Y, B)((a,b)(e,d)) > min[H(a, B)((a,b)), ¥ (a, B)((c, d))]

> min(r,r) =T,
and
Y, B)((a,b)(e;d)) < max[y(a, B)((a, ), H(ev, B)((c, d))]
< max(t,t) =1t.

r,t)

This implies that(a,b)(c,d) € va(a, 8). Further, let(e, f),(g,h) € S x S such that
(rt)

(e, f) < (g,h) and(g,h) € va(a, 3). Then, sincey, is an FBS ordered semigroup over

S x S, we have

Y, B)((e. ) = A, B)((g.h) =,

(e, B)((e, f) < (e B)(g,h) <t

(r,t) (r,t)
This implies thate, f) € va(«, 3). Thereforeya(«, 8) is a subsemigroup & x S. O

Proposition 4.14. Let A\, andd4 be FBS sets ove$. Then\4 x 4 is an FBS ordered
(rt)

semigroup ovel x S ifand only if(A4 x d4)(c, B)(# ¢) is a subsemigroup &f x S for

allr € (0,1],¢t € [0,1) and(a, 8) € A x A.

Proof. Lety4 = Aa X d4, Whered = A x A. First, assume that, is an FBS ordered
(’I"7t)
semigroup oveb x S. Then, as we proceeded in Proposition 4.13, itis provedith@t, 3)
is a subsemigroup o x S forall r € (0,1],¢ € [0,1) and(«, §) € A.
(1)

Conversely, assume thai(«a, ) is a subsemigroup of x S forall » € (0,1],¢ € [0,1)
and(«, 8) € A. We have to prove that, is an FBS ordered semigroup ovgrx< S. Let
(e;f), (g.h) € SxS.If (e, f) < (g,h), then

+

e, B)((e, ) > N, B)((g,h) >,

YA (e f) < aB)(gh) <t
In fact: Letd(a, 8)((9, 1)) = r1 € (0,1] and~(av B)((g, b)) = t, € [0,1). Then(g, h)

(r1,61) (r1,t1) (r1,t1)
€ va(a, B) which implies that(e, f) € va(«, 3) becauseys(«, 3) is a subsemigroup of
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S x S. Thus, it follows that
Y B)(e f)) > 1 =%aB)(g.h)),

Y@ B)(e.f) < tr=7(e,B)((g,h))
Next, for all (e, f), (g,h) € S x S, we need to show that

Y. B)((e, )(g.h) > min[y(a, B)((e, £)), H(a, B)((g, 1)),

v(e, B)((e, f)(g, 1)) max[7(a, 8)((e, f)), v(a, B)((g, h))].

On the contrary, suppose that

Y. B)((e, )(g.h)) < min[5(a, B)((e, £)), H(a, B)((g, )],

IA

v, B)((e; (g, ) > max[y(a, B)((e, f)), v(a, B)((g, 1))].
Then there existy € (0,1] andty € [0, 1) such that

+

Ve B (e, g, h) <ro< min[y(a, B)((e, ), Y B)((g, 7)),

v(a, B) (e, f)(g. k) >to> max[y(a,B)((e, f)), v(ex, B)((g, h))]-
This implies that

e, B)((e, £)) > ro, (e, B)((g,h)) > 7o,

v(a, B)((e, f)) < to, v(a.B)((g,h)) < to.

(r0,t0) (ro,to)
Thus, it follows that(e, f), (g,h) € va(a,3). Since, by the hypothesis(a, §) is a
(ro;to)

subsemigroup of x S, thus(e, f)(g, k) € va(a, B). This further implies that

Y@, B)((e, (g, h)) > 7o,

V(e B)((e, £)(g, 1)) < to,

which is a contradiction. Thus, we conclude that
+

Y(a, B)((e, £)(g,h) > minfy(a, B)((e, £)), ¥, B)((g, 1)),

y(e, B)((e, )(g, b)) < max[y(a, B)((e, ), H(e B)((g, 1)),

Therefore;y, is an FBS ordered semigroup ovgrx S. a
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4.15. Fuzzy bipolar soft characteristic function. In this subsection, we define a fuzzy
bipolar soft characteristic function and characterize a subsemidrafb by means of its
fuzzy bipolar soft characteristic function.

Definition 4.16. Let P be a non-empty subset 8f Then an FBS set of the form

P + -
Xa = (Xpr Xps A)
overS, where

+ )1, ifzeP,

xAmm—{Qim¢R
and

- 0, ifxeP,

xAW@—{Lim¢R

foralle € Aandx € S, is called an FBS characteristic function &%
Proposition 4.17. Let P be a nonempty subset.§f Then the following axioms are equiv-
alent onS:

(i) P isasubsemigroup cf.

(i) The FBS characteristic functiofl)A of P is an FBS ordered semigroup ove&r

Proof. First assume thaP is a subsemigroup of. Let XPA be the FBS characteristic
function of P. Suppose that,y € S ande € A. Firstly, we prove that

X (&) (zy) = min{x, (£)(2), Xp () (¥)},

X (e)(zy) < max{x,(e)(z), x,(e)(¥)}-
For this we discuss the following two cases:
Case (a). Let € P andy € P, thenzy € P. Thus, we have

Xr(E)(@y) =1, Xp(e)(ay) =0,
which implies that

Xr(8)(zy) = min{x, (£)(2), Xp () (¥)},

X (e)(zy) < max{x,(e)(z), x,(€)(¥)}-
Case (b). Letc ¢ Pory ¢ P. Then

Xo(e)(@) =0, Xp(e)(@) =1,
or

This implies that
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and

Xp(€)(zy) <1 =max{x,(e)(x),x, () ()}
Thus, in both the cases, we have
JF

o (€)(xy) > min{x, (e)(@), X (€) )},
Xp (€)(zy) < max{x, ()(x), x»()(y)}-
Secondly, lets, y € S such thate < y. If y € P, thenz € P which implies that
Xe(@)(@) =1, X)) =0.
Thus, in this case, we have

Xe (€)(@) > X ()W), Xp(E)(@) < X0 (e)().
If y ¢ P, then

+
Xr ()W) =0, xp(e)(y) =1
So, in this case, we also have

Xr(8)(@) 2 Xn(©)®), Xp(E)(@) < Xn(e)(®).

ConsequentIyXPA is an FBS ordered semigroup ov&r Conversely, assume that Axiom
(i) holds. Letz,y € S ande € A. Suppose that:,y € P. Then, we have

Xr(8)(@) = Xn(e)(y) = 1,

X (€)(2) = Xp(e)(y) = 0.
Moreover, by the hypothesis, we have

Xp(@(ey) > min{x,(e)(@), X, () ®)}

= ]_7
and

Xp(E)(zy) < max{x,(e)(@),x, ()W)}
= 0.

This implies thatcy € P. Now, letx < y such thaty € P. Then, we have
R (E)H) =1, X (E)m) =0.
SincexPA is an FBS ordered semigroup ovgrthus, it follows that
CIOEPACIESE
and

Xr(8)(@) < X, (e)(y) = 0.
This implies that: € P. Therefore P is a subsemigroup . a
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4.18. The product of fuzzy bipolar soft sets. In this subsection, we define the product
of two fuzzy bipolar soft sets over an ordered semigrSupnd study some characteristics
of fuzzy bipolar soft ordered semigroups in terms of the product of two fuzzy bipolar soft
sets.

Forxz € S, let's define the sek, as follows:

X, = {(a,b) e Sx S|z <ab}

Definition 4.19. Let A4 andd 4 be FBS sets oves. Letp, ¢,z € S ande be an element
in A. Then, the product of 4 andd 4 is defined to be the FBS sgf over S, where

+ +
V  min{A(e)(p),d(e)(q)}, if Xo # ¢,

) (@) = { paex.
0, if X, = ¢,
and
_ A max{A(e)(p). 6(e) (@)}, if Xo # 6,
yE)z) = { (pa)ex.
1, if X, = ¢.

+ + - - =
WedenoteyA:AAoaA,where§:/\o<5andvaoé.

Remark 4.20. Consider an initial universe s&tand a set of parameters. LetF5(.5, A)
denotes the set of all FBS sets oawith a fixed set of parameters whereA C E. Define

the order relation “<” on FB(S, A) as follows:

~ + + -
A 204 Ae)(x) < 0(e)(x), d(e)(x) < Ale)(x),
forall z € S ande € A. Clearly, (FB(S, A), o, 2) is an ordered semigroup.

Proposition 4.21. Let A 4 be an FBS set ove$. Then)\, is an FBS ordered semigroup
over S if and only if the following conditions hold:

() AaoAa < A4
(i) If x <y, then, foralle € Aandz,y € S, we have
AO@) = AW, AE)@) < AE)(y)-

Proof. First assume that, is an FBS ordered semigroup ov€r Lete € A anda, z,y
€ S. If X, = ¢, then

+ 4+ +
(Ao A)(e)(a) = 0<A(e)(a),
(AoNE)a) = 12AE)(a).
Let X, # ¢, then there exist some elementg, € S such thats < xy. Thus, we have
+ + + +
AoM@E)@ = \/ min{A(e)(z), A))}
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and
AoN@E)a) = A max{AE)(@), Ae)y)}-
Since) 4 is an FBS ordered semigr;zg)ce)\ere have
A @y) = min{AE)@) M}
and

AE)(wy) < max{A(e)(@), AE)y)}-
In particular, for allz, y € S such tha{z,y) € X,, we have

+ + +
Me)(xy) = minfAE)(@), )W)},
and
Me)(zy) < max{Ae)(@), A)(y)}-
Thus,
+ +
M) = AE)(ay)
+ +
>/ minfAE)(2), Me)(v)}
(z,y)EX,
+ +
= (Ao N)()(a),
and
Ae)a) < AE)(ay)
< N max{A(e) (@), M) ()}
(z,y)EX,
= (Ao N)()(a).

Thus, Condition (i) follows and, by Definition 4.1, Condition (ii) holds. Conversely, assume
that Conditions (i) and (ii) hold. Let € A andz,y € S. Then, since\4 o Ay < A4, We
have
+ + +
A@)(xy) = (Ao A)(e)(xy

)
+ +
min{A(e)(x), A

V

@)},

and

Me)zy) < (Ao A)(e)(xy)

max{A(e)(z), A(e)(y)}-
Therefore \ 4 is an FBS ordered semigroup over O

IA

IN
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5. SOME PROPERTIES OF FUZZY BIPOLAR SOFT LEFRIGHT AND FUZZY BIPOLAR
SOFT TWO-SIDED IDEALS

In this section, we introduce the notions of FBS left, right and two-sided ideals over
ordered semigroups, and study some properties of these FBS ideals. It is proved, among
others, that the FBS union (resp., intersection) and the Or-product (resp., And-product) of
two FBS left (resp., right, two-sided) ideals ov&rare FBS left (resp., right, two-sided)
ideals overs.

Definition 5.1. Let A4 be an FBS set ove§. Then, it is called an FBS left ideal ovérif
and only if, for allz, y € S ande € A, the following assertions hold:

) M) (xy) > A W), Me)zy) < AE)().

. + + - -
(i) z <y= Ale)(x) = AE)(), Ae)(z) < A(e)(y).

Definition 5.2. Let A 4 be an FBS set ove¥. Then, it is called an FBS right ideal ovér

if and only if, for allz,y € S ande € A, the following assertions hold:

() AQ)(ew) 2 A (@), AE)(y) < AE)(@).

. + + N

(i) z <y= Ale)(x) = A(e)(y), Ale)(z) < A(e)(y)-
Definition 5.3. Let A4 be an FBS set ove$. If it is both an FBS left and an FBS right
ideal overS, then it is called an FBS two-sided ideal or, simply, an FBS ideal &uer
Equivalently,\ 4 is an FBS ideal ovefS if and only if, for allz,y € S ande € A, the
following assertions hold:

() A () 2 max{A) (), A) )}
(i) M(e)(a) < minfA() (), A 0)

+ + -
(i) = <y= Ale)(x) = Ae)(y), Ae)(@) < Ale)(y).
The proof of the following theorem is straightforward.

Theorem 5.4. Let A4 andé 4 be FBS left (resp., right, two-sided) ideals ovrThen, we
have

@A) Aa U 04 is an FBS left (resp., right, two-sided) ideal over

@iy Mg N 04 is an FBS left (resp., right, two-sided) ideal over

(i) An v 04 is an FBS left (resp., right, two-sided) ideal over

(iv) Aa A b4 is an FBS left (resp., right, two-sided) ideal over

(V) A 0d4isanFBS left (resp., right, two-sided) ideal over

(Vi) A4 x 4 isan FBS left (resp., right, two-sided) ideal overx S.
Proposition 5.5. Let A 4 and 4 be FBS left (resp., right, two-sided) ideals overThen

()
(Aa xda4)(, B)(# &) is an FBS left (resp., right, two-sided) ideal ov&rx S for all

re (0,1],t € [0,1)and(c,3) € A x A.
Proof. Lety, = Aa x d4, WhereAd = A x A. Then, by Theorem 5.4, we see that is

(rt)
an FBS left ideal ovef x S. We have to prove thats(«, §) is a left ideal ofS x S, for
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(r,t)
allr € (0,1],t € [0,1) and(a, 8) € A. Let(a,b) € ya(, B) and(c,d) € S x S. Then,
sincey, is an FBS left ideal ovef x S, we have

+

Y(a, B)((¢,d)(a,0)) = (v, B)(a,b)
Z T?
and
(e, B)((e,d)(a,b)) (e, B)(a,b)

IAIA

t.

L (1) (r,t)
This implies that(c, d)(a,b) € va(«, 8). Now, let(e, f) € S x S and(g,h) € va(a, 3)
such thate, /) < (g, h). Then, sincey, is an FBS left ideal ovef x S, we have

+

Y B)(e f) = Fa,B)((g,h) >,

and

v B)((e. ) = (eB)(g.h) <t
(r,t) (r,t)
This implies thate, f) € y4(a, 3). Thereforeqy(a, 3) is a left ideal ofS x S. The other
parts of the proposition can be proved similarly. d

Proposition 5.6. Let A 4 andé 4 be FBS sets ove§. Then\ 4 x §4 is an FBS left (resp.,
(T7t)

right, two-sided) ideal ovef x S ifand only if (A4 x d4)(«, B)(# ¢) is an FBS left (resp.,

right, two-sided) ideal ove$ x S forall » € (0,1],¢ € [0,1) and (e, 8) € A x A.

Proof. Letvy, = A4 x d4, WwhereAd = A x A. First assume that, is an FBS left ideal

r,t)
overS x S. Then, as we proceeded in Proposition 5.5, it is provedhét, 5) is a left
ideal of S x S, forallr € (0,1],¢ € [0,1) and(«, 3) € A.
Conversely, assume that, for alle (0,1], ¢ € [0,1) and(«a, 3) € A, the (r,t)-level

(T’t)
subsetys(a, B)(# ¢) of v, is a left ideal ofS x S. We need to prove that, is an FBS

left ideal overS x S. Let(a,b), (¢,d) € S x S. If (a,b) < (¢,d), then
(e, B)((a,b)) = F(ov, B) (e, d)),

(e, B)((a,) < (e, B)((c, d)).

_ (r1,t1)
In fact: Letiy(oz,ﬁ)(c, d) = r1 andv(a, 8)(c,d) = t;1. Then(e,d) € ya(a, 8). Since
(r1,t1) (r1,t1)
va(a, B) is a left ideal of S x S and(a,b) < (c¢,d), then(a,b) € va(a,3). Thus, it

foliows that

Y, B)((a, b)) > r1 = F(a, B)((c, d)),

v(a, B)((a, b)) < t1 = (e, B)((c,d)).
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Next, we have to prove that
+

Y(e, B)((e, £)(g, 1)) = A (v, B)((g. h)),

v(a, B)((e, f)(g, h)) < 7(e, B)((g,h)),
forall (e, f) and(g,h) € S x S. On the contrary, suppose that

(a, B)((e, £)(g.B)) < A, B)((9, 1)),

2+

(e, B)((e, )9, 1) > (e, B)((g, 1))
1

Then there exist, € (0,1] andt, € [0, 1) such that

—~

A B)((e, )(g: b)) < o < F( B) (. 1),
and
’;/(Ck, /6)((63 f)(gv h)) >tp > ’;/(CL ﬂ)((gv h))
ro,to ro,to)
So, it follows that(g, k) € EYA(tOz), 3). Since, by the hypothesiém(ta,ﬂ) is a left ideal of
(r0,t0)

S x S, thus(e, f)(g,h) € ya(, 3). Then, we have
+

’y(&,ﬁ)(((ﬁ, f)(g7 h)) > 1o,

V(e B)((e, £)(g, k) < to,

which is a contradiction. Thus, it follows that
+

(e, B)((e, £)(g.h)) = A, B)((9, 1)),

V(e B)((e, (g, 1)) < (e, B)((g,h)).

Therefore;y, is an FBS left ideal ovef x S. The other parts of the proposition can be
proved similarly. O

Proposition 5.7. Let A4, d4, 74 and ¥4 be FBS sets ove$ such thath 4 2 04 and
va = ¥4. Then, we have

A 0va % da004.

Proof. Lete € Aanda € S. If X, = ¢, then, we have

+ o4 + +
(Aey)(e)a) = 0<0=(50d)(e)(a),

and

AoMNE)a) = 1>1=(509)()(a).
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Let X, # ¢. Then, for somép, q) € X,, we have

0 CohHEew = \ mnfAem) 3@
(p,9)€X

@M (AopEa) = A max{AE)®),7(e)@)}
()X,

+ + + +

iy  (God)e)a) = \/ min{dE)m), 0E)(@)},

(r,9)eX
and

W) (o)) = A max{s(e)(p), 0()(a)}.

(p,9)€Xa

Sincep,q € S and\ 4 2 0A, YA 2 94, thus, we have

NP <5E)m). A®) > 5 ).

and

3@)0) < V). 7@ > DE)a).
These inequalities imply that

Y + .k P
v) min{A(e)(p), 7(¢)(¢)} < min{d(¢)(p),d(e)(q)},
and

W) max{A(e)(p),7(e)(@)} > max{3()(p), ¥(e)(q)}-

So, from (i), (ii), (iii), (iv), (v) and (vi), it follows that

Roh)@@ =\ minfAEe)m), 3@}

(p.9)€Xa

\/ Inin{jg(.»z)(p)7 7—5(5)((1)}

(P, 9)€Xa

+ +
= (6 09)(e)(a),

IN

and

Ao = A madAE)(®),7(e)()}

(P, 9)€Xa

A max{é () (p), ¥(¢)(q)}

(p,9)€Xa

= (500)()(a).

v
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Therefore, we hava 4 o y4 g 04 01 4. Thus the proof is completed. O

Proposition 5.8. Let A4, be an FBS set ove$. Then, itis an FBS left ideal ovet if and
only if the following conditions hold:

() Saoa = A
(i) If z < y, then
NO@ > AW, M@ < AE)W),
foralle € Aandz,y € S.

Proof. First assume that, is an FBS left ideal ove§. Leta € S ande € A. If X, = ¢,
then

(50 0)(e)(a) = 0 < Me)a),

(SoN)(E)(a) = 1> AE)(a).

If X, # ¢, then there existgy, z) in X, such thatz < yz. Then, since\4 is an FBS
left ideal overS, we have

(SoN@E)@) = N max[S(e)(y), Ae)(2)]

Y
=
5
el
» |
o
—
s
>
o
<
S
=

Y
=
5
il
W |
o
=
s
>
Pl
o
S
=

and, similarly,
+ + +
(SoA)(e)a) < Ae)(a).

Therefore,S4 o Ay % A4. Thus, Condition (i) holds. Moreover, by Definition 5.1, we see
that Condition (ii) holds.

Conversely, assume that Conditions (i) and (ii) hold. Lej € S ande € A. Then, we
have

+ +
AE)(zy) = (SoA)(e)(xy
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Similarly, we obtain

Ale)(zy) < Ale)(y)-
Therefore )\ 4 is an FBS left ideal ovef. ]
Similarly, we establish the following proposition:

Proposition 5.9. Let A4 be an FBS set ove¥. Then, itis an FBS right ideal ovef if and
only if the following conditions hold:

() AaoSa =< M.
(i) If z <y, then
+ —
AE)(x) = Ae)(y), Ae)(z) < Ae)(y),
foralle € Aandz,y € S.
Proof. Itis straightforward. d
The combined effect of Propositions 5.8 and 5.9 is formulated as follows:

Proposition 5.10. Let A\ 4 be an FBS set ove#. Then, itis an FBS ideal ovef if and only
if the following conditions hold:

() Saora =< Aa.
(i) AaoSa =< Aa.
(i) If z <y, then
+ + -
AE)x) = Ae)y), AlE)() < Ale)(y),
foralle € Aandz,y € S.
Proof. Itis straightforward. O

Proposition 5.11. Let A4 be an FBS left (resp., right, two-sided) ideal over Then, we
have

Aaoda =< A
Proof. Since we have\ 4 2 Saand Ay 2 A4, then, by Proposition 5.7, it follows that

A4 0Aa % S4 0 Aa. Moreover, by Proposition 5.8, we ha$g o A 4 2 A4 because\4 is

an FBS left ideal ovef. This implies that\ 4 o A 4 % A 4. Similarly, the other parts of the
proposition can be proved. d

Proposition 5.12. Let A 4 be an FBS set ove¥. ThenS4 o A4 is an FBS left ideal ove§.
Proof. Lete € Aandz,y € S. If X, = ¢, then, we have

+ o+ + o+
(SoA)E)(y) =0<(SoA)(e)(zy),
and
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Let X, # ¢. Then, for eaclta, b) € X,, we havey < ab = zy < (za)b. This means that
(za,b) € X,,. Moreover, S(c)(za) = 0 = S(¢)(a). Thus, we have

(SoNEE) = A max(S(E)(a), AE#)b)

max[g(f:‘)(c), ;\(5) (d)]

v
=

(c,d)Eme

= (SoA)(e)(wy),
and, similarly,
+ + + +
(SoXN)E)(y) < (SoA)(e)(zy).
Letz < yand(a,b) € X,. Then
y<ab=z <ab= (a,b) € X,.
SoX, C X,. If X, = ¢, thenX, = ¢. Thus, we have
+ + + +
(SoA)(e)(x) =0=(SoA)(e)(y),
and
(SoA)(e)(z) =1=(50A)(e)(y).
On the other hand, ik, # ¢, thenX, # ¢. Thus, we have

(SoNE) ) = N max[SE)(a), AE)(D)
(a,b)eX,
> A\ max[S(e)(e), Ae)(d)]
(e, d)EX,
= (SoN)(e)(x),
and, similarly,
+ + + +
(SoNE)(Y) < (SoA(e)(a).
Therefore,S4 o A4 is an FBS left ideal oves$. O

Similarly, we establish the following proposition:

Proposition 5.13. Let A 4 be an FBS set ove¥. Then\4 o S4 is an FBS right ideal over
S.

Proof. Itis straightforward. O

Proposition 5.14. Let A, andd4 be FBS right and FBS left ideals ovét respectively.
Then, we have

As 004 = A0
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Proof. Lete € Aandz € S. If X, = ¢, then, since\4, andj 4 are respectively FBS right
and FBS left ideals ove$, we have

and

(Ao d)(e)(z) = 1= (AV §)(e)(x).
Let X, # ¢. Then(y, z) € X,, thatis,z < yz for somey, z € S. Thus, we have

e (@) > M) (w2) > Me)w),

and

So, it follows that

+ o+ + +
Aod)e)(@) =/ min[Ae)(y), 0(e)(2)]

IN

=
=,
>+
—
™
S~—
8
o
>+
o
=
B

Similarly, we obtain

(Aod)(e)(z) = (AV)(e)(z).
Therefore, we havt 4 o §4 2 Aa N 0a. O

6. CONCLUSION

In this article, we redefined the concept of FBS sets and studied their algebraic proper-
ties. The notion of FBS ordered semigroup was initiated and some characteristics of the
structure were examined. Similarly, the concepts of FBS left (resp., right, two-sided) ideals
over ordered semigroups were introduced and characterized. In future, we plan to expose
further the ideal theory in ordered semigroups in terms of FBS sets. So, we are going to
study FBS interior ideals, FBS (generalized) bi-ideals and FBS quasi- ideals in ordered
semigroups.
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