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Abstract: In this paper, we propose a Hybrid Exponentially Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator of mean using a single auxiliary variable and a single auxiliary attribute (Moeen 
et al., [1]). We call it as Z- HEWMA control chart. The proposed control chart performance is evaluated using out-
of-control-Average Run Length (ARL1). The control limits of the proposed chart is based on estimator, its mean 
square errors. A simulated example is used to compare the proposed Z-HEWMA, traditional/simple EWMA chart and 
CUSUM control chart. From this study the fact is revealed that Z-HEWMA control chart shows more efficient results 
as compared to traditional/simple EWMA and CUSUM control charts. The Z-HEWMA chart can be used for efficient 
monitoring of the production process in manufacturing industries where auxiliary information about a numerical 
variable and an attribute is available.
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1.  INTRODUCTION 

The Statistical Process Control (SPC) is a 
powerful collection of problem solving tools 
useful in achieving process stability and improving 
capability through the reduction of variability. SPC 
builds an environment which leads to continuous 
improvement in quality and productivity. 
(Montgomery, [2]). The Control charts commonly 
used to differentiate between the assignable and 
un-assignable causes. The purpose of the effective 
process monitoring system is to detect the presence 
of an assignable cause as rapidly as possible 
without stopping checking too often or too late. 
The control charts are of different types. Some are 
memory control charts and other is memory-less 
control charts. Shewhart charts are called memory-
less control charts and are being used to detect a 
large size shift whereas the memory type charts 
are used for dealing with small size shifts. Grant 
Leavenworth [3] describes the Statistical Process 
Control (SPC) as a useful and important tool used 

commonly in the engineering field to monitor the 
overall process. SPC can be applied to all kinds of 
engineering operations. The significant application 
of the SPC analysis of the process will make the 
process more consistent and reliable. Kotz and 
Johnson [4] defined the causes of variations. It can 
either be due to random (chance) causes and/or 
assignable causes. Some stable systems of chances 
are inherent in any particular scheme of production 
and inspection. But for products to maintain their 
standards, the assignable causes due to personnel, 
machines or material must be eliminated or at least 
reduced. Aczel [5] also stated that the capability 
of any process is the natural behavior of the 
particular process after disturbances are eliminated. 
Montgomery [2] states that the processes that are 
operating in the presence of assignable/special 
causes can be abbreviated as out of control. Gupta 
and Gupta [6] defined statistical quality control as 
one of the most useful and economically important 
applications of the theory of sampling in the 
industrial field. Keller [7] and Mandel [8] defined 



Weighted Moving Average (HEWMA) control 
chart based on mixture ratio estimator of mean 
based on single auxiliary variable and single 
attribute variable (cf. Moeen et al., [1]). We call it 
as “Z-HEWMA chart” which is named on primary 
author Hafiz Zain Pervaiz name. The estimator 
proposed by Moeen et al. [1] is given as:

 					             (3.1)

Whereas y denote the study variable,  denote 
the observed value, P denotes an auxiliary attribute,   
denote an auxiliary variable,  and β use for 
generalized the estimator for using the minimum 
value of mean square error. 

The Mean Square Error is given as:

  					              (3.2)

                                                      

Whereas, Y denotes the main quality 
characteristic having mean µy and variance      and 
X denotes an auxiliary variable with mean  and 
variance      . Assume that the variables Y and X 
follow a bivariate   normal   distribution   i.e.		
	                              and P ~ binomial (n, p). 

Now we define two new sequences  and  as follow:
E1,E2,....., and HE1, HE2,....., as follow: 		
	
	 Et= λ1 Ḡi + (1-λ1) Et-1 	          	           (3.3)

Where Et  shows EWMA charting statistics and 
Ḡi is the mean of the data and Et-1 shows previous 
statistics value information. 
       	
 	 HEt = λ2 Et + (1-λ2) HEt-1	         	          (3.4)

The HEt statistics is the Hybrid charting 
statistics,   λ1 and λ2 are the smoothing parameters 
and the control limits of the proposed chart will be 
derived as:    

quality control as Statistical Process Control which 
refers to one of a variety of statistical techniques used 
to develop and maintain a firm ability to produce 
high-quality goods and services. Mandel [8]gave 
a regression control chart and Zhang [9] used the 
additional/auxiliary information in preparation of 
the cause-selecting-type control chart. Wade and 
Woodall [10] proposed the prediction limits by 
inserting some modifications in Zhang [9] control 
limits. Many efficient estimators can be obtained/
developed by the use of auxiliary variables, for 
example, see the researches by Kadilar and Cingi 
[11], Singh and Vishwakarma [12], Singh et al. [13], 
Hanif et al.[14], Awan and Shabbir [15]. Riaz [16] 
and Riaz and Does [17] proposed the control chart 
for the variability using one auxiliary variable for 
Phase-I. When the additional/auxiliary information 
is incorporated in the construction of quality control 
charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control 
chart for location parameters using one auxiliary 
variable for Phase I. Woodall et al. [19], Haq [20] 
used Hybrid charts for monitoring of Mean using 
single auxiliary variable. Ahmed et al [21] also 
used a single auxiliary variable in designing their 
proposed control chart.

In this paper, we propose a New Hybrid 
Exponentially Weighted Moving Average 
(HEWMA) control chart based on a mixture ratio 
estimator with a single auxiliary variable and a 
single auxiliary attribute (cf. Moeen et al., [1]). In 
the later stage of this paper we have develop the 
control charts parameters based on this estimator. 
The performance is measured using average run 
length-out of control (ARL1). The chart showing 
less ARL1 has been awarded as a more efficient 
chart as it will be more sensitive to the change and 
it will be detecting the shift in the parameter(s) 
more rapidly than other charts in comparison. The 
control charting parameters will consist of an upper 
control limit (UCL), a lower control limit (LCL), 
a centerline (CL). We also compare the propose 
control charts with the existing control charts.

2.   METHODOLOGY

2.1  The Proposed Z-Hybrid EWMA Control 		
       Chart

In this paper, we propose a new Hybrid Exponentially 
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
𝛼𝛼

[𝛸̄𝛸1
𝑥̄𝑥1

]
𝛽𝛽

   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦

∗(𝜏𝜏.,𝑥𝑥.) = 𝜃𝜃𝑌̄𝑌2𝐶𝐶𝑦𝑦2

|𝛥𝛥(𝑥𝑥1,𝜏𝜏1)|
[|𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)|]  (3.2) 

 

Where |𝛥𝛥(𝑥𝑥1,𝜏𝜏1)| = |
1𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏1
𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏11| and    

 |𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)| = |
1𝜌𝜌𝑃𝑃𝑥𝑥1𝑦𝑦𝜌𝜌𝑃𝑃𝑦𝑦𝑏𝑏1
𝜌𝜌𝑃𝑃𝑥𝑥1𝑦𝑦1𝜌𝜌𝑥𝑥1𝑏𝑏1
𝜌𝜌𝑃𝑃𝑦𝑦𝑏𝑏1𝜌𝜌𝑥𝑥1𝑏𝑏11

|                                                      

 
Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦

2, 𝜎𝜎𝑥𝑥
2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
𝐻𝐻𝐸𝐸1, 𝐻𝐻𝐸𝐸2, . . . . ., as follow: 
𝐸𝐸𝑡𝑡 = 𝜆𝜆1𝐺𝐺𝑖𝑖 + (1 − 𝜆𝜆1)𝐸𝐸𝑡𝑡−1   (3.3) 
Where𝐸𝐸𝑡𝑡shows EWMA charting statistics and 𝐺𝐺𝑖𝑖 is the 
mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
𝐻𝐻𝐸𝐸𝑡𝑡 = 𝜆𝜆2𝐸𝐸𝑡𝑡 + (1 − 𝜆𝜆2)𝐻𝐻𝐸𝐸𝑡𝑡−1   (3.4) 
The 𝐻𝐻𝐸𝐸𝑡𝑡 statistics is the Hybrid charting statistics, 𝜆𝜆1 
and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        

𝐸𝐸(𝐻𝐻𝐸𝐸𝑡𝑡) = 𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) 
And the variance of HEt (cf. Haq, [20]): 
𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) =

𝜆𝜆1
2𝜆𝜆2

2𝑀𝑀𝑀𝑀𝑀𝑀(𝜙𝜙∗𝑦𝑦(𝜏𝜏1,𝑥𝑥1))
(𝜆𝜆1−𝜆𝜆2)2

[
 
 
 
 (1−𝜆𝜆1)2(1−(1−𝜆𝜆1)2𝑖𝑖)

1−(1−𝜆𝜆1)2 + (1−𝜆𝜆2)2(1−(1−𝜆𝜆2)2𝑖𝑖)
1−(1−𝜆𝜆2)2

− 2(1−𝜆𝜆1)(1−𝜆𝜆2){1−(1−𝜆𝜆1)𝑖𝑖(1−𝜆𝜆2)𝑖𝑖}
1−(1−𝜆𝜆1)(1−𝜆𝜆2) ]

 
 
 
 

       (3.5) 
So control limits are:  
 UCL=   𝜇𝜇0+ L1√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) 

LCL=     𝜇𝜇0- L2√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡)   (3.6) 

Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
ARL1 will be awarded as a more efficient chart as it will 
be more sensitive to the change and it will be detecting 
it more rapidly than other charts in comparison.”  
 
 
3. RESULTS AND DISCUSSION 
 
3.1. Illustrative Example 
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
𝛼𝛼

[𝛸̄𝛸1
𝑥̄𝑥1

]
𝛽𝛽

   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦

∗(𝜏𝜏.,𝑥𝑥.) = 𝜃𝜃𝑌̄𝑌2𝐶𝐶𝑦𝑦2

|𝛥𝛥(𝑥𝑥1,𝜏𝜏1)|
[|𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)|]  (3.2) 

 

Where |𝛥𝛥(𝑥𝑥1,𝜏𝜏1)| = |
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|                                                      
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having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
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2. 
Assume that the variables Y and X follow a bivariate 
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2, 𝜌𝜌) 
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
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in the parameter(s) more rapidly than other charts in 
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limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
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which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
𝛼𝛼

[𝛸̄𝛸1
𝑥̄𝑥1

]
𝛽𝛽

   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦

∗(𝜏𝜏.,𝑥𝑥.) = 𝜃𝜃𝑌̄𝑌2𝐶𝐶𝑦𝑦2

|𝛥𝛥(𝑥𝑥1,𝜏𝜏1)|
[|𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)|]  (3.2) 

 

Where |𝛥𝛥(𝑥𝑥1,𝜏𝜏1)| = |
1𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏1
𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏11| and    

 |𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)| = |
1𝜌𝜌𝑃𝑃𝑥𝑥1𝑦𝑦𝜌𝜌𝑃𝑃𝑦𝑦𝑏𝑏1
𝜌𝜌𝑃𝑃𝑥𝑥1𝑦𝑦1𝜌𝜌𝑥𝑥1𝑏𝑏1
𝜌𝜌𝑃𝑃𝑦𝑦𝑏𝑏1𝜌𝜌𝑥𝑥1𝑏𝑏11

|                                                      

 
Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦

2, 𝜎𝜎𝑥𝑥
2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
𝐻𝐻𝐸𝐸1, 𝐻𝐻𝐸𝐸2, . . . . ., as follow: 
𝐸𝐸𝑡𝑡 = 𝜆𝜆1𝐺𝐺𝑖𝑖 + (1 − 𝜆𝜆1)𝐸𝐸𝑡𝑡−1   (3.3) 
Where𝐸𝐸𝑡𝑡shows EWMA charting statistics and 𝐺𝐺𝑖𝑖 is the 
mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
𝐻𝐻𝐸𝐸𝑡𝑡 = 𝜆𝜆2𝐸𝐸𝑡𝑡 + (1 − 𝜆𝜆2)𝐻𝐻𝐸𝐸𝑡𝑡−1   (3.4) 
The 𝐻𝐻𝐸𝐸𝑡𝑡 statistics is the Hybrid charting statistics, 𝜆𝜆1 
and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        

𝐸𝐸(𝐻𝐻𝐸𝐸𝑡𝑡) = 𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) 
And the variance of HEt (cf. Haq, [20]): 
𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) =

𝜆𝜆1
2𝜆𝜆2

2𝑀𝑀𝑀𝑀𝑀𝑀(𝜙𝜙∗𝑦𝑦(𝜏𝜏1,𝑥𝑥1))
(𝜆𝜆1−𝜆𝜆2)2

[
 
 
 
 (1−𝜆𝜆1)2(1−(1−𝜆𝜆1)2𝑖𝑖)

1−(1−𝜆𝜆1)2 + (1−𝜆𝜆2)2(1−(1−𝜆𝜆2)2𝑖𝑖)
1−(1−𝜆𝜆2)2

− 2(1−𝜆𝜆1)(1−𝜆𝜆2){1−(1−𝜆𝜆1)𝑖𝑖(1−𝜆𝜆2)𝑖𝑖}
1−(1−𝜆𝜆1)(1−𝜆𝜆2) ]

 
 
 
 

       (3.5) 
So control limits are:  
 UCL=   𝜇𝜇0+ L1√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) 

LCL=     𝜇𝜇0- L2√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡)   (3.6) 

Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
ARL1 will be awarded as a more efficient chart as it will 
be more sensitive to the change and it will be detecting 
it more rapidly than other charts in comparison.”  
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
𝛼𝛼

[𝛸̄𝛸1
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]
𝛽𝛽
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Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦

∗(𝜏𝜏.,𝑥𝑥.) = 𝜃𝜃𝑌̄𝑌2𝐶𝐶𝑦𝑦2
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Where |𝛥𝛥(𝑥𝑥1,𝜏𝜏1)| = |
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𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏11| and    

 |𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)| = |
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Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦

2, 𝜎𝜎𝑥𝑥
2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
𝐻𝐻𝐸𝐸1, 𝐻𝐻𝐸𝐸2, . . . . ., as follow: 
𝐸𝐸𝑡𝑡 = 𝜆𝜆1𝐺𝐺𝑖𝑖 + (1 − 𝜆𝜆1)𝐸𝐸𝑡𝑡−1   (3.3) 
Where𝐸𝐸𝑡𝑡shows EWMA charting statistics and 𝐺𝐺𝑖𝑖 is the 
mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
𝐻𝐻𝐸𝐸𝑡𝑡 = 𝜆𝜆2𝐸𝐸𝑡𝑡 + (1 − 𝜆𝜆2)𝐻𝐻𝐸𝐸𝑡𝑡−1   (3.4) 
The 𝐻𝐻𝐸𝐸𝑡𝑡 statistics is the Hybrid charting statistics, 𝜆𝜆1 
and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        

𝐸𝐸(𝐻𝐻𝐸𝐸𝑡𝑡) = 𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) 
And the variance of HEt (cf. Haq, [20]): 
𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) =

𝜆𝜆1
2𝜆𝜆2

2𝑀𝑀𝑀𝑀𝑀𝑀(𝜙𝜙∗𝑦𝑦(𝜏𝜏1,𝑥𝑥1))
(𝜆𝜆1−𝜆𝜆2)2

[
 
 
 
 (1−𝜆𝜆1)2(1−(1−𝜆𝜆1)2𝑖𝑖)

1−(1−𝜆𝜆1)2 + (1−𝜆𝜆2)2(1−(1−𝜆𝜆2)2𝑖𝑖)
1−(1−𝜆𝜆2)2

− 2(1−𝜆𝜆1)(1−𝜆𝜆2){1−(1−𝜆𝜆1)𝑖𝑖(1−𝜆𝜆2)𝑖𝑖}
1−(1−𝜆𝜆1)(1−𝜆𝜆2) ]

 
 
 
 

       (3.5) 
So control limits are:  
 UCL=   𝜇𝜇0+ L1√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) 

LCL=     𝜇𝜇0- L2√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡)   (3.6) 

Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
ARL1 will be awarded as a more efficient chart as it will 
be more sensitive to the change and it will be detecting 
it more rapidly than other charts in comparison.”  
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
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   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦
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Where |𝛥𝛥(𝑥𝑥1,𝜏𝜏1)| = |
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Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦
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2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
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mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
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Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
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   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦

∗(𝜏𝜏.,𝑥𝑥.) = 𝜃𝜃𝑌̄𝑌2𝐶𝐶𝑦𝑦2
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Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦

2, 𝜎𝜎𝑥𝑥
2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
𝐻𝐻𝐸𝐸1, 𝐻𝐻𝐸𝐸2, . . . . ., as follow: 
𝐸𝐸𝑡𝑡 = 𝜆𝜆1𝐺𝐺𝑖𝑖 + (1 − 𝜆𝜆1)𝐸𝐸𝑡𝑡−1   (3.3) 
Where𝐸𝐸𝑡𝑡shows EWMA charting statistics and 𝐺𝐺𝑖𝑖 is the 
mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
𝐻𝐻𝐸𝐸𝑡𝑡 = 𝜆𝜆2𝐸𝐸𝑡𝑡 + (1 − 𝜆𝜆2)𝐻𝐻𝐸𝐸𝑡𝑡−1   (3.4) 
The 𝐻𝐻𝐸𝐸𝑡𝑡 statistics is the Hybrid charting statistics, 𝜆𝜆1 
and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        

𝐸𝐸(𝐻𝐻𝐸𝐸𝑡𝑡) = 𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) 
And the variance of HEt (cf. Haq, [20]): 
𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) =

𝜆𝜆1
2𝜆𝜆2

2𝑀𝑀𝑀𝑀𝑀𝑀(𝜙𝜙∗𝑦𝑦(𝜏𝜏1,𝑥𝑥1))
(𝜆𝜆1−𝜆𝜆2)2
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So control limits are:  
 UCL=   𝜇𝜇0+ L1√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) 

LCL=     𝜇𝜇0- L2√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡)   (3.6) 

Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
ARL1 will be awarded as a more efficient chart as it will 
be more sensitive to the change and it will be detecting 
it more rapidly than other charts in comparison.”  
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
𝛼𝛼

[𝛸̄𝛸1
𝑥̄𝑥1

]
𝛽𝛽

   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦

∗(𝜏𝜏.,𝑥𝑥.) = 𝜃𝜃𝑌̄𝑌2𝐶𝐶𝑦𝑦2
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Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦
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2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
𝐻𝐻𝐸𝐸1, 𝐻𝐻𝐸𝐸2, . . . . ., as follow: 
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Where𝐸𝐸𝑡𝑡shows EWMA charting statistics and 𝐺𝐺𝑖𝑖 is the 
mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
𝐻𝐻𝐸𝐸𝑡𝑡 = 𝜆𝜆2𝐸𝐸𝑡𝑡 + (1 − 𝜆𝜆2)𝐻𝐻𝐸𝐸𝑡𝑡−1   (3.4) 
The 𝐻𝐻𝐸𝐸𝑡𝑡 statistics is the Hybrid charting statistics, 𝜆𝜆1 
and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        

𝐸𝐸(𝐻𝐻𝐸𝐸𝑡𝑡) = 𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) 
And the variance of HEt (cf. Haq, [20]): 
𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) =

𝜆𝜆1
2𝜆𝜆2

2𝑀𝑀𝑀𝑀𝑀𝑀(𝜙𝜙∗𝑦𝑦(𝜏𝜏1,𝑥𝑥1))
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So control limits are:  
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Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
ARL1 will be awarded as a more efficient chart as it will 
be more sensitive to the change and it will be detecting 
it more rapidly than other charts in comparison.”  
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
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   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦
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Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
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and P~binomial (n, p).   
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mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
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The 𝐻𝐻𝐸𝐸𝑡𝑡 statistics is the Hybrid charting statistics, 𝜆𝜆1 
and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        
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And the variance of HEt (cf. Haq, [20]): 
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Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
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And the variance of HEt (cf. Haq, [20]):

 	

					             (3.5)

So control limits are:
 

					                     (3.6)

Where L1and L2 shows the 99.73 quantile points of 
the distribution under study.

A simulated example is used to compare the 
performance of Cumulative sum control chart 
(CUSUM) and Exponentially Weighted Moving 
Average (EWMA) control charts with the proposed 
Hybrid EWMA control chart. The performance will 
be measured on average run length-out of control 
(ARL1). The chart showing less ARL1 will be 
awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting it 
more rapidly than other charts in comparison.	

3.   RESULTS AND DISCUSSION

3.1. Illustrative Example

To study the features of the proposed Z-HEWMA 
control chart, we have simulated the data and 
applied the Z-HEWMA chart. The simulated 
data consists of variables Y representing the 
study variable, P-auxiliary attribute, X-auxiliary 
variables. The procedure proposed in section 2 is 
evaluated using different choices of sample size 
(n), EWMA weight (λ1) and HEWMA weight (λ2) 
and correlation coefficient among variables (ρ). 
Among these, some results are presented here for 
discussion purposes. Tables 1–2 give the ARLs of 
the proposed Z-HEWMA control and its comparison 
with the existing EWMA control chart. We have 
considered n = 25, 45 and λ1 = 0.10 and λ2 = 0.08 
for ARL0 = 220.00 and tables 3 report the results for  
ARL0= 370.00. Four cases of the correlation among 
variables are considered, which include ρPyb1= ρx1y 
= ρPx1b1 = ρ = 0.0,0.10,0.30, and 0.50.
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
𝛼𝛼

[𝛸̄𝛸1
𝑥̄𝑥1

]
𝛽𝛽

   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦

∗(𝜏𝜏.,𝑥𝑥.) = 𝜃𝜃𝑌̄𝑌2𝐶𝐶𝑦𝑦2

|𝛥𝛥(𝑥𝑥1,𝜏𝜏1)|
[|𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)|]  (3.2) 

 

Where |𝛥𝛥(𝑥𝑥1,𝜏𝜏1)| = |
1𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏1
𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏11| and    

 |𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)| = |
1𝜌𝜌𝑃𝑃𝑥𝑥1𝑦𝑦𝜌𝜌𝑃𝑃𝑦𝑦𝑏𝑏1
𝜌𝜌𝑃𝑃𝑥𝑥1𝑦𝑦1𝜌𝜌𝑥𝑥1𝑏𝑏1
𝜌𝜌𝑃𝑃𝑦𝑦𝑏𝑏1𝜌𝜌𝑥𝑥1𝑏𝑏11

|                                                      

 
Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦

2, 𝜎𝜎𝑥𝑥
2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
𝐻𝐻𝐸𝐸1, 𝐻𝐻𝐸𝐸2, . . . . ., as follow: 
𝐸𝐸𝑡𝑡 = 𝜆𝜆1𝐺𝐺𝑖𝑖 + (1 − 𝜆𝜆1)𝐸𝐸𝑡𝑡−1   (3.3) 
Where𝐸𝐸𝑡𝑡shows EWMA charting statistics and 𝐺𝐺𝑖𝑖 is the 
mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
𝐻𝐻𝐸𝐸𝑡𝑡 = 𝜆𝜆2𝐸𝐸𝑡𝑡 + (1 − 𝜆𝜆2)𝐻𝐻𝐸𝐸𝑡𝑡−1   (3.4) 
The 𝐻𝐻𝐸𝐸𝑡𝑡 statistics is the Hybrid charting statistics, 𝜆𝜆1 
and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        

𝐸𝐸(𝐻𝐻𝐸𝐸𝑡𝑡) = 𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) 
And the variance of HEt (cf. Haq, [20]): 
𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) =

𝜆𝜆1
2𝜆𝜆2

2𝑀𝑀𝑀𝑀𝑀𝑀(𝜙𝜙∗𝑦𝑦(𝜏𝜏1,𝑥𝑥1))
(𝜆𝜆1−𝜆𝜆2)2

[
 
 
 
 (1−𝜆𝜆1)2(1−(1−𝜆𝜆1)2𝑖𝑖)

1−(1−𝜆𝜆1)2 + (1−𝜆𝜆2)2(1−(1−𝜆𝜆2)2𝑖𝑖)
1−(1−𝜆𝜆2)2

− 2(1−𝜆𝜆1)(1−𝜆𝜆2){1−(1−𝜆𝜆1)𝑖𝑖(1−𝜆𝜆2)𝑖𝑖}
1−(1−𝜆𝜆1)(1−𝜆𝜆2) ]

 
 
 
 

       (3.5) 
So control limits are:  
 UCL=   𝜇𝜇0+ L1√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) 

LCL=     𝜇𝜇0- L2√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡)   (3.6) 

Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
ARL1 will be awarded as a more efficient chart as it will 
be more sensitive to the change and it will be detecting 
it more rapidly than other charts in comparison.”  
 
 
3. RESULTS AND DISCUSSION 
 
3.1. Illustrative Example 
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information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 
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Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦
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Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦

2, 𝜎𝜎𝑥𝑥
2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
𝐻𝐻𝐸𝐸1, 𝐻𝐻𝐸𝐸2, . . . . ., as follow: 
𝐸𝐸𝑡𝑡 = 𝜆𝜆1𝐺𝐺𝑖𝑖 + (1 − 𝜆𝜆1)𝐸𝐸𝑡𝑡−1   (3.3) 
Where𝐸𝐸𝑡𝑡shows EWMA charting statistics and 𝐺𝐺𝑖𝑖 is the 
mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
𝐻𝐻𝐸𝐸𝑡𝑡 = 𝜆𝜆2𝐸𝐸𝑡𝑡 + (1 − 𝜆𝜆2)𝐻𝐻𝐸𝐸𝑡𝑡−1   (3.4) 
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and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        

𝐸𝐸(𝐻𝐻𝐸𝐸𝑡𝑡) = 𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) 
And the variance of HEt (cf. Haq, [20]): 
𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) =

𝜆𝜆1
2𝜆𝜆2

2𝑀𝑀𝑀𝑀𝑀𝑀(𝜙𝜙∗𝑦𝑦(𝜏𝜏1,𝑥𝑥1))
(𝜆𝜆1−𝜆𝜆2)2
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So control limits are:  
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Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
ARL1 will be awarded as a more efficient chart as it will 
be more sensitive to the change and it will be detecting 
it more rapidly than other charts in comparison.”  
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Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
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distribution under study. 
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control chart for the variability using one auxiliary 
variable for Phase-I. When the additional/auxiliary 
information is incorporated in the construction of quality 
control charting attributes, the efficiency of such charts 
is improved. Riaz [17, 18]  suggested a control chart for 
location parameters using one auxiliary variable for 
Phase I. Woodall et al. [19], Haq [20] used Hybrid charts 
for monitoring of Mean using single auxiliary variable. 
Ahmed et al [21] also used a single auxiliary variable in 
designing their proposed control chart.”  
In this paper, we propose a New Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on a mixture ratio estimator with a single auxiliary 
variable and a single auxiliary attribute(cf. Moeen et al., 
[1]). In the later stage of this paper we have develop the 
control charts parameters based on this estimator. The 
performance is measured using average run length-out 
of control (ARL1). The chart showing less ARL1 has 
been awarded as a more efficient chart as it will be more 
sensitive to the change and it will be detecting the shift 
in the parameter(s) more rapidly than other charts in 
comparison. The control charting parameters will 
consist of an upper control limit (UCL), a lower control 
limit (LCL), a centerline (CL). We also compare the 
propose control charts with the existing control charts. 
 
2. METHODOLOGY 
 
2.1The Proposed Z-Hybrid EWMA Control Chart 
In this paper, we propose a new Hybrid Exponentially 
Weighted Moving Average (HEWMA) control chart 
based on mixture ratio estimator of mean based on single 
auxiliary variable and single attribute variable (cf. 
Moeen et al., [1]). We call it as “Z-HEWMA chart” 
which is named on primary author Hafiz Zain Pervaiz 
name. The estimator proposed by Moeen et al. [1] is 
given as: 

𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) = 𝑦̄𝑦 [𝛲𝛲1
𝑝𝑝1

]
𝛼𝛼

[𝛸̄𝛸1
𝑥̄𝑥1

]
𝛽𝛽

   (3.1) 
Whereas y denote the study variable, 𝑌̄𝑌denote the 
observed value, P denotes an auxiliary attribute, 𝛸̄𝛸 
denote an auxiliary variable, 𝛼𝛼and β use for generalized 
the estimator for using the minimum value of mean 
square error.  
The Mean Square Error is given as: 
MSE (𝜙𝜙𝑦𝑦

∗(𝜏𝜏.,𝑥𝑥.) = 𝜃𝜃𝑌̄𝑌2𝐶𝐶𝑦𝑦2

|𝛥𝛥(𝑥𝑥1,𝜏𝜏1)|
[|𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)|]  (3.2) 

 

Where |𝛥𝛥(𝑥𝑥1,𝜏𝜏1)| = |
1𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏1
𝜌𝜌𝑃𝑃𝑥𝑥1𝑏𝑏11| and    

 |𝛥𝛥(𝑦𝑦,𝜏𝜏1,𝑥𝑥1)| = |
1𝜌𝜌𝑃𝑃𝑥𝑥1𝑦𝑦𝜌𝜌𝑃𝑃𝑦𝑦𝑏𝑏1
𝜌𝜌𝑃𝑃𝑥𝑥1𝑦𝑦1𝜌𝜌𝑥𝑥1𝑏𝑏1
𝜌𝜌𝑃𝑃𝑦𝑦𝑏𝑏1𝜌𝜌𝑥𝑥1𝑏𝑏11

|                                                      

 
Whereas, Y denotes the main quality characteristic 
having mean𝜇𝜇𝑦𝑦 and variance 𝜎𝜎𝑦𝑦

2and X denotes an 
auxiliary variable with mean𝜇𝜇𝑥𝑥 and variance𝜎𝜎𝑥𝑥

2. 
Assume that the variables Y and X follow a bivariate 
normal distribution i.e.”(𝑌𝑌, 𝑋𝑋)~𝑁𝑁(𝜇𝜇𝑦𝑦, 𝜇𝜇𝑥𝑥, 𝜎𝜎𝑦𝑦

2, 𝜎𝜎𝑥𝑥
2, 𝜌𝜌) 

and P~binomial (n, p).   
Now we define two new sequences𝐸𝐸1, 𝐸𝐸2, . . . . ., and 
𝐻𝐻𝐸𝐸1, 𝐻𝐻𝐸𝐸2, . . . . ., as follow: 
𝐸𝐸𝑡𝑡 = 𝜆𝜆1𝐺𝐺𝑖𝑖 + (1 − 𝜆𝜆1)𝐸𝐸𝑡𝑡−1   (3.3) 
Where𝐸𝐸𝑡𝑡shows EWMA charting statistics and 𝐺𝐺𝑖𝑖 is the 
mean of the data and 𝐸𝐸𝑡𝑡−1shows previous statistics value 
information.          
𝐻𝐻𝐸𝐸𝑡𝑡 = 𝜆𝜆2𝐸𝐸𝑡𝑡 + (1 − 𝜆𝜆2)𝐻𝐻𝐸𝐸𝑡𝑡−1   (3.4) 
The 𝐻𝐻𝐸𝐸𝑡𝑡 statistics is the Hybrid charting statistics, 𝜆𝜆1 
and𝜆𝜆2 are the smoothing parameters and the control 
limits of the proposed chart will be derived as:        

𝐸𝐸(𝐻𝐻𝐸𝐸𝑡𝑡) = 𝜙𝜙 ∗𝑦𝑦 (𝜏𝜏1, 𝑥𝑥1) 
And the variance of HEt (cf. Haq, [20]): 
𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) =

𝜆𝜆1
2𝜆𝜆2

2𝑀𝑀𝑀𝑀𝑀𝑀(𝜙𝜙∗𝑦𝑦(𝜏𝜏1,𝑥𝑥1))
(𝜆𝜆1−𝜆𝜆2)2

[
 
 
 
 (1−𝜆𝜆1)2(1−(1−𝜆𝜆1)2𝑖𝑖)

1−(1−𝜆𝜆1)2 + (1−𝜆𝜆2)2(1−(1−𝜆𝜆2)2𝑖𝑖)
1−(1−𝜆𝜆2)2

− 2(1−𝜆𝜆1)(1−𝜆𝜆2){1−(1−𝜆𝜆1)𝑖𝑖(1−𝜆𝜆2)𝑖𝑖}
1−(1−𝜆𝜆1)(1−𝜆𝜆2) ]

 
 
 
 

       (3.5) 
So control limits are:  
 UCL=   𝜇𝜇0+ L1√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡) 

LCL=     𝜇𝜇0- L2√𝑉𝑉𝑉𝑉𝑉𝑉(𝐻𝐻𝐸𝐸𝑡𝑡)   (3.6) 

Where L1and L2showsthe 99.73 quantile points of the 
distribution under study. 
A simulated example is used to compare the 
performance of Cumulative sum control chart (CUSUM) 
and Exponentially Weighted Moving Average (EWMA) 
control charts with the proposed Hybrid EWMA control 
chart. The performance will be measured on average run 
length-out of control (ARL1). The chart showing less 
ARL1 will be awarded as a more efficient chart as it will 
be more sensitive to the change and it will be detecting 
it more rapidly than other charts in comparison.”  
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The Figure 2 shows the application of Z-HEWMA 
control chart on the first 50 subgroups.
 

From table 1-3 and Figure 1 we observed that 
Z-HEWMA performs better than the traditional-
EWMA and CUSUM control charts. The efficiency 
is evaluated using ARL1 criterion. The efficiency of 
the Z-HEWMA chart increases (i.e. ARL1 values 
reduces) with the increase in Shift from 0 to 0.8 
respectively. The Z-HEWMA chart has better 
performance at correlation ρ = 0.1 and 0.3 than at 
ρ = 0.5.

The Appendix A1 shows Illustrated Example 
and Charting Statistics where values given CL, 
LCL, UCL, and Z-HEWMA. 

Tables 1–3 and Figure 1 shows that:

(i) The control chart constants are directly 
proportional in relation to the correlation coefficient 
i.e. control chart constants increase as the correlation 
coefficient increases. However, with the increase in 
sample size the correlation coefficient and charting 
constants become stable/constant.
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Table 3.  ARLs of the proposed Z-HEWMA chart and 
conventional EWMA chart for n = 45, ARL0 = 370 andλ1 
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Fig 2.  Z-HEWMA chart for n = 25, ARL0 = 220, λ1 = 
0.10, λ2=0.08 and L=2.5. 
The fig. 2 shows the application of Z-HEWMA control 
chart on the first 50 subgroups. 

 From table 1-3 and fig. 1 we observed that Z-HEWMA 
performs better than the traditional-EWMA and 
CUSUM control charts. The efficiency is evaluated 
using ARL1 criterion. The efficiency of the Z-HEWMA 
chart increases (i.e. ARL1 values reduces) with the 
increase in Shift (𝛿𝛿) from 0 to 0.8 respectively. The Z-
HEWMA chart has better performance at correlation ρ = 
0.1 and 0.3 than at ρ = 0.5. 

 
The Appendix A1 shows Illustrated Example and 
Charting Statistics where values given CL, LCL, UCL, 
and Z-HEWMA.  
 
Tables 1–3 and fig. 1 shows that: 
(i) The control chart constants are directly proportional 
in relation to the correlation coefficient i.e. control chart 
constants increase as the correlation coefficient 
increases. However, with the increase in sample size the 
correlation coefficient and charting constants become 
stable/constant. 
(ii) When the variables are correlated and the process is 
shifted, the ARL values decrease rapidly as compared to 
the case when ρ = 0. 
(iii) The proposed control chart has better performance 
when the correlation ρ = 0.1 and 0.3 than at ρ = 0.5. 
(iv) The ARL1values decrease as sample size increases 
for a fixed value of ARL0 and λ’s. 
 
4. CONCLUSION AND RECOMMENDATIONS 
This article proposed Z-HEWMA control chart using the 
auxiliary information for efficient monitoring of process 
mean. “The control chart constants have been determined 
using Monte Carlo Simulation for various values of 
correlation coefficients. It is observed that the choice of 
correlation coefficient has a significant and directly 
proportional effect on the value of control chart 
constants.  These charting constants are used in the 
construction of the proposed Z-HEWMA control chart. 
The performance of the proposed control chart is 
evaluated using the average run length (out-of-control); 
ARL1. The ARL1 values are calculated using different 
values of correlation coefficient and sample sizes.  
It is observed that ARL1values are significantly small for 
low correlation (i.e. between 0.1–0.3) while it is large for 
correlation coefficient (0.5). The performance of the 
proposed Z-HEWMA chart is also compared with a 
simple EWMA chart and CUSUM control charts for a 
fixed sample size and correlation coefficient. It is 
observed that the proposed chart is more efficient to 
detect a small shift in the process mean than other 
control charts under study. Therefore, the use of the 
proposed Z-HEWMA chart is recommended when the 
study variable and auxiliary variables are statistically 
correlated with each other.” 
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(ii) When the variables are correlated and the 
process is shifted, the ARL values decrease rapidly 
as compared to the case when ρ = 0.
(iii) The proposed control chart has better 
performance when the correlation ρ = 0.1 and 0.3 
than at ρ = 0.5.
(iv) The ARL1values decrease as sample size 
increases for a fixed value of ARL0 and λ’s.

4.  CONCLUSION AND 				  
     RECOMMENDATIONS

This article proposed Z-HEWMA control chart 
using the auxiliary information for efficient 
monitoring of process mean. The control chart 
constants have been determined using Monte 
Carlo Simulation for various values of correlation 
coefficients. It is observed that the choice of 
correlation coefficient has a significant and directly 
proportional effect on the value of control chart 
constants.  These charting constants are used in the 
construction of the proposed Z-HEWMA control 
chart. The performance of the proposed control 
chart is evaluated using the average run length (out-
of-control); ARL1. The ARL1 values are calculated 
using different values of correlation coefficient and 
sample sizes. 

It is observed that ARL1values are significantly 
small for low correlation (i.e. between 0.1–0.3) 
while it is large for correlation coefficient (0.5). 

The performance of the proposed Z-HEWMA chart 
is also compared with a simple EWMA chart and 
CUSUM control charts for a fixed sample size 
and correlation coefficient. It is observed that the 
proposed chart is more efficient to detect a small 
shift in the process mean than other control charts 
under study. Therefore, the use of the proposed 
Z-HEWMA chart is recommended when the study 
variable and auxiliary variables are statistically 
correlated with each other.
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Appendix A1. Illustrated Example and Charting Statistics 
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Appendix A1. Illustrated Example and Charting Statistics 
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Appendix A1. Illustrated Example and Charting Statistics 
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Appendix A1. Illustrated Example and Charting Statistics 
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Appendix A1. Illustrated Example and Charting Statistics 
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