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1. INTRODUCTION

Let> » denote the class of functions of the form:

f(z)=z"+ i a,z" (peN={,2,..}), (1.1)

k=l-p

Which are analytic and p-valent in the punctured unit disc U'={z : zeC and0<|z|<1} =U\{0} .
For functions f(z)eX, givenby (1.1)and g(z) € X given by

g(z)=z"+ i bz (peN), (1.2)

k=l-p
The Hadamard product (or convolution) of f(z) and g(z) is defined by

(freX)=z"+ Y a2 =(g* f)z) (13)

k=1-p

For two analytic functions / , g € X, ,wesaythat f issubordinateto g ,written f(z)< g(z)if

there exists a Schwartz function w(z) , which is analyticin U with w(0) = Oand |W(Z)| <1 forall

zeU, suchthat f(z)=g(w(z)), z € U. Furthermore, if the function g(z) is univalentin U, then
we have the following equivalence (see [1] and [2]):
f(2)<g(2) = f(0)=g(0)and /(U) < g(U).
The Mittag-Leffler function [3] E_(a € C, Re(a) > 0), is defined by
E, (2)= ;F(MH) : (1.4)
A more general function E_ (z) is E_ »(2) was introduced by Wiman (see [4, 5]) and given by
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0 Zﬂ
E,;,2)=) ——— (z€(). (1.5)
#(2) ;F(an+,8) (zeC)
Srivastava and Tomovski [6] generalized Mittag-Leffler function in the form

El'(2)= Z;r((L:ﬁ)v( ,[,7 €C, Re(a) > max {0,Re(k)—1}, Re(k)>0). (1.6)

Now, by using (1.6) Mostafa and Aouf [7] defined the function Kzl;, (z) by:
K.Y (2)=T(B)z"EL’,(2)

& My +(n+ pkIL(p)z" -
nlzp [Ma(n+ p)+ P ( )(”H-p)'( zeC, peN)

and defined the operator

Ko, /(2 =KL () f(2),

" i My + @+ pkICB) (1.8)
A Tla(n+ p)+ Iy Jn+p)t "

For a, f,7 € C, Re(a) > max{0,Re(k)—1},Re(k) > 0,7>20 and meN,=NuU{0}, we define
the linear operator M Z;"I’] Lf(2): 2, >, asfollows :
Mia/tkﬂofy pf(Z) Ka iR pf(Z)9

Mt ()= A=K @)+ 2K F T

. N\ Iy +k(n+ p)] T(B) )
T —Zp F(»IMa(n+ p)+ Bl(n+ p)! [1+n(n+ p)la,z

Mgkﬂzn ,S(2)= Mgkﬂlﬂ M Ztkﬂlﬂ oS @I=1-mM szﬂln oS (@) +nz" [ZPHMZrkﬁlﬂ S

_ors 3 kot pIT)
5% T+ p)+ Bl(n+ p)!

[1+n(n+p)a,z

and in general
}/km z _Zp - F[Q/+k(n+p)]r(ﬂ)
M/ ) Z‘ F(MMa(n+ p)+ fl(n+ p)!

[l+n(n+p)"a,z". (1.9

v.k,m

For f €}, itiseasy to see that Maﬁﬂp

k,m +1,k,m k k,m
@AM, ST =DM ) (7 *2 ng,f,y,]ﬂz), (1.10)
(i) zo[MZ5" ()] =ML () —(pa+BMLYT . f(2), (1.11)
k,m k,m+1 l k,m
(iii) Z[MZ5" f(2)] = —MZ,Mf(z)—(p+;jl\/lzﬂ,,pf<z), (1.12)

f(2) achieve the following relations
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(a, B,y € C, Re(ar) > max {0, Re(k) —1},Re(k) > 0,77 > 0,m € N,).

Remark 1
v MY f@=f() (feX)
v OMY @ =(p+Df@+(2) (feX)
v MR (D) =2f(2)+7(2) (feX):;
oML (i) =2 e
v MG =2
v M 12’,'1’2],1(2(1[2)) =z cosh(\/;),
v M (5 =)=z" cosh(\/; )>
M () =2,

v Ml,l,O ( 1 — sinhx/;!

2,2.77.p N 2P (1-2) 2Pz °

We also observe that:
v Mg f(2)=D;,f(z) (8].[9]and[10] with /=1)

v M f(2)=D)f(z) (see[l1],);
v ML f(2)=Dl"f(z) (see[12]);
v MZEC f(2)=KZY f(2) (see[T)).

Unless otherwise mentioned, we assume throughout the paper that:
—-1<B< A<l a,f,y €C, Re(a) >max{0,Re(k)—1},Re(k) >0, >0, me N, and 1>0.

2. MATERIALS AND METHODS

Definition 1

For fixed parameters 4 and B, with —1<B < A<1, wesaythat f €ZX isintheclass
]],k’a . P .

Q7 (4,7, B,m; A, B) if it satisfies

+1
ZP

(= DMZE" £y + AMZ £y )< A2

. 2.1
p 1+ Bz @D

Definition 2. For fixed parameters A and B, with —1< B < A<L1, we say that f € X, isinthe class
n.k,a . o .

QY% (4,7, B,m; A,B) ifit satisfies

pH 1+ Az

. (=ML @Y+ AME ) =< (22)

z
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Definition 3
For fixed parameters A and B, with —1< B < A<1, wesaythat f €X  isinthe class

n.k,a . . .
N4, y, B,m; A, B) if it satisfies

P+1 m ' m+ 1+ Az
=AM @Y A Y= 23)
To prove our main results, we need the following lemmas.
Lemma 1 [13] For analytic, convex (univalent) h inU, h(0)=1 and ¢ on the form
p(z)=1+cz+c,z" +..., (2.4)
analyticin U, if
o(z) + (/’f( 2 < h(z) Re{f}20; £ 0), 2.5)
Then
o(z) <y (z)=lz" j 7 h(t)dt < h(z) (2.6)
0
where/(z) is the best dominant of (2.6).
The Gaussian hypergeometric function defined by
2
F(abiciz)= 1+ ab z z, a(a+1)b(b+1).z_+
Bl c(c+1) 2!
i 2.7)
_ <a>k ®), =
i (o), K

wherea,b and ¢ (c ¢ 0,-1,-2,...),(d), =d(d +1)..(d +k—1) and (d),=1 . We note that the series
defined by (2.7) converges absolutely for z € U and , /| represents an analytic function in U ( see [14]

).

Lemma 2 [14]. For real or complex numbers a,b and ¢ (¢ ¢ 0,—1,-2,...) the following identities hold:

1
jt’” (A=) """ (1—t2)“dt = % LF (a,b;c;z) (Re{b} >0, Re{c} >0, ze C\(1,+0)),
0 C
(2.8)
and
F(abieiz)=(1-2) " SF (a,e=bie——) (2 € C\(1+90)), 2.9

where , Fj(a,b;c;z) is the Gaussian hypergeometric function.
Let (g) be the class of functions CD(Z) given by

D(z)=1+bz+bz" +..., (2.10)
which are analyticin U, and Re{®(z)} >¢ (0<g<]1).

Lemma 3 [15]./f ® e F(c), then

Re{d(z)} 2 2¢c -1+ 21(1 ) (0<g <.

+l
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Lemma 4 [16].If®, e F(g,) (0<¢, <1; j=1,2) , then

D, *D, EF(§3) (53 :1—2(l—gl)(l—g2)).
The result is the best possible.

3. RESULTS AND DISCUSSION

Theorem 1. Let Re%}z 0, if f e@)l’k’“ (A,y,B,m; A,B), then

z ' 1+ Az
- M 75 2)) <q,(z) < , 3.1
Mz @) <ae < G.1)
such that
A1 (1-4)1+B2)" LF(L L4 +1;:5) for B0,
q, (z)= i (3.2)
R for B=0,
is the best dominant of (3.1). and
Zp+1 My,k,m 7 '
Rel — ( a,ﬁ,q,pf( )) > 0,
P
(3.3)
where
e 44 (1-4)1-B)' JF(LLL +1;22) for B=#0, o,
1- /IZA for B=0. ‘
hrd
The estimate (3.3) is the best possible.
Proof. Assume
Zp+1 M v, k,m z !
P(z)=- ( i { )) (zel), (3.5
where ¢ is given by (2.4). Differentiating (3.5) with respectto z and using (1.10), we get
zP Ak 1+ Az
— 1= 2)(MZE™ £(2)) + AMTEE" £(2)) 1= o(2) + == z¢(2) < .
=DM @) - A ) =@+ R =
From Lemma 2, we have
e a1+ At
o(z) < ql(z): REPY: It”‘ 1 dt
Ak 0 1+ Bt
This proves (3.2) of Theorem 1. In order to prove (3.3), we need to show that
inf {Re(q,(2))} =, (=) (3.6)
We have
ReJ 1Az I=Ar
1+ Bz 1-Br
Putting
1+ A¢z Yol
G(z,0)= and dv|)=—"—C" d{ (0 <1),
=150 (=7 ¢ dc0<¢<))
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¢,(2)=[G(z.)av($)

Then
Reln @)= [[ =7

0
Assuming » — 1" in the above inequality, we obtain (3.6). The result in (3.3) is the best possible and ¢,
is the best dominant of (3.1). This completes the proof of Theorem 1.

dv($)=q,(-r) (z<r <]).

Using (1.11) and (1.12) respectively instead of (1.10) we can prove the theorems 2-3, respectively.
Theorem 2. Let Re(£1)>0, if f e QZ’k’a(/L v, B,m; A, B), then

1+ Az

1+ Bz

o(z)=< q,(2) < , (3.7)
where@ givenby (3.5),

a.( )_{%Jf(l_%)(lJFBZ)_I JFLLE + ) for B#0,
(z)=

> 1+Bz
3.8
1+-22 4z for B=0, 3.8)

Ao+ -1
is the best dominant of (3.7). And

Re{pl(z)}> o, (3.9)

where

*B-1 3.10
1--21 4 for B=0. (3-10)

Ao+ -1
The estimate (3.9) is the best possible.

{%m_%)@_f;)l LS ) fr B0

Theorem 3. Let Re(5) >0, if f'e ZZ”"“ Ay, B,m; A, B), then
1+ Az
1+ Bz

o(z) < g5(2) < , 3.11)
where@ givenby (3.5),

4 —4 ! .1 1. Bz
qg(z):{ﬁ(} #0482 LR (L L+ L) for B0,

b (3.12)
T Az for B=0,

is the best dominant of (3.11). And

1+

Relp(2)}> ¢, G139
where
- 4+(1-4)1-B)" /1L +1E) for B=0, (3.14)
l—ﬁA fOI' B = 0

The estimate (3.13) is the best possible.

Taking @(z)=z"M 2;’:’7 ,f(z) we can prove Theorems 4-6 below by using the same manner in the

proof of Theorem 1.
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Theorem 4. Let —1<B<A<1. If fe}, satisfies
1+ Az
1+ Bz’

1= MA@+ AMZ " £(2))<

a,B.n,p a,B.n,p

then

1+ A4z
PN 7-Kem < <
“ a,ﬂ,ry,pf(z) q,(2) 1+ B

is the best dominant of (3.15). And
Re(z"MZ5™ £(2))> p,
whereq, and p are given by (3.2) and (3.4), respectively.

Theorem 5. If f € > satisfies
1+ Az

A=DMZET F(2)+ M f(2)f< e

a,p.n,p a,p-ln.p

then

1+ A4z
ZPM 7K z)<qg,(z) <
g o) (2) = q,(2) B

is the best dominant of (3.18). And

Re(z’M7%" £(2))> o,

a.p:n.p
where g, and o are given by (3.8) and (3.10), respectively.

Theorem 6. If f € 3, satisfies

m m+ 1 + AZ
2= DML 1 @)+ M @)=
then
m 1+ Az

M 0= 4,2 <

is the best dominant of (3.21). And
Re(ZpM gkﬁ':;pf(z)) > g,
where q, and & are given by (3.12) and (3.14), respectively.
Theorem 7. IfRe {ﬂ—yk}z 0 and f;(z) € X, satisfies
p Vk,m y+Lk,m 1+AjZ .
=DM 1@ M @)= (=12,

J
then

a,p.n.p a.p.n.p

=Mzt ‘P(z)+lM7+]’k””\P(z)}-<—(l Ly

103

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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such that
W(2) =M, (i £2)E) (3.26)
and
o1 HAZBNA=B) L p 2 ) (3.27)
(1-B)(1-B,) 2 Ak 2
The result is the best possible when B, = B, =—1.

Proof. Let f(z) € 2, satisfy (3.24),

D, (2) =2 {I=AHMZE"  £(2)+ AMZERD 1)) (j=1,2), (3.28)

a,pmn.p a.p.n.p
such that @ ,(z) € F(gj) (gj = %) (j=1,2). By using (1.10) in (3.28), we obtain

ML f@) =2 7 F [, (0dr (j=1.2), (.29
0

from (3.26) and (3.29), we have

M0, (@) = (l—yk 2 [, (t)dtJ * (ﬁ 2 [, (t)dt} (j=12)

0 0

= ﬁz_p_{" I!‘t{"_ICDO(t)a’t, (3.30)
such that
Dy (2) = 2" {1= HMZE" B(2)+ M7 p(2) |
=L [ (@, x @, X0y (3.31)
o

Since ®@,(z) e F (gl ) and @,(z)e F (gz ), it follows from Lemma 4 that:

(@, *®,)2) € Flg;) (65 =1-201-¢)1-5,). (3.32)
According to Lemma 3, we get
Re{(®, * @, )z)} > 2¢, — 1 2-¢,)
| 5 >2¢, -1+ s |Z| . (3.33)

Now by using (3.33) in (3.31) and Lemma 2, we have;
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1
wa J‘ua—l(zg _1+deu
Ak 5 1+u

:1_4(A1_B1)(A2_B2)|: _lj‘ 1+u }
(A-B)1-B,) | A3

1 MA - B4, B)[ 1 (117 L )}
(1-B))(1-B,) 2 Ak

which completes the proof of (3.25).
To prove the result is best possible, we assume B, =B, =—1, f,(z)e,, whichsatisfy (3.24),

s 1+A
MG o f @)=Lz [ 20 (@ (z)—

0

+ At
(j=12)
and (CI)1 *D, )(Z) =1 +(I+A‘3(_#. Thus by using (3.31) and Lemma 2, we have

1
q’o(z)=%J.u”‘_l(l—(l+Al)(l+Az)+ (1+Ai)(1+A2)Z)du
0

—Uuz

=1-(1+4)1+4)+(1+ 4 )1+ 4)(1-z)" zﬁ(l,l;ﬁﬂ;il)
o

=1—(1+Al)(1+A2)+(1+A1)(1+A2)2Fl(1,l;ﬁ+l;%) (as z — —1).

This completes the proof of Theorem 7.

Theorem 8. If Re{%}z 0 and f,(z) €, satisfies

1
=DM 1@ M, 1@< (=1,
J
Then, ( )
1+{1-22 )z
Z{A=DMZED W)+ AMZA  W(2)f< .
such that ‘P(Z) given by (3.26) and
T =1- 4(A1 _Bl)(A2 _BZ) l_l 2E(1)19 ﬁ_l +1’l) i
(1-B)(1-B,) 2 Ao 2
The result is the best possible when B, =B, =—1.
Proof. The proof is similar to that of Theorem 7, so we omit it.
Theorem 9. //Re {#}> 0 and f,(z) €%, satisfies
=DM F @)+ M 1)< (j=12)

then

a,p.n,p a,p.n,p

2 {1=HpM7hm ‘I’(z)+lM7’k’m”‘P(z)}—<—(l 02
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—1- 4(4, - B, )(4, _Bz)|:1_l 2E(1,1;L+1;l)}
(I-58,)1-5,) An 2

The result is the best possible when B, = B, = —1.

2

Proof. The proof is similar to that of Theorem 7, so we omit it.

4. CONCLUSIONS

In conclusion, we given new operator and defined three classes by using this operator. We calculated

differential subordination result and introduced special cases. We can apply the new operator in different

topics in the future.
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