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Abstract. Keeping in view the importance of lattice theory, ring theory
and soft sets, in this article the notion of lattice ordered double framed soft
rings is acquainted and some basic properties of the defined notion are
discussed. Additional to this the behavior of different operations of lattice
ordered double framed soft sets is discussed under the atmosphere of rings.
Wherever necessary the concepts for the defined notion are elaborated by
examples.
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1. INTRODUCTION

The algebraic structures have always been very important in the theory of pure mathe-
matics. Although all the algebraic structure including semigroups [1], groups [2], semirings
[3] and near-rings [4] have their own importance but the theory of rings [5] has an upper
hand due to its extensive usage in field theory, Galois theory, linear algebra and many
others. In our daily life we face many problems that are so complex and encompasses un-
certainties that we cannot clearly define a way to overwhelm these hurdles. Many fields
like engineering, information science, computer science, medical science and environmen-
tal science are some of the areas of life in which we usually come across such issues. Such
type of problems create misperception in our mind and we cannot say anything about their
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solution conformably. Day by day these problems have become more complicated. To
overcome such type of situations and difficulties Zadeh presented the concept of fuzzy set
[6] and interval valued fuzzy sets [7], Pawlak familiarized the notion of rough sets [8] and
Molodtsov initiated the notion of soft set [9]. Although the theories of fuzzy sets and rough
sets have their own advantages but Aktas and cagman [10] proved that the theory of soft
sets generalized these theories, this proves the upper hand of soft set theory over fuzzy set
theory and rough set theory. After the introduction of soft sets this theory gained much
attention of the researchers. It was Maiji et al. [11], who gave operations to soft sets. They
also introduced the notion of fuzzy soft sets [12]. Ali et al. [13] pointed out some inade-
quacies in the operations defined by Maji et al. and improved these operations. Also Ali et
al. [14] gave different algebraic structures associated with their defined operations. Shabir
and Naz [15] initiated the concept of soft topological spaces. Aslam et al. [16] furnished
the notion of soft LA-semigroup. Further Aslam and Qureshi [17] worked on the notion of
soft groups and Acar et al. [18] functioned on soft rings. Xin and Li [19] defined soft con-
gruence relations over soft rings. Cagman and Enginoglu applied soft set theory in uni-int
decision making [20]. Majumdar and Samanta introduced the notion of soft mappings. For
more applications of soft sets one can see [21-28].

Keeping in view the advantages and applications of intuitionistic fuzzy sets by Atanassov
[29], Jun and Ahn [30] offered the concept of double framed soft set. Hadipour [31] used
Double Framed Soft Sets in BF-algebras. Jun et al. [32] introduced the notion of ideal
theory of BCK/BCl-algebras based on double framed soft sets. Muhiuddin and Al-Roqi
[33] introduced the notion of double framed soft hypervector spaces and discussed their
basic properties. In [34] the notion of double framed soft rings is introduced and discussed.
In our daily life we sometimes come across the situations when in objects under discussion
have some order between them. This type of situation is deeply studied in lattice theory
[35]. Keeping this situation in mind Ali et al. [36] introduced the notion of lattice or-
dered soft sets. In [37] Iftikhar proved some results on lattice ordered double framed soft
semirings.

Up to the best of our knowledge so far the in the literature of theoretical mathematics
the notion of lattice ordered double framed soft sets is not discussed in the environment of
ring theory. So keeping in view the importance of this much desired study, in this paper
the notion of lattice ordered double framed soft rings is familiarized. This is not only the
original work but also much needed as it is equally important in lattice theory, soft set
theory and in ring theory. We also discussed the basic properties of lattice order double
framed soft rings and elaborated the effect of lattice order double framed soft rings over
the operations of lattice order double framed soft sets. The rest of paper is organized as
follows:

Section 2 of the paper consists of some preliminary notions to make the paper self-
contained. In section 3 the notion of lattice ordered double framed soft rings is introduced,
its basic properties are discussed and the associated results are conferred. Wherever neces-
sary the described results are empowered by examples. In section 4 the paper is concluded
and some future directions are discussed.
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2. PRELIMINARIES

In this segment we will discuss the elementary ideas of rings, Soft Sets, Double Framed
Soft Sets, Lattices and Lattice ordered soft sets. From nowRomill always be a ring,
“SbR(R)” be the collection of all subrings @i, the initial universe will be denoted hy,
set of parameters he while the power set o will be P(X) and J, K, LC p. We shall
denote soft set and double framed soft set by “SS” and “DFSS” respectively.

Definition 2.1. [5] A set R # () together with binary operations “+" and “e” defined on
Ris called aring if

() (R, +) is an abelian group,

(i) (R,.) is semigroup,

(iii) Distributive laws hold.

Definition 2.2. [5] A S # 0 C R is called subring ofR if S is itself ring under induced
binary operations of?.

Definition 2.3. A subsefl # () of R is Left Ideal /Right Ideal /Ideal of

@) if (I,+) < (R,+) andV reR, ael = rael

(i) if (I,+) < (R,+)andV¥ ael, reR = arel.

(iii) 1 is both left and right ideal oR.

Definition 2.4. [9] A soft set onX is a pair (p, J), p:J — P (X) is a mapping.
Definition 2.5. [18] A soft ring on X is a pair (p, J), p: J — P(X) is a mapping,
whereX is aring andP(X) are subrings

Definition 2.6. [30] A double framed soft set oX is a pair< (p,o) : p > herep: p —
P(X)ando : p — P(X) are set valued mappings.

Definition 2.7. [30] A double framed soft ring oX is < (p, o) : p >, herep : p — P(X)
ando : p — P(X) are set valued mappings, whekeis a ring andP(X) are subrings.

Definition 2.8. [30] Let J, K C X. Then the setg—Inclusive and¥ -Exclusive of a double
framed soft sek (p, o) : p > are represented and defined as

in(p. J)={tep:JC p(t)}

ep(o, K)={tep: K2Do(t)}
respectively. Then

<(po) o> ={t€p:JC p(t), K2 a(t)}
is said to be double framed including set of thép, o) : p > .
Then obviously
< (,0,0') : @ >(A7 B) = Z.g) (p7 J) m ep (Ua K) .

Example 2.1. LetU = {a,b,c...z} andp = {z1 z2, 3 x4} and < (p, o) : p > be the
DFSS ovetX, wherep : ¢ — P (X) mapping is defined by

{a7c>€ag7i7kam707Q787u7$>Z} if$:w1,7
(LC) — {bvd?f7h7jalan7p7r7t7vay} if.’II:J,'27
P\E) = {a,e,i,0,u} if v = x3,

{C,f,'l:,l,O,T,U,I,y7Z} ’L'fI:.T4,
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ando : p — P (X) defined is by

{avdvg,jamvpvsavay} ifx:CCly,
{b7e7h7kun7Q7t7w72} ifl':l’g,
o(x) = . T
{a7cvdvga.7amapa 871}7:%2} fo_x?n
{c,f,i,l,o,r,u,x} if$:$47,

NowifJ = {a,e,i,0,u}andK = {a,c,d, g,j,m,p, s,v,y, 2z}, Theni, (p, J) = {z1,23} =
ey (0, K).
Then obviously< (p,0) : o >(; i) =iy (p, J) Neg (0, K) = {z1, 23}

Definition 2.9. [30] The support of DFSX (p, o) : J > is represented and defined as
Supp < (p,0) : J >={m €J,p(m) # 0 # o(m)}.
Definition 2.10. [30] Let < (p,0) : J > and< (7,v) : K > be two DFSSs oveX. Then
we say thak (p, o) : J > is a DFS subset of (7,v) : K >, if
1 JCK
(2) p(m) C 7(m) andv(m) C o(m),¥Ym € Supp < (p,0) : J > .
Definition 2.11. [34] Let < (p,o) : J > and< (7,v) : K > be two DFSRs over
R. Then the "OR” product of DFSRs is represented and definecatp, o) : J >
V < (1,v) : K >=< (\,u) : L >, whereX(m,n) = p(m) U7 (n)and u(m,n) =
o (m)Nu(n)forall (m,n) e L=JxK.
Example 2.2. ConsiderX = Z;5 = {0, 12 3...11} here defined %12 and “x5”
modulo 12 respectively. Let = {1,2} and K= {3,4} andp,0 : J — P (X) byp(1) =
{0} p = 79, 0'(1) = 3712 anda(2) = Z1io andT,U K — P(X) byT(S) =
2712, 7(4) = {0},v(3) = Z12 andv (4) = {0} then the "OR” product of< (p, o) :
J >V <(T,U):K>=<(/\,,u):L>is
A(1,3) = p(l) UT(3)={0} U2Z15 =27,
AML4)=p()ur(4)={0}u{0} = {0},
A(2,3)=p(2 (3) Z12 U275 = Zy3,
A(2,4) = (2 7(4) = Z12 U {0} = Z1o,
p(1,3)=0(1)Nv(3) =3Z12N Z12 = 3Z12,
p(1,4) =0 (1)N v (4) =321, N {0} = {0},
N(273) —0’(2)ﬂ ’U( )—Z120Z12 = Zi9
andu (2,4) =0 (2)Nwv(4) = Z12 N {0} = {0}
Definition 2.12. [34] Let < (p,0) : J > and< (r,v) : K > be two DFSRs oveR. Then
the union of DFSRs is defined as
<(pUh,onNuv): JUK >,
WherepU T : JU K —— P (R) is defined by
p(m) if m e IN\K
(pUT)(m)=<¢ h(m) if me KN\J

A,_\
— ~—

p(m)U 7(m) ifmeJNK
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and oNi:JUK +— P(R)isdefined by

a(m) if m e N\K
(cnNv)(m)=4 i(m) if m e K\J
o(m)nN v(m) ifmeJNK
Itis denoted as< (p,0): J > U < (1,v): K >=<(pUT, 0Nv): JUK >

Definition 2.13. [34] The restricted union of two DFSRs (p,o) : J > and< (7,v) :
K > over R, is represented and defined as(p,0) : J > U, < (r,v) : K > =<
(¢,n) : L >, where¢(m) = p(m)U71(m) &n(m) =c(m)Nov(m), Vm e L =
JNK #10.

Definition 2.14. [34] Let < (p,0) : J > and < (7,v) : K > be two DFSRs over
R. Then the "AND” product of DFSRs is represented and defineca&, o) : J >
A< (r,v) : K >=< (A\u) : L >, whereX (m,n) = p(m) N7 (n)andu(m,n) =
oc(m)Uv(n), ¥ (m,n) € Ax B..

Example 2.3. ConsiderZ;5 = {0, 1,2,3....14} with defined addition %;5” and mul-
tiplication “ x15” modulo 15 respectively. Let = {a,b} and K = {c,d} and p,o
J — P(Zs) by pla ) = 2735, (b) = 3Z5, 0(a) = {0} ando (b) = Z;5 and
7’7’UZK—>P< byT = {0} —52157 ’U(C) = Zi5 andv(d) = 3715 and the
"AND" product of < (p, o):J > A < ( )t K >=< (A pu): L>,is
Aa,c) =p(a)NT(c)=2Z15n{0} = {0
Aa,d) = p(a)NT(d) =2Z15N5Z15 = {0,5,10},
A(b,e) =p(b)N7(c)=3Z15n{0} = {0},
A(b,d)=p(b)NT (d) =3Z15N5Z15 = {0},
p(a,e)=0(a)Uv(c W}uzﬁ{0123 .14},
u(a,d) :O'(a)UU = {0} U3Z15=321s,
1% (b, C) =0 (b) Uwv (C) = Z15 @] 2152215
and‘LL (b, d) =0 (b) Uuv (d) = Z15U3Z15="215 .
Definition 2.15. [34] The restricted intersection of two DFSRs (p,0) : J > and
< (7,1) : K > over the same universal s&, is represented and defined as(p, o) :

J > N < (rv) : K >=< (%,w) : L > wherey(m) = p(m) N 7(m) &
w(m)=0o(m)Uv(m),Yvme L=JNK #0.

Definition 2.16. [34] Let < (p,0) : J > and< (r,v) : K > be two DFSRs oveR. Then
the extended intersection of DFSRs is defined as < (pNeT, 0U v) :
JUK >, where pn.7: JUK — P(R) is defined as

p(m) if m e JN\K
(pNeT) (M) =< h(m) if m e K\J

p(m)n 7(m) ifmeJNK
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and oU.v : JUK — P (R) is defined by

o (m) ifm e JN\K
(cUev) (m) = i(m) if m e K\J
o(m)U v(m) ifmedJNK

andis denoted ag (p,0) : J >N, < (1,v) : K > =< (pNeT, 0Uv) : JUK >
Definition 2.17. [35] A binary relation < defined on a non-null seX is a partial order if
the following axioms hold:
Q) z =2 x, vV x € X (Reflexive)
2)z2yandy S = =y for z,y € X (Anti symmetric)
B)zyandy 2 2=z 3 zVx,y,z € X (Transitive)
Definition 2.18. [35] Let (L, 3) be any partial ordered set. Thenis called a lattice if
Va,y € L, {x,y} has supremum and infimum In

Definition 2.19. [36] A lattice (anti-lattice) ordered soft set ové¥ is a pair (p, J) , where
p:J— P(X)isamappinganty z,y € J if x < y thenp(z) C p(y)(p () 2 p(v)).

Definition 2.20. [38] A lattice (anti-lattice) ordered soft ring oveR is a pair (
wherep : K — P (R)is amapping and/ z,y € K if z < y thenp(z) C p(y)(p(z) 2
p(y)) andp (z),p(y) € SbR(R).

3. LATTICE (ANTI-LATTICE) ORDERED DOUBLE FRAMED SOFT RINGS

From now onward set of parametegrsvill be lattice.

Definition 3.1. A DFSS< (p,0) : J > over aring R is said to be lattice (anti-lattice)
ordered double framed soft ring ove&, iff Vz,y € J, p (x), p(y), o (x) & o(y) € SDR(R)

and ifz < y thenp(x) C p(y)(p (z) 2 p (y)) ando(z) 2 o(y)(o (x) € o (3))-

Throughout in this article lattice ordered double framed soft rings will be denoted by
LODFSRs.

Example 3.1. Let (G, +) be an abelian group an be the set of all endomorphisms of
(G, +). Then fora, 8 € R, where if we define
(a+p)(x) = a(z)+ #(z)
(@.f)(z) = a(B(x)).

Then under these defined “ + " and *” R is a ring and also{O}, center ofR (denoted
by C(R)) and R itself are subrings oR.
Now letJ = {x,y, 2z} “Where z < y < 2" be a set of parameters ang,o : A — P(R)

be defined by
p(x) ={0},p(y) = C(R),p(z) =
U(I)=Rvo(y)= C(R),0(z) ={0 }

Clearlyp(x) C p(y) € p(2) ando (x) 2 o (y) 2 o (2)
Then< (p,0) : J >is a Lattlce ordered double framed soft ring over
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Remark.1 In general “OR” product of two LODFSRs is not necessarily a LODFSR.

Example 3.2. Consider the ringZ;s = {0,1,2...17} where0 g 1 g 2 < --- < 17 and

letJ = {1,2,3,4} ,where K 2 x3 <4, K ={5,6,7}and 55 6 < 7, then< (p,0) :

J >and< (h,v) : K > be the LODFSRS ovef g and define the set valued mappings
. J — P(Zis) by, letp(1 = {0} = p(??, p(2) = {0, 1,2...17} = p(??),

0(1):{0},0()_{036912 15}, 0 (3) = {0,2,4,6,10,12,14 ,16}, o (4) =
{0,1,2...17}andr,v : K — P(Zs) by7 (5) = {0,1,2...17},7(6) = {0,3,6,9,12, 15},
7(7) ={0,2,4,6,10,12,14,16} andv (5) = {0,1,2...17},v (6) = {0,2,4,6, 10,12, 14,16},
v (7) = {0,3,6,9,12,15}, then clearly< ( p, ) : J > A < (r,v) : K >is not

a 12 u {0,2,4,6,10,12,14 ,16} =

Theorem 3.3. Let< (p,o) : J > and< (1,v) : K > be two LODFSRs over the same
ring R. Then< (p,0) : J >V < (1,v) : K >= < (A, u):L>, is a LODFSR, provided
thatp (m) Ut (n) € SbR(R)V (m,n) € J x K.

Proof. By using Definition 2.11 "OR” product of LODFSSs (p,0) : J > V <
(r,v) : K >=< (A p):L>, wherel (m,n) = p(m) U7 (n) andu (m,n) = o (m) N
v(n), V¥ (m,n) € JxK.Nowas< (A, u):.L>+# () be a LODFSR oveR. ThenV (m,n) €
Supp < (1,v) : K > # 0, A(m,n) = p(m)U7(n) # 0and p(m,n) =o(m)N
v (n) # 0. It follows thatp (m), 7 (n), o (m) andv (n) € SbR(R). As intersection of sub-
rings is a subrings sp (m,n) € SbR(R) and\ (m, n) € SbR(R) as givem (m)Uwv (n) €
SbR(R) s0,< (A, u):L>is a DFSR ove?, V (m,n) € Sup < (A, u):L> . Implies that
<(p,o):J> V< (ri): K>=<(\p)L>isalLODFSR oveR.

As < (p,o) : J > and< (1,v) : K > are two LODFSR, both J and K are partially
ordered sets. Nown<jn for all m,n € J thenp(m) C p(n), o(m) 2 o(n) and
oxkpforallo,p € K thent (o) C 7 (p) andv(o) D v(p). Now <, be a partial order
relation among the elements #fx K. Such that#{,0) =< (n,p); where (n,0) ,(n,p) €
J x K, note that this order is induced by the elements of J and K. Sirfige) C p (n),
o(m) 2 o(n), 7 (o) C 7 (p) andv(o) 2 v(p) and n, o) <r(n,p). Thenp(m) U (o) C
p(n)U 7 (p) ando(m) Nv(o) D o(n) Nv(p). It concludes thah (m,o0) C A(n,p) and
w(m,0) 2 p(n,p). As required

O

Remark.2 Usually the union of two LODFSRs over a ring is not necessarily a
LODFSR overR. We explain it by the given example.

Example 3.4. Consider the ringR = Z50 = {0,1,2... 19} where0 x T2 < --- x 1
and letJ = {0, 2,4} . Now define the mappingso :J — P(R) by,o( ) = {0},
p(?) = 5790, p(1> = 2759, 0 (6) = 5799, 0 (j) = 2759, 0 (Z) = Zyp a ndT v:J
— P(R) byT (6) = 5790, T (g) = 2790, T (1) = {6} , U (6) = 2220, (7) = 2Z20,
v (4) = Zso. Then obviouslk (p,0) : J > and< (r,v) : J > are LODFSRs over
R. Now by the Definition 2.17, we have (p,0) : J > U, < (r,v) : J > =<
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(pUeT, gNev) :J >=< (\pu): J >where
A0)=pO)ur(0 ) = {O} UbBZa =529

A2)=p(2)UT(2) =5Z20U2Z2 ={0,2,4,5,6,8,10,12,14,15,16, 18
AA)=p(@)U (4) = 2220 U {o} = 2220
1 (0) =0 (0) Nw (0) =5Z20 N2Z2 = 10Z2
p(2) =0 (2)Nv(2) =2Z2N2Zs =27
M(Z =o(4)nv(4) —ZQOmZ20 :Z20

union of two LODFSRs |s not necessarlly a double framed soft rlng

Theorem 3.5. The union of LODFSRs (p,0) : J > and < (r,v) : J > over a same
ring R is LODFSR overR, provided thatp(m) is a subring ofr(m) or 7(m) is a subring
of p(m) , Vm € J.

Proof. Supposep (m) is a subring ofr (m) and 7 (m) is a subring ofp (m), then by
either casey (m) U 7(m) is a subring ofR. Now consider(p U ) (m). If m € J\ K,
then(pU7) (m) = p(m) and if m € K\ J, then(pU ) (m) = 7(m). In either case
(puT)(m) € SbR(R). Now if m € Jn K then(pU7)(m) = p(m) U 7 (m) and
(m) U 7(m) € SbR(R). Then agair(p U7) (m) € SbR(R). Next considefc Nv) (m).
If m € JN\XK, then(c Nv)(m) = o(m) and ifm € K\J, then(c Nv) (m) = v(m) €
SbR(R). Furthermore ifn € J N K, then(c Nv) (m) € SbR(R) becausg¢o Nv) (m) =
o(m)Nwv(m)then againo Nv) (m) € SbR(R). Hence< (p,o) : J >U < (1,v) : B >
is LODFSR overR.

As < (p,o) : J >and< (r,v) : K > are two LODFSRs over R so for al,n € J

so thatm < nthenp(m) C p(n), o(m) D o(n) similarly for all m,n € K so that
m < nthenh(m) C 7(n) andv(m) 2 v(n). Sop(m)U7(m) C p(n)U 7(n)and
o(m)Nuv(m) 2 o(n) Nou(n). O

Remark.31n general restricted union of two LODFSRs is not necessarily a LODFSR.
13} where0 x 1 < 2 <

3. < 3andlet] {0, 2,4,5, 8} wherel <
345 7<9,<(p,o):J>and< (1,v)
the set valued mappingso : J — P(R) by,
p(4) = {0,1,2,3...13}, p(6) = {0, 7
o (4) = o(8) = {O}, 0(22 = 0(6)72
by 7 (1) = {0}, 7(3) = {0, 7}, 7 (5) ={ §..13L7’()—{0 2,4,6,8},

7(9) = {0,1,2,3...13} andv (I) = v(5) = v(9) = {0,1,2,3...13}, v (3) =

v(7) = {0} then< (p, o)1 J > U < ( ) K >is notaLODFSR because

p(8) = {6’12 5. 13}, 0 (0) -
,2,3...13}}and,v : K — P(R)
1

Theorem 3.7. Let< (p, a) :J >and < (1, v) : J > be two LODFSRs over the same ring
R, Then the restricted union &f (p,o0) : J >and< (1,v) : J > =< (A\,u): L > isa
LODFSR ovelR if < (A, i) : L ># ¢ andp (m) Ut (m) € SbR(R),Vm € J.
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Proof. By using Definition 2.13< (p,0) : J > U, < (1,v) : J >=< (A\,p) : L >
,A(m)=pm)Ur(m) and p(m) =0 (m)Nv(m), Vme J Let< (A\,u) : L > be
a LODFSS oveR. If m € Supp < (A, ) : L > then A(m) = p(m) U7 (m) is non
empty andu (m) = o(m) Nwv(m) is also non empty. Sen), 7(m), o(m) andv(m)
€ SbR(R). As intersection of subrings is a subring ggm) € SbR(R)and if p (m) U
7(m) € SbR(R),Vm € Supp < (A\,u) : L >then< (p,0) : J > U, < (1,v) :
J >=< (A\p): L >isalLODFSRs oveR. As < (p,o) : J > and< (r,v) :
J > are two LODFSRs oveR, thusJ is a partially ordered set, so for ab,n € J
so thatm < nthenp(m) C p(n), o(m) 2 o(n), similarly for all m,n € J so
thatm < nthent(m) C 7(n) andv(m) 2 v(n). Thereforem,n € Jst.m < n
implies thatp (m) C fi(n), o(m) 2 o(n) andr (m) C 7(n) andv(m) 2 v(n) Thus
p(m)Ur(m) C p(n)U 7(n)ando(m)Nuv(m) 2 o(n) Ni(n). This implies that
A(m) C A(n) andu(m) 2 p(n) as required O

Remark.4 In general “AND” product of two LODFSRs is not necessarily a LODFSR.

Example 3.8. Consider the ringZs; = {0
20 and letJ = {0,2,4,6,8} where 0<
< 5and < (p,o) : J >and< (h,v)

fine the set valued mappingso : P(Z2 ) by letp(0) = {0, 1,2, 3...20},
p(2) = {0, 3,6,9,12,15,18},p (4) = { 0,3,6,9,12, 15,18}, p (6) = 07 } p( ) =
{07, T8,0(0) = {0}, o(2) = {0}, o(4) = {0}, o (6) = {0, 3,6,9,12, 15,18},

,1,2,3...20} where0 < 1x2< 3--- <
2<x4<6=<8andK = {0,5} and 0
K > be the LODFSRs oveZm, de-

o (8) = {0, 3,6,9,12, 1518}and7v : K — P(Zy) by (0) = {07, T4}, 7 (5) =
{0, 3,6,9,12, 15,18}, and v (0) = {0}, v (5) = {0,7,14}, then clearly< (p,0) : J >
A < (r,v) : K >isnota LODFSR because(G) uwv(5) = {0, 3,6,9,12, 15,18} U
{0,7,14} = {0, 3, 6,7,9,12, 14,15, 18} which is not subring ofz.

Theorem 3.9. Let< (p,0) : J > and< (r,v) : K > be two LODFSRs oveR. Then
< (p,o):J > A< (1,v): K >= < (\p):L>, isaLODFSR, provided that (m) U
v(n) € SBR(R)Y (m,n) € A x B.

Proof. By using Definition 2.14 "AND” product of LODFSRs (p,0) : J > A< (7,0) :

K >=<(A\p)L>A(m,n)=p(m)N7(n)andy (m ,n) = 0o (m)Jv(n), ¥V (m,n) €

J x K.Now as< (A, u):L> # () be a LODFSR. Thel (m,n) € Supp < (A, u):L>#

0, AX(m,n)=p(m)N7(n)#0and p(m,n)=oc(m)Jv(n)# 0. Which concluded
thatp (m), 7 (n), o (m) andv (n) € SbR(R). As intersection of subrings is a subrings so
A (m,n) € SbR(R) and: (m,n) € SbR(R) as given that (m) U v (n) € SbR(R), if so,

< (A, pw):L> is a double framed soft ring ovét, V (m, n) € Supp < (A, w):L> ..

=< (po):J > A< (r,v) : K >=< (A\p): L>is a LODFSR overR. As

< (p,o): J >and< (1,v) : K > are two LODFSR, both A and B are partially ordered
sets. Nown= 4n forall m,n € Jthenp(m) C p(n), o(m) 2 o(n) ando<gp for all
o,p € K thenr (0) C 7 (p) andv(o) 2 v(p). Now < be a partial order relation among
the elements off x K. Such that«{, o) <c(n,p); where (n,0) , (n,p) € J x K, note
that this order is induced by the elements of J and K. Singe) C p (n), o(m) 2 o(n),

7 (0) C 7 (p) andv(o) 2 v(p) and (n, 0) <c(n,p). Thenp(m) N7 (o) C p(n) N 7(p)
ando(m) Uwv(o) 2 o(n) Uwv(p). It concludes thah (m,o0) C A(n,p) andp (m,0) 2
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w(n,p). As required.
O

Remark.5In general restricted intersection of two LODFSRs is not necessarily a LODFSR.

Example 3.10. Consider the ringZ,4 = {0, 1,2...23} where0 < 1 2 < --- < 23
and letJ = {1,2,3,4}, where K 2 < 3 < 4, K= {5,6,7} where 55 6 < 7 and
< (p,o) : J >and< (h,v) : K > be the LODFSRs oveZ,, and deflne the set val-
ued mapping&,a : J — P (le) by, letp (1) = {0,1,2...23}, p(2) = {0}, p(3
{0,1,2...23},p(4) = {0}, o ( {O} o (2) :{ﬁ,ﬂ,ﬁ,g,ﬁ,ﬁﬂ 16,18, 20, ﬁ

o (3) = {0,3,6,9, 12 .15, 18, 21} o (4) {o 1,2...23} andr,v : K — P(Z

by 7 (5 ) = {0 23} 7'( ) = {02,4,6,8,10,12,14 . 16,18, 20,22}, 7(7) =
(0,3,9,12, 15} andv( ) = {0,1,2...23}, v(6) = {0,3,6,9,12,15, 18,21}, v (7) =

{0246810 12,14 ,16, 18,20, 22}, then< (p,0) : J > N, < (r,v): K >isnota

LODFSR because (2)Uu (6) — {0,24, 6,8, 10,12, 14 , 16, 18, 20, 22}U{0,3,6,9, 12, 5,

18,21} = {0,2,3,4,6,9,10,12,14 , 15, 16, 18, 20, 21 22} which is not subring.

Proposition 3.1. Let< (p,0) : J >and < (r,v) : J > be two DFSRs over the same ring
R, Then the restricted intersection«af(p,o) : J > N, < (r,v):JJ >=< (A, pu): L >
is a DFSR ovetR provided that it is non-null and (m) U v (m) € SbR(R),Vm € J.

Proof. By using Definition 2.15< (p,0) : J > N, < (r,v) : JJ >=< (A\,p): L >
, A(m)=p(m)Nn7(m) and p(m) =0 (m)Jv(m) Vme J Let< (A\,u) : L > be
aDFSRover R. lfin € Supp < (A, 1) : L > then A (m) = p(m) N7 (m) is non empty
andy (m) = o(m) Uwv(m) is also non empty. Sp(m), 7(m), o(m) andv(m) €
SbR(R). As intersection of subrings is a subring. $¢m) € SbR(R) and ifg (m) U
v(m) € SbR(R),Vm € Supp < (\, ) : L >and so< (p,0): J > N, < (r,v):J >
=< (A\p):L>isaDFSRoverR.
As < (p,0) : J >and< (r,v) : J > are two LODFSRs oveR, thusJ is a partially
ordered set, so for alh,n € J so thatm < n thenp( ) C p(n), o(m) 2 a(n)
similarly for allm,n € J sothatn < nthenh (m) C h(n)andv(m) 2 v(n). Therefore
m,n € J s.t.m < nimplies thatp(m) C p(n), o(m) 2 o(n) andr (m) C 7(n)
andv(m) 2 v(n) Thusp (m) N7 (m) C p(n)N 7(n) andg(m) Uv(m) D a(n)Jv(n).
This implies that\(m) 2 A(n) andu(m) C u(n) as required.

O

Remark.6 In general extended intersection of two LODFSRs is not necessarily a LODFSR.

Example 3.11. Consider the ringZ1, = {0,1,2,3... 11} where0 < 1 2 < 3--- <
1T andletJ = K = {1,2,3} where X 2 < 3and< (p,0) : J > and< (7,v) :
K > be the LODFSRs OVEX 5, define the set valued mappmgsa J — P(Z12)
by letp (1) = {0}, p(2 _{0123 A1}, p(3) = {0}, 0(1) = {0,1,2,3...11},
0,2,4,6,8 , 11}, and T, v K — P(ZG) b =

1,2 11},

>

—_

—~

wr—f-ﬁ

OO\‘< 00\
—

o(2) = {0246810} a( ={0,1,2,3 7'(
{0 1 A1}, 7(2) = {0}, 7 ):{6,1? 3...11}, andv (1) = {0,

{O 3,6,9},v(3)={0,1,2,3... 1},then<( ) J> ﬁg <(7',U):K
is not DFSR because(2) Uv (2) = {0,2,4,6,8,10} U {0, 3,6,9} = {0,2, 3,4,6,8,9

which is not subring.

—
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Theorem 3.12. The extended intersection of LODFSRs (p,0) : J > and < (1,v) :
K > over a same ring? is LODFSR ovetR, provided thatz(m) is a subring ofu(m) or
v(m) isasubring ofr (m), Ym e JN K.

Proof. Supposer (m) is a subring ofv (m) andv (m) is a subring ofs (m), then by
either caser (m) U v(m) € SbR(R). Now consider(p N ) (m), if m € J\K, then
(pn7)(m) = p(m) and if m € K\J, then(pn7)(m) = 7(m). In either case
(pn7)(m) e SbR(R).Nowif m € JNK then(pN7)(m) = p(m)N7(m),thenagain
(pn7)(m) € SbR(R). Next conside(c Uv) (m), if m € J\K then(c Uv)(m) =
o(m)andif m € K\ J,then(c Uv) (m) = v(m) € SbR(R). Furthermore ifn € JNK,
then (o Uv) (m) € SbR(R) becausdo Uv) (m) = o(m) Uv(m) ando(m) U v(m)
€ SbR(R). Hence< (p,0) : J > N. < (r,v) : K > is LODFSR overR. As
< (p,o) : J >and< (r,v) : K > are two LODFSRs oveR, thusJ is a partially
ordered set, so for alh,n € J so that m < nthenp(m) C p(n), o(m) 2 o(n)
similarly for allm,n € K so thatm < n thent (m) C 7 (n) andv(m) 2 v(n). Thus
p(m)Nh(m) Cp(n)N h(n)ando(m)Uv(m) 2 o(n)Uv(n). Which completes the
proof. O

4. CONCLUSION

In this article we have introduced the notion of lattice ordered double framed soft rings.
We discussed that how the operations of union, intersection, AND product and OR product
of double framed soft sets are affected in the environment of lattice ordered double framed
soft rings. Similarly the behavior of these operations can be checked in the environment of
lattice ordered double framed soft ideals in rings, anti-lattice ordered double framed soft
rings and anti-lattice ordered double framed soft ideals in rings. This study can further be
carried for other algebraic structures.
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