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Abstract: By November 15, 2020, the COVID-19 pandemic has claimed worldwide 1,300,000 lives. Despite this
tragic death toll, several countries managed to make at least their first-waves of the COVID-19 pandemic in their
countries to subside to relatively low levels. Pakistan is one of those countries. An analysis of the beginning, middle
stage, and ending of the pandemic in Pakistan are presented by combining standard epidemiological modeling and
an eigenvalue analysis as used in synergetics. The decay of the effective contact rate throughout the three stages
presumably due to intervention measures is demonstrated. Importantly, the sign-switching of the dominant eigenvalue
from the beginning to the ending stage is shown that suggests that at least in August and September 2020 the disease-

free state (i.e., state free of COVID-19) was stabilized.
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1. INTRODUCTION

Within less than one year, by November 15, 2020,
the coronavirus disease (COVID-19) claimed
1,300,000 lives [1]. In view of this tragic number,
it is worthwhile to study countries like Pakistan in
which the first COVID-19 wave during the period
from March 2020 to September 2020 subsided from
a peak level of almost 7000 daily new infections
towards a relatively low level of about 500 daily
new infections [2]. In particular, low- and middle-
income countries such as Pakistan face particular
challenges because they typically lack resources in
medical centers and trained medical personnel as
compared to high-income countries [3]. According
to the World Health Organization (WHO), the
COVID-19 pandemic as such originated in the city
of Wuhan, China, in December 2019 [4]. The disecase
geographically expanded rapidly. In particular,
Italy was one of the first countries outside Asia
that was hit by the virus in an even more dramatic
way than China itself [5]. Intervention measures
had been put in place in the city of Wuhan, in
China as a country, in Italy, and worldwide to
stop or slow down the spread of COVID-19. In
this context, epidemiological models have been
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indispensables tools to understand COVID-19 case
data and to examine the impact of intervention
measures. Susceptible-exposed-infected-recovered
(SEIR) models [6,7] and other epidemiological
models have been used to study the COVID-19
pandemic for a plenitude of countries around the
globe [8,9,10,11,12,13]. However, relatively little
attention has been paid to the nonlinear physics
underlying the emergence as well as the subsiding
of the pandemic in certain countries and regions.
Accordingly, the emergence of virus infection
in a population corresponds to the evolution of a
dynamical system away from an unstable fixed point
[14]. The fixed point is characterized by a positive
eigenvalue. That is, the linearized dynamical
system that describes the infection dynamics close
to the fixed point exhibits a particular direction in
the state space under consideration in which the
dynamics increase exponentially in time. Within
the nonlinear physics perspective [15], in general,
and the framework of synergetics [16,17], in
particular, this eigenvalue determines or dominates
the phenomenon under consideration. As such, the
synergetic approach addresses the dynamics of
systems at unstable fixed points and other kinds
of instabilities [16,17]. The synergetics approach
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states that the dynamics of such systems close to the
instability under consideration can be completely
understood by studying the set of eigenvalues (i.e.,
the eigenvalue spectrum) of the instability. In this
context, a system that exhibits a single positive
eigenvalue corresponds to a classical example of a
nonlinear system at an unstable fixed point [16,17].
Such classical systems exhibit a single relevant
growth rate that describes how quickly the system
evolves away from the fixed point (along the
aforementioned particular direction) and is given
in terms of the positive eigenvalue. A synergetic
approach is an interdisciplinary approach that
has been applied not only in physics but also
in biology, chemistry, biochemistry, sociology,
economics [16], and studies on human reactions
[17]. However, its application to epidemiology,
in general, and to the COVID-19 pandemic, in
particular, is still in its infancy [9,18]. For example,
using the synergetics framework, recently, a three-
stage model for COVID-19 waves has been worked
out to show that not only the emergence but also the
subsiding ofa COVID-19 wave is determined by the
aforementioned eigenvalue [18]. More precisely,
the study showed for several European countries
that their lockdown intervention measures during
the Spring months of 2020 resulted in a switch
of the positive eigenvalue to a negative one. In
doing so, for those countries, the disease-free fixed
point was stabilized and the daily new infections
decayed towards relatively low levels [18]. That
is, the first COVID-19 waves almost subsided in
those countries during the summer months of 2020.
The epidemiological model used in that study [18]
exhibited a relatively small number of eigenvalues
(namely: two). In contrast, in the present study, a
model involving five relevant eigenvalues will be
considered. Moreover, the study [18] focused on
European countries that do not face the same kind
of challenges as low- and middle-income countries
[3]. In contrast, in the present study, the three-stage
modeling approach is used to analyze the pandemic
in Pakistan from March 2020 to September 2020. It
will be argued that a particular key parameter of the
infection dynamical system (the so-called effective
contact rate) changed throughout the pandemic
in Pakistan presumably due to successfully
implemented intervention measures. Furthermore,
it will be shown that this change of the parameter
led to a stabilization of the disease-free fixed point
as indicated by a sign switch of the dominant

eigenvalue of the fixed point.
2. MATERIALS AND METHODS

To describe the COVID-19 pandemic in Pakistan an
epidemiological model was used that involved the
class of susceptible (S), exposed (£), symptomatic
infected (/), asymptomatic infected (/ ), infected
hospitalized (/,), and quarantined (Q) individuals.
The model may be considered as an extension of
the standard SEIR model. The model equations
were given by;

S'"=-FS

E'=FS—kE

I' = pwE — kI

I,/= (1 - p)wE — ks,

Iy = nly + 6Q — ksl

Q" =kE — k4 Q €y

In Eq. (1) primes denote differential quotients
with respect to time. The force F of infection [6]
was defined by

— ﬁ (Is + 1/)Ia + Vlh)

F
N

(2)

All model parameters are positive. They
described the proportion of asymptomatic infections
(p), the incubation period (1/w), the hospitalization
rate of symptomatic infected (1), the hospitalization
rate of quarantined (J), quarantine rate of exposed
individuals (k), and removal rates kl, ...,k5 for
individuals of the respective classes. The force of
infection involved the effective contact rate (), and
the relative transmissibility of the asymptomatic (y)
and hospitalized (v) individuals. The model defined
by Egs. (1) and (2) is a simplified version of the
model proposed in [19] and neglects demographic
birth and death terms. The reason for this is that
the observation period under consideration (March
to September) is relatively short [9,11,18]. In
this context, the parameter N was the population
of Pakistan. As argued before, variations of N
during the observation period of interest were
assumed to be negligibly small such that N was
put to be constant. Importantly, it was assumed that
symptomatic cases were detected relatively quickly
by health authorities as COVID-19 cases. That is,
for sake of simplicity, a separate evolution equation
describing a diagnosis step as in Ref. [18] was
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neglected. Moreover, quarantined individuals who
became hospitalized because they developed severe
COVID-19 symptoms belonged to the COVID-19
cases as well. Let Pc denote the cumulative
population of COVID-19 cases. Then, from Eq. (1)
it follows that the rate of change of the cumulative
population of COVID-19 cases satisfies

P’ =pwE + 60 3)
For similar considerations see Ref. [18].

The key parameter of the model as defined by
Egs. (1),(2),(3) was the effective contact rate f.
As mentioned above, Eq. (1) is identical with the
model proposed in [19] except for the demographic
terms (compare Eq. (1) of the current study with Eq.
(3) of Ref. [19]). The critical contact rate B(crit) is
the value of B for which the fixed point changes its
stability and, consequently, corresponds to the case
for which the so-called basic reproduction number
[7,9,10,15,20] equals 1. The basic reproduction
number is given in Ref.. [19] (see Eq. (7) in Ref.
[19]) and does not depend on the demographic
terms. Therefore, it applies to the model defined
by Eq. (1) in the current study. Putting the basic
reproduction number (defined by Eq. (7) in Ref.
[19]) equal to 1 and solving for B, the critical value
is given by

. kikykskyks
B(crit) = T 4)
Z = kyolpks(nv + ks) + (1 — p)k,ksi]
+ K6k, k3v

The disease-free fixed point is defined by
putting the left-hand sides of Eq. (1) equal to
zero and putting S=N. Explicitly, it is given by
SELIIL 0)=(N,0,0,0,0,0). For p<p(crit) the
disease-free fixed point (S,E,[ oA, 0)=(N,0,0,0,0,0)
is stable, whereas for > P(crit) it is unstable. In
this context, when the disease-free fixed point
changes its stability (from unstable to stable), then
the infection dynamics changes qualitatively from
evolving away from (£, I, I, I, Q) = (0,0,0,0,0)
to evolving towards the state (E, I, 1,1, 0) =
(0,0,0,0,0). Note that the variable S is ignored in
these considerations because it can only decay over
time. A qualitative change of the dynamics due
to the change of the stability of the fixed point is
referred to as a bifurcation [16,17].

In the present study, the modeling and
eigenvalue analysis was based on the following
three stages epidemiological model [18]. In stage
1 (beginning of the pandemic in Pakistan), the
COVID-19 infection dynamical system under
consideration is characterized by f>f(crit) and a
nonlinear (exponential-like) increase of COVID-19
cases. As a reaction to this COVID-19 outbreak,
intervention measures (mask-wearing, physical
distancing, lockdown, etc.) are implemented that
decrease the effective contact rate [8,18,19] such
that the system makes a transition from stage 1
to stage 2. In stage 2 (middle stage) the infection
dynamical system is at its bifurcation point at which
the disease-free fixed point is about to become
stable. That is, the system is characterized by
p=p(crit) and a linear increase of COVID-19 cases.
After stage 2, the intervention measures show their
full impact such that the system is characterized
by p<f(crit). The system enters stage 3. In stage 3,
the disease-free fixed point is stable, the number
of daily new infections decays over time, and the
pandemic in Pakistan subsides.

In line with those considerations and the key
role of the parameter S, the model is defined by
Egs. (1),(2),(3) was fitted to cumulative COVID-19
case data [20] from Pakistan keeping all parameters
constants except for 5. The constant parameters can
be found in Ref. [19]. For sake of completeness,
they are listed in Table 1. The parameter fitting
procedure for S followed the methodology suggested
in Ref. [18]. The time points ¢, and ¢, that denoted
the beginnings of stage 2 and stage 3 were varied in
intervals prior (¢,) and post (¢,) the half time point
t(half) at which COVID-19 cases reached half of the
September 30 maximal value (see also the Results
section). The parameter  was estimated for stage 1
and stage 3 as the optimal parameter that produced
the best model fit given a particular pair of time
points (¢,¢,). For stage 2 the parameter f was fixed
at the critical value f(crit), see also Ref. [18]. In
total, the four model parameters 7,7, f in stage 1,
and f in stage 3 were estimated using COVID-19
case data [20] and S(crit) (i.e., B in stage 2) was
computed from Eq. (4).

Once the model parameters ¢,¢, B in stage
1, f in stage 3, and f(crit) were determined, the
eigenvalues of the disease-free fixed point were
determined. In line with the general definition
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Table 1. Parameters used in Equations (1) and (2) and their values ( “/d” means “per day” ). All parameters
listed here are taken from Ref. [19] (see Table 1 of Ref. [19]; for k,.. ..k, see the bottom part of page 3 of

Ref. [19] and Table 1 of Ref. [19]).

Parameter Description Value

N Total population 220,309,834
® Inverse of incubation period 0.2403/d
P Proportion of asymptotic infections 0.2929

n Hospitalization rate of symptomatic individuals 0.4015/d
S Hospitalization rate of quarantined individuals 0.1368/d
K Quarantine rate of exposed individuals 0.3922/d
k Removal rate of exposed individuals 0.6325/d
k» Removal rate of symptomatic infected individuals 1.0449/d
ks Removal rate of asymptomatic infected individuals 0.0806/d
ks Removal rate of quarantined individuals 0.6339/d
ks Removal rate of hospitalized infected individuals 1.1194/d
v Relative transmissibility of the asymptomatic infected individuals 0.7892

v Relative transmissibility of the hospitalized infected individuals 0.6526

of eigenvalues of a dynamical system at a fixed
point [16,17], the eigenvalues were defined as the
eigenvalues of the 6x6 matrix that describes the
linearized dynamical system (1) at the disease-
free fixed point (V,0,0,0,0,0). Since demographic
terms in the evolution equation for the susceptible
individuals S were neglected, the disease-free
fixed point exhibited a zero eigenvalue related
to the sub-dynamics of S(t) [10]. Therefore, the
eigenvalue analysis was based on the remaining
five state variables E, I, 1,1, and Q. Linearizing
the infection dynamics defined by Egs. (1) and (2)
at the disease-free fixed point yields the following
5x5 matrix A for those variables

—k, B By pv O
ow -k, O 0 0
A=l (1-0w 0 —-k3 O 0 ®)]
K 0 0 0 =k,

From the matrix, the five eigenvalues of the fixed
point were determined.

3. RESULTS AND DISCUSSIONS

Figure 1 presents the COVID-19 case data from
Pakistan and the analysis results. Panel A shows
the cumulative COVID-19 cases (black circles)
during the 7 months (about 210 days) from March
1 to September 30 as reported in the database [20].
The data showed the typically sigmoid, three-stage
pattern [18]. A first (accelerating) bend, a linear
stage, and a second (de-accelerating) bend. On
September 30 about “310,000” cases were reported.
The half time point #(half) was June 16 (dotted
vertical blue line in panel A) with approximately
“155,000” cases. By visual inspection, #(half) was
part of stage 2 characterized by a linear increase.
The optimal time parameters were 7, =June 10 for the
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beginning of stage 2 and z,=July 1 for the beginning
of stage 3 (indicated by dashed vertical blue lines
in panels A and B). The solid red line in panel A
shows the model fit P (#) obtained from Egs. (1)-
(3). The model captured the essential features of the
COVID-19 pandemic in Pakistan.

Panel B of Figure 1 shows daily new COVID-19
cases (black circles) as reported in the database [20]
and the model fit (solid red line). The three stages
of the model are visible. Stage 1 is given by a rapid
increase of daily new infections. Stage 2 describes
a relatively fast decrease of daily new infections to
a plateau. Stage 3 describes the decay of daily new
infections from the aforementioned plateau towards
the aforementioned low level of about 500 daily
cases.

The effective contact rates obtained from
the model-based data analysis are presented in
Table 2. It was found that $=0.60/d for stage 1,
p=p(crit)=0.35/d for stage 2, and p=0.21/d for stage
3. Here and in what follows “/d” means “per day”.
As predicted, the contact rate was larger than the
critical value in stage 1 and dropped below the
critical value in stage 3.

Panel C of Figure 1 shows the five eigenvalues
in stage 1 and stage 3. For each stage, the
eigenvalues were sorted according to their
magnitudes. Consequently, for each stage, they
form a decreasing spectrum. Importantly, the
largest eigenvalue of stage 1 was positive with
0.05/d, indicating that the disease-free fixed point
was unstable. In contrast, the largest eigenvalue
was negative in stage 3 with -0.03/d, indicating
that the fixed point was stabilized presumably due
to the implementation of intervention measures.
Note that Figure 1 only shows the real parts of
eigenvalues. Both for stage 1 and stage 3 the first

Table 2. Model parameter S varying across the three
stages (“/d” means “per day”).

Stage B
1 0.60/d
2 0.35/d

3 0.21/d

three eigenvalues (label k=1,2,3) were real-valued.
However, two eigenvalues were complex-valued
(k=4,5), which implies that they had the same real
parts (as can be seen in panel C) but conjugated
imaginary parts (not shown in panel C).

The results from Pakistan are consistent with
previous studies that have explicitly shown that
intervention measures can lead to a subsiding of
the COVID-19 pandemic in certain countries and
regions by reducing effective contact rates [8,12]
and switching positive eigenvalues of COVID-19
infection dynamical systems to negative ones
[9,18].

Various intervention measures have been put
in place in Pakistan during the observation period
from March to September 2020. Schools in Pakistan
were closed almost during the entire period from
March to September [21]. From March 22 to May
9 a strict lockdown was administered involving the
closure of shopping areas and restaurants [22,23].
The lockdown restrictions were eased after May 9
[23]. Subsequently, daily new infections increased
dramatically (see Figure 1 panel B). The switch
from stage 1 to stage 2 around June 10 can not
be explained by the aforementioned March 22 to
May 9 lockdown measures. Rather, it is plausible
to assume that a change in the daily routine of
Pakistani people in terms of reducing contacts,
practicing physical distancing, wearing face masks,
and increased handwashing slowed down the virus
spreading. This is consistent with the fact that since
the beginning of the pandemic in Pakistan the
population has been reached by TV and radio and
educated about COVID-19. For example, UNICEF
reports that by June 12 a total number 0£250.000.000
people (which is more than the 2020 population of
Pakistan) had been reached by TV/radio and that
500 new handwashing stations had been established
at COVID-19 hotspots [24]. Around June 15 a
“smart lockdown strategy” was implemented in
Pakistan [25,26]. Lockdown restrictions were
put in place in hotspot regions of Pakistan. These
restrictions could explain the transition from stage
2 to stage 3 around July 1 suggested by our model-
based analysis. Accordingly, the “smart lockdown
measures” reduced the nationwide effective contact
rate to a sufficiently low value such that the disease-
free fixed point became stable.
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Fig. 1. Model fitting and eigenvalue analysis results.

4. CONCLUSIONS

The analysis supports the notion that the first-wave
ofthe COVID-19 pandemic in Pakistan from March
to September 2020 emerged from an unstable fixed
point and subsided due to a stabilization of that
fixed point. The stabilization was at least in part due
to the successful implementation of intervention
measures that reduced the frequency of contacts
between individuals and the probability of infection
in such contacts. However, in the fourth quarter of
the year, 2020 Pakistan seems to witness a second
COVID-19 wave [27]. The current study suggests
that both the Pakistani government and the people
living in Pakistan have the tools and intervention
mechanisms available to master such a second-
wave.
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