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Abstract

In this short paper, we study two new equilateral triangles associated
with an arbitrary triangle and further generalizations.

Keywords: arbitrary triangle, equilateral triangle
Introduction

In this article [1], we discuss two equilateral triangles associated with an
arbitrary hexagon. Our aim is to study two new equilateral triangles
associated with an arbitrary triangle. In conclusion, we discuss few
generalizations in similar configuration.

Before going into the details of the theorems which we prove in this
article, let us spend a few minutes discussing the prerequisites of
complex numbers used to prove these theorems.

2. Prerequisites of Complex Numbers
2.1 Distance between Two Points

Suppose that complex numbers z1 and z> have the geometric images M
and M>. Then, the distance between the points M1 and M is given by
MiM2 = |21 — 2.

2.2 Angle between Two Lines

Recall that a triangle is oriented if an ordering of its vertices is specified.
It is positively or directly oriented if the vertices are oriented counter
clockwise. Otherwise, the triangle is negatively oriented. Consider two
distinct points Mz1(z1) and M2(z2) other than the origin of a complex plane.
The angle M1OM: is oriented if the points Mz and M are ordered counter
clockwise.

The measure of the directly oriented angle M:OM; equals arg 4
ZZ

Consider four distinct points: M; (zi ), | € {1, 2, 3, 4}. The measure of
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: : z,-1
the angle determined by the lines M1Ms and M2M4 equals arg—=—= or
z,-7,
arg Z,-74
I3—1

2.3 Equilateral Triangle on a Segment
Let the points A and B have affixes a and b, respectively.

We shall find the affix of the point C for which ABC is an equilateral
triangle with base angle 60° and apex C. The midpoint of AB has an affix
(a+b)

"Bk

The distance from this midpoint to C is equal to

3| AB|
.

With this we find the affix for C as follows,

c:(aTH)jH\/g(b;aj=(l_;ﬁ]a+(l+;ﬁ]b = ya+ b
SUNEY

2 2

where y = {

1+i\/§

2

Clearly y is the sixth root of unity y =( J —e3 = cos%+sin%

This number is the sixth root of unity since it satisfies
yP=e"" =cos2z+sin2zx=1. It also satisfies x°=-1 and

xx=x+x=1

Depending on orientation one can find two vertices C that together
with AB form an equilateral triangle, for which we have respectively
c=ya+yb (negative orientation) and c¢= ya+ yb(positive
orientation).
From this one easily derives
Lemma 1:

The complex numbers a, b and c are affixes of an equilateral triangle if
and only if a+ y°b+ y*c=0 for positive orientation or
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a+ y'b+ y*c=0 for negative orientation.

Lemma 2:

Let z1, 22, z3 be distinct complex numbers. If z1, 22, z3 be collinear in the
. Z,+kz
complex plane then there exists k such that z, = #

+

In this article [1], the following theorem has been proved.
2.4 Two Equilateral Triangles Associated with a Hexagon

Consider a hexagon A1A2AsA4AsAs with equilateral triangles BjAjAj+1
constructed on the six sides externally, where B; are the apex of the
equilateral triangle constructed on the side AjAj+1, externally. Here, we
take the subscripts modulo 6. Let C;jbe the midpoint of BjBj+1. Let P1, P2,
P3be the points of intersection of the line segments C1C4, C2Cs and C3Ce.
We proceed with the following interesting result.

a) The line segments C1Cs, C2Cs and C3Ce are of equal length.
b) P1P2P3 forms an equilateral triangle (see Figure -1).

C,C, =20.11

Figure 1.
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The above result is true even if equilateral triangles are constructed
on the sides of the arbitrary hexagon internally (see Figure-2).

Figure 2.

Let us discuss our main theorem.
2.5 Theorem 1
Two New Equilateral Triangles Associated with a Triangle

Consider an arbitrary triangle A1AsAs. With equilateral triangles BjAjAj+1
constructed on the sides externally, where B; are the apex of equilateral
triangle constructed on the line segment AjA;+1. Let three arbitrary points
Az, A4 and As lay on the sides A1As, AsAs and AsAs, respectively. Here,
we take the subscripts modulo 6. Let Cjbe the midpoint of BjBj+1. Let P4,
P2, P3 be the points of intersection of the line segments C1C4, C2Cs and
C3Cs. We proceed with the following interesting result.

a) The line segments C1Cs4, C.Cs and C3Cg are of equal length.
b) P1P2P3 forms an equilateral triangle (see Figure-3).
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3

Figure 3.
Proof

Suppose the triangle A:A3As with the points A2, A4 and As is in the
complex plane.

Each of the point A, j = 1, 2,..,6, has a complex affix ¢; and it is clear
that aj, aj+1and aj+2 are collinear for j = 1, 3, 5 under modulo 6.

Hence, there exists three real numbers k1, ko and ks such that

a, :Lkl"‘l, a, _ % tha, and ¢ _ a4 tkas (using lemma-2)
1+k; 1+Kk, 1+k,

It is clear using lemma-1, Bj has a complex affix —Zzaj —;(4aj+1
2 4
X OO0,
2

and Cj has complex affix as zj =

_ ot g — o
Thatis C1(z1) = £ara Xas,

2
Yo, +a,— y'a
Ca(z2) = 2 *,
2
Yo, +a,— e
Ca(z3) = S >,
2
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2 4
AR A

Cal(z4) = :
4(24) >
Yo +o,—y'a
CS(ZS) - 5 6 1
2
—Yos+a, - y'a
and Ce(z6) = e L 2

2
Now, it is easy to verify that

1
CiCa=|z1- 24| = E'ZZ (o —an)+ (e, —as)+ 1 (o — )]

CCs= |22 - 75| = |—;(2(C1C4) |=C,C, and |CsCe|= |23 — 26| =
| x*(CC,)=CC,

Hence C1C4= C2Cs= C3Ces Which completes the proof of (a).

For (b) we proceed as follows.

If the measure of the angle determined by the lines C1C4 and C.Cs at P1

. z,-1 Z,—1
is 01 then g, =arg——— S

or g, =arg
5 %2 470

It gives
2 4
Z,~1 X (0‘1_054)+(a5_0‘2)+l (0‘3_%)] -1 4 0
6, =arg——L =arg =arg| — |=arg(-y" ) =60
1 =1, )(2(0(2—0(5)+(0(6—0!3)+}(4(054—a1) b4 ( )

In a similar way, if the measure of the angle determined by the lines C>Cs
and C3C6 at P2 is 02 , while C3C6 and C1C4 at P3 is 63, we can prove that
0= 03=60°

Hence, triangle P1P2P3 is an equilateral triangle, which proves (b).

By replacing y> by z* and y* by x° in the proof of Theorem 1,

we have an analogous result of Theorem 1 with an equilateral triangle
constructed on the sides of the given triangle, internally.

In other words, consider an arbitrary triangle A:AzAs. With
equilateral triangles B{A; A, constructed on the sides externally, where
B} are the apex of the equilateral triangle constructed on the line segment
AjAj+1. Let Az, As and As be three arbitrary points lying on the sides A1As,
AszAs and AsAq, respectively. Here, we take the subscripts modulo 6. Let
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C| be the midpoint of BiB;,,. LetP’, P, and P be the points of

j+1
intersection of the line segmentsC,C,,C,C, and C,C;. Then,

a) The line segmentsC,C,,C,C; and C.C; are of equal length.
b) P’ P, P, forms an equilateral triangle (see Figure 4).

B

3

cyCy=6.81

B

5

Figure 4.
Note 1

If we observe closely Theorem 1 and the theorem we proved in [1], there
is not much difference in proving both of them. This forces us to
generalize the statement that if some interesting property is true for a
polygon of 6n vertices then the same property is valid for an arbitrary
triangle by considering the remaining 6n-3 vertices of the polygon on the
sides of the triangle, such that 2n-1 vertices as a point on each side of the
triangle.

Below we list out some generalizations about the same configuration
which can be demonstrated using the same ideas from the statements in
this article.

3. Generalizations
3.1 Proposition 1

Given an octagon A1A2A3AAsAs A7As with equilateral triangles BjAjAj+1
constructed on the sides externally or internally, where B;j are the apex
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of equilateral triangles constructed on the side AjAj+1, externally or
internally. Here, we take the subscripts modulo 8. Let C;be the midpoints
of BjBj+. If Pj are the midpoints of the line segment C;Cj+s, then the
quadrilateral P1P2P3P4 is a parallelogram and the point of intersection of
diagonals of both parallelograms (external and internal cases) coincide
with each other (see Figure 5).

Figure 5.

3.2 Proposition 2

Given an octagon A1A2AzA1AsAsA7Ag construct squares Bi1A1A2B,
B3A2A3B4, BsA3zA4Be, B7A4AsBs, BoAsAeB1o, B11AsA7B12, B13A7AsB14,
and B15A8A1B16 on the sides of hexagon externally or internally. Let
C1,Cy, Cs, Cy4, Cs, Cg, C7, Cs be the midpoints of B2B3, B4Bs, BsB7, BsBo,
B10B11, B12B13, B14B1s, B16B1,. If Pj are the midpoints of the line segment
CiCj+s, then the quadrilateral P1P2P3Ps is an Iso Ortho diagonal
quadrilateral (see Figure 6).
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Figure 6Q

Figure 62,

3.3 Proposition 3

Given a 12-gon A1IA2A3A4A5A6ATA8 AcA10A11A12 with equilateral
triangles BjAjAj+1 constructed on the sides externally or internally, where
B; are the apex of equilateral triangles constructed on the side AjAj+1,
externally or internally. Here, we take the subscripts modulo 12. Let C;
be the midpoints of B;Bj+1. Let P; be the midpoints of the line segment

(8]
N
g
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CiCj+a. If Q1, Q2, Qs are the points of intersection of the line segments
P1P4, P2Ps and P3Pg, then

(@) The line segments P1P4, P2Ps and P3Ps are equal in length.
(b)Triangle Q1Q2Q3 forms an equilateral triangle (see Figure -7, 7A).

B.

s
0,0,=0.07

PyPg=0.95

Figure 72,
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3.4 Proposition 4

According to Note 1 and Proposition 3, we can state that Proposition 3
is also true when 12-gon (6(2) vertices) is transformed to a triangle by
considering the remaining 12-3=9 vertices as three arbitrary points on
each side of the triangle.

For further study regarding these types of equilateral triangles, we can
refer to [2, 3, 4].
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