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1. INTRODUCTION 

A function         is said to be convex if 

 (   (   ) )    ( )  (   ) ( ) 

for all  ,     and   [   ]. 
One of the most famous inequalities for convex functions is Hermite-Hadamard inequality. This double 
inequality is stated as follows: 

Let      be a convex function on some nonempty interval  of the set of real numbers  . If     
 with    . Then 

 (   
 )   

   ∫  ( )  
 

 
  ( )   ( )

   

The Hermite-Hadamard inequality has received renewed attention in recent years and a number of papers 
have been written which provides noteworthy refinements, generalizations and new proofs of the 
Hermite-Hadamard inequality, see for instance [3, 5, 10, 20], and the references therein. 

The classical convexity has been generalized in many ways and one of them is the so called 
GA-convexity, which is stated in the definition below: 

Definition 1 ([14], [15]) A function        [   )    is said to be GA-convex function on   if 

 (      )    ( )  (   ) ( ) 

holds for all  ,     and   [   ] , where        and   ( )  (   ) ( )  are respectively the 
weighted geometric mean of two positive numbers   and   and the weighted arithmetic mean of  ( ) 
and  ( ).  
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In what follows we will use the following notations of means: 

For positive numbers     and     with     

 (   )     
                   (   )     

        

and 

  (   )  

{
  
 

  
 0          

(   )(   )1
 
 
       

 (   )     

 
 . 

 

  /
 

   
    

 

are the arithmetic mean, the logarithmic mean and the generalized logarithmic mean of order     
respectively. For further information on means, we refer the readers to [4], [22], [23] and the references 
therein. 

In a very recent paper, Zhang et al. in [26] established the following Hermite-Hadamard type 
integral inequalities for GA-convex function. 

Theorem 1 [26] Let        (   )    be a function differentiable function on    and  ,      
with     and     ([   ]). If |  |

 
 is   -convex on [   ] for    , we have the following 

inequality: 

|  ( )    ( )  ∫  
 

 
 ( )  |  

[(   ) (   )]     

     

 ,[ (     )    ]|  ( )|
  [    (     )]|  ( )|

 
-
   

                                                     ( ) 

Theorem 2 [26] Let        (   )    be a function differentiable function on    and  ,      
with     and     ([   ]). If |  |

 
 is   -convex on [   ] for    , we have the following 

inequality: 

|  ( )    ( )  ∫  
 

 
 ( )  | 

 (       ) 0 . 
  

(   )   
  

(   )/1
   

 
* (|  ( )|

 
|  ( )|

 )+
 
                                      ( ) 

Theorem 3 [26] Let        (   )    be a function differentiable function on    and  ,      
with     and     ([   ]). If |  |

 
 is   -convex on [   ] for    , we have the following 

inequality: 

|  ( )    ( )  ∫  
 

 
 ( )  |  

(       )     

(  )   [ (    (   )     (   ))]     
 

 ,[ (       )     ]|  ( )|
  [     (       )]|  ( )|

 
-
   

               ( ) 

Theorem 4 [26] Let        (   )    be a function differentiable function on    and  ,      
with     and     ([   ]). If |  |

 
 is   -convex on [   ] for     and       . Then 

368	 Muhammad Amer Latif



|  ( )    ( )  ∫  
 

 
 ( )  |  

(       )     

    [ ( (    ) (   )  (    ) (   ))]     
 

 ,[ (     )    ]|  ( )|
  [    (     )]|  ( )|

 
-
   

                                                     ( ) 

For more recent results on the class of (   )-GA convex functions we refere the interested readers to [9] 
and the references therein.  

We now recall some basic concepts about convex functions on the co-ordinates on rectangle from 
the plane. 

Let    [   ]  [   ] in    with     and     be a bidimensional interval. A mapping 
      is said to be convex on   if the inequality  

 (   (   )     (   ) )    (   )  (   ) (   ) 
holds for all (   ) (   )    and   [   ]. 

A modification for convex functions on    known as co-ordinated convex functions, was 
introduced by Dragomir [6] as follows: 

A function       is said to be convex on the co-ordinates on   if the partial mappings 
   [   ]   ,   ( )   (   ) and    [   ]   ,   ( )   (   ) are convex where defined for all 
     ],      ]. 

Remark 1  It is clear that if a function       is convex on the co-ordinates on  . Then 

 (   (   )     (   ) ) 
    (   )   (   ) (   )   (   ) (   )  (   )(   ) (   )  

 holds for all (   )  [   ]  [   ] and     [   ]     [   ].  

Clearly, every convex mapping       is convex on the co-ordinates but converse may not be 
true see for instance [6]. 

The following Hermite-Hadamard type inequalities for co-ordinated convex functions on the 
rectangle from the plane    were established in [6, Theorem 1, page778]: 

Theorem 5 [6] Suppose that       is co-ordinated convex on    then  

 (   
     

 )   
 0  

   ∫  
 

 
 (     

 )     
   ∫  

 

 
 (   

   )   1 

  
(   )(   )∫  

 

 
∫  

 

 
 (   )     

  
 0  

   ∫  
 

 
[ (   )   (   )]    

   ∫  
 

 
[ (   )   (   )]  1 

  (   )   (   )   (   )   (   )
                                                                                                 ( ) 

The above inequalities are sharp.  

Most recently, the concept of co-ordinated convexity has been generalized in a diverse manner. A 
number of papers have been written on Hermite-Hadamard type inequalities for the classes of co-ordinated 
 -convex functions, co-ordinated  -convex functions, (   )-convex functions, co-ordinated  -convex 
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functions and co-ordinated quasi-convex functions see for example [1]-[3], [6]-[8], [11]-[19], [24] and [25] 
and the references therein. 

Motivated by the above results for GA-convex functions, we first introduce the notion of 
GA-convex functions on the co-ordinates and establish Hermite-Hadamard type inequalities for this class 
of functions in Section 2. We will also present applications of our results to special means of positive real 
numbers in Section 

 

2. MAIN RESULTS 

In this section we first give the notion of GA-convex functions on the co-ordinates and then we 
prove inequalities of Hermite-Hadamard type for this class of functions. 

Definition 2  A function     (   )  (   )    is GA-convex on   if 

 (             )    (   )  (   ) (   ) 
holds for all (   ) (   )    and   [   ].  

Definition 3  A function     (   )     )    is said to be GA-convex on the co-ordinates on   if 
the partial mappings    [   ]  (   )   ,   ( )   (   )  and    [   ]  (   )   ,   ( )  
 (   ) are GA-convex where defined for all   [   ],   [   ].  

Remark 2  If a function     (   )  (   )    is GA-convex on the co-ordinates on  . Then 

 (             )    (        )  (   ) (        ) 
  [  (   )  (   ) (   )]  (   )[  (   )  (   ) (   )] 
    (   )   (   ) (   )   (   ) (   )  (   )(   ) (   ) 

 holds for all (   )  [   ]  [   ] and     [   ]     [   ].  

The following Lemma will be used to establish our main results: 

Lemma 1  Let     (   )  (   )    be a twice differentiable mapping on    and [   ]  
[   ]     such that  

  
      ([   ]  [   ]). Then  

   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  
 

 
 (   )     

 (       )(       )∫  
 

 
∫  
 

 
     (   )     (   )  

  (             )
                             ( ) 

Proof. By the change of the variables         ,          and by integration by parts with respect to 
  and then with respect to  , we have  

(       )(       )∫  
 

 
∫  
 

 
     (   )     (   )  

  (             )
         

 ∫  
 

 
∫  
 

 
   

  (   )
         ∫  

 

 
 0   

(   )
      

(   )
   ∫  

 

 

  (   )
    1    
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  ∫  
 

 
   (   )

      ∫  
 

 
   (   )

     ∫  
 

 
0∫  

 

 
   (   )

    1    

    (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )                                    ( ) 

 Which is the desired identity. This completes the proof of the lemma.  

 

Theorem 6  Let     (   )  (   )    be a twice differentiable mapping on    and [   ]  
[   ]     such that    

      ([   ]  [   ]). If |    
    |

 
 for    , is GA-convex on the co-ordinates on 

[   ]  [   ], we have  

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

 
[(   )(   ) (   ) (   )]     

    2| 
  (   )
    |

 
[    (     )][    (     )] 

 | 
  (   )
    |

 
[    (     )][ (     )    ]  | 

  (   )
    |

 
[ (     )    ][    (     )] 

 | 
  (   )
    |

 
[ (     )    ][ (     )    ]3

   

                                                                           ( ) 

Proof. From Lemma 1, Hölder’s inequality for double integrals and By the GA-convexity of |    
    |

 
 for 

    on the co-ordinates on [   ]  [   ], we have  

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

     (       )(       )∫  
 

 
∫  

 

 
(  )

  
(  )

  
| 

  (             )
    |      

     (       )(       ) 0∫  
 

 
∫  

 

 
(  )

  
(  )

  
    1

     

 

 0∫  
 

 
∫  

 

 
(  )

  
(  )

  
| 

  (             )
    |     1

   

     (       )(       ) 

 0
(     )(     )

     (       )(       )1
     

0| 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

  
(  )
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 | 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

  
(  )

  
 (   )     | 

  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

  
(  )

  
(   )      

 | 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

  
(  )

  
(   )(   )    1

   

                                                               ( ) 

 Since 

∫  
 

 
∫  

 

 
(  )

  
(  )

  
       

 0  
 (       )       

   (       ) 1 0  
 (       )       

   (       ) 1  
[    (     )][    (     )]
     (       )(       )   

 Similarly 

∫  
 

 
∫  

 

 
(  )

  
(  )

  
 (   )     

[    (     )][ (     )    ]
     (       )(       )  

 

∫  
 

 
∫  

 

 
(  )

  
(  )

  
 (   )     

[ (     )    ][    (     )]
     (       )(       )   

 and 

∫  
 

 
∫  

 

 
(  )

  
(  )

  
 (   )     

[ (     )    ][ (     )    ]
     (       )(       )   

 Using the above four equalities in (9) and simplifying, we get the required inequality (8).  

 

Corollary 1  Under the assumptions of Theorem 6, if    . Then 

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

  
 2| 

  (   )
    | [    (     )][    (     )] 

 | 
  (   )
    | [    (     )][ (     )    ]  | 

  (   )
    | [ (     )    ][    (     )] 

 | 
  (   )
    | [ (     )    ][ (     )    ]3                                                                                    (  ) 

 

Theorem 7  Let     (   )  (   )    be a twice differentiable mapping on    and [   ]  
[   ]     such that    

      ([   ]  [   ]). If |    
    |

 
 for    , is GA-convex on the co-ordinates on 

[   ]  [   ], we have  
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|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

 (       )(       )[ (    (   )     (   )) (    (   )     (   ))]     
 

 0 .| 
  (   )
    |

 
 | 

  (   )
    |

 
 | 

  (   )
    |

 
 | 

  (   )
    |

 
/1

   

                                                (  ) 

 

Proof. From Lemma 1, Hölder’s inequality for double integrals and By the GA-convexity of 

|    
    |

 
 for     on the co-ordinates on [   ]  [   ], we have  

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

     (       )(       )∫  
 

 
∫  

 

 
(  )

  
(  )

  
| 

  (             )
    |      

     (       )(       ) [∫  
 

 
∫  

 

 
(  )

    (   )
(  )

    (   )
    ]

     

 

 0∫  
 

 
∫  

 

 
| 

  (             )
    |     1

   
 (       )(       ) 

 0
(   ) (    (   )      (   ))(    (   )      (   ))

   (       )(       ) 1
     

 

 0| 
  (   )
    |

 
∫  

 

 
∫  

 

 
(   )(   )     | 

  (   )
    |

 
∫  

 

 
∫  

 

 
 (   )     

 | 
  (   )
    |

 
∫  

 

 
∫  

 

 
(   )      | 

  (   )
    |

 
∫  

 

 
∫  

 

 
      1

   

                                         (  ) 

 Since 

∫  
 

 
∫  

 

 
       ∫  

 

 
∫  

 

 
 (   )     ∫  

 

 
∫  

 

 
 (   )      ∫  

 

 
∫  

 

 
 (   )      

   

 Hence from (12), we get the required result.  

 

Theorem 8  Let     (   )  (   )    be a twice differentiable mapping on    and [   ]  
[   ]     such that    

      ([   ]  [   ]). If |    
    |

 
 for    , is GA-convex on the co-ordinates on 

[   ]  [   ], we have  
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|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

 
[(       )(       )]     

(  )   2| 
  (   )
    |

 
[     (       )][     (       )] 

 | 
  (   )
    |

 
[     (       )][ (       )     ] 

 | 
  (   )
    |

 
[ (       )     ][     (       )] 

 | 
  (   )
    |

 
[ (       )     ][ (       )     ]3

   

                                                           (  ) 

Proof. From Lemma 1, Hölder’s inequality for double integrals and By the GA-convexity of |    
    |

 
 for 

    on the co-ordinates on [   ]  [   ], we have  

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

     (       )(       ) 0∫  
 

 
∫  

 

 
     1

     
 

 0∫  
 

 
∫  

 

 
(  )

  
(  )

  
| 

  (             )
    |

 
    1

   

 

     (       )(       ) 0| 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

   
(  )

   
       

 | 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

   
(  )

   
 (   )     | 

  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

   
(  )

   
(   )      

 | 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

   
(  )

   
(   )(   )    1

   

                                                                   (  ) 

 Since 

∫  
 

 
∫  

 

 
(  )

   
(  )

   
       

[     (       )][     (       )]
         (       )(       )   

Similarly 

∫  
 

 
∫  

 

 
(  )

   
(  )

   
 (   )     

[     (       )][ (       )     ]
         (       )(       )  

∫  
 

 
∫  

 

 
(  )

   
(  )

   
 (   )     

[ (       )     ][     (       )]
         (       )(       )   
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 and 

∫  
 

 
∫  

 

 
(  )

   
(  )

   
 (   )     

[ (       )     ][ (       )     ]
         (       )(       )   

 Using the above four in (14) and simplifying, we get the required inequality (13).  

 

Theorem 9  Let     (   )  (   )    be a twice differentiable mapping on    and [   ]  
[   ]     such that    

      ([   ]  [   ]). If |    
    |

 
 is GA-convex on the co-ordinates on [   ]  

[   ] for     and      . Then  

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

 
[(       )(       )]     

     

 [ ( (    ) (   )  (    ) (   )) ( (    ) (   )  (    ) (   ))]     
 

 2| 
  (   )
    |

 
[    (     )][    (     )]  | 

  (   )
    |

 
[    (     )][ (     )    ] 

 | 
  (   )
    |

 
[ (     )    ][    (     )] 

 | 
  (   )
    |

 
[ (     )    ][ (     )    ]3

   

                                                                        (  ) 

Proof. From Lemma 1, Hölder’s inequality for double integrals and by the GA-convexity of |    
    |

 
 on the 

co-ordinates on [   ]  [   ] for     and       , we have  

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

     (       )(       ) [∫  
 

 
∫  

 

 
(  )

(    )  (   )
(  )

(    )  (   )
    ]

     

 

 0∫  
 

 
∫  

 

 
(  )

  
(  )

  
| 

  (             )
    |

 
    1

   

     (       )(       ) 

0
(   ) ( (    ) (   )   (    ) (   ))( (    ) (   )   (    ) (   ))

 (    ) (   ) (    ) (   )(    ) (       )(       ) 1
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 0| 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

  
(  )

  
       | 

  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

  
(  )

  
 (   )     

 | 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

  
(  )

  
(   )      

 | 
  (   )
    |

 
∫  

 

 
∫  

 

 
(  )

  
(  )

  
(   )(   )    1

   

                                                            (  ) 

Since 

∫  
 

 
∫  

 

 
(  )

  
(  )

  
       

[    (     )][    (     )]
      (       )(       )   

 
Similarly 

∫  
 

 
∫  

 

 
(  )

  
(  )

  
 (   )     

[    (     )][ (     )    ]
      (       )(       )  

 

∫  
 

 
∫  

 

 
(  )

  
(  )

  
 (   )     

[ (     )    ][    (     )]
        (       )(       )   

and 

∫  
 

 
∫  

 

 
(  )

  
(  )

  
 (   )     

[ (     )    ][ (     )    ]
      (       )(       )   

Using the above four in (16) and simplifying, we get the required inequality (15).  

 

Corollary 2  Under the assumptions of Theorem 9, if    , we have the inequality 

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  

 

 
 (   )    | 

 
[(       )(       )]     

    [ (   (   )    (   )) (   (   )    (   ))]     
 

 2| 
  (   )
    |

 
[    (     )][    (     )]  | 

  (   )
    |

 
[    (     )][ (     )    ] 

 | 
  (   )
    |

 
[ (     )    ][    (     )] 

 | 
  (   )
    |

 
[ (     )    ][ (     )    ]3

   

                                                                        (  ) 

 

3. APPLICATIONS TO SPECIAL MEAN 

In this section we apply our results to establish inequalities for special means. 
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Theorem 10  For      ,      ,   ,     ,     and      ,      , we have 

[     (   )]
    [     (   )]

     
[(   )(   )]     

  

 *,(     )[      (   )]
          (     )[      (   )]

     - 

 ,(     )[      (   )]
          (     )[      (   )]

     -+
   

                                   (  ) 

 

Proof. Let 

 (   )            
(    )(    )  (   )  (   )  (   )          

Then | 
  (   )
    |

 
          is GA-convex on the co-ordinates on (   )  (   ) and both sides of the 

inequality (8) in Theorem 6 become 

|   (   )     (   )     (   )     (   )   ∫  
 

 
 (   )   

  ∫  
 

 
 (   )    ∫  

 

 
 (   )    ∫  

 

 
 (   )   ∫  

 

 
∫  
 

 
 (   )    | 

 (   )(   ) 0  
          

(    )(   )1 0
           
(    )(   )1 

 (   )(   )[     (   )]
    [     (   )]

      

[(   )(   ) (   ) (   )]     
    2| 

  (   )
    |

 
[    (     )][    (     )] 

 | 
  (   )
    |

 
[    (     )][ (     )    ]  | 

  (   )
    |

 
[ (     )    ][    (     )] 

 | 
  (   )
    |

 
[ (     )    ][ (     )    ]3

   

 
(   )(   )[(   )(   )]     

  

 *,(     )[      (   )]
          (     )[      (   )]

     - 

 ,(     )[      (   )]
          (     )[      (   )]

     -+
   

  

A combination of the above two equalities gives us the desired inequality (18).  

 

Corollary 3  Under the assumptions of Theorem 10, if     and   ,     . Then 

[     (   )]
    [     (   )]

      
 *,(    )[     (   )]

        (     )[     (   )]
    - 

 ,(    )[     (   )]
        (     )[     (   )]

    -+                                                      (  ) 

Theorem 11  Let      ,         and    . Then 
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[ (   )][ (   )][     (   )]
    [     (   )]

     

 [ (    (   )     (   )) (    (   )     (   ))]      

 [ (         ) (         )]     (20) 

Proof. The proof follows from Theorem 7 and using the following GA- convex function on the co-ordinates 
on (   )  (   ) 

 (   )            

(    )(    )  (   )  (   )  (   )          

The following interesting inequalities of means can be obtained using the results of Theorem 8 and 
Theorem 9 and the GA-convex function on the co-ordinates on (   )  (   ) as defined in Theorem 10, 
however the details are left to the interested reader. 

 

Theorem 12  Let      ,         and          . Then  

[ (   ) (   )]     [     (   )]
    [     (   )]

      
(  )    

 ,(    ) [ (    )   (   )]
(    )        (       )[      (   )]

     -
   

 

 ,(    ) [ (    )   (   )]
(    )        (       )[      (   )]

     -
   

  (21) 

 
Theorem 13  Let      ,        ,    ,       and          . Then  

[ (   ) (   )]     [     (   )]
    [     (   )]

     

  
( )   [ ( 

(    ) (   )  (    ) (   )) ( (    ) (   )  (    ) (   ))]      

,(     )[        (   )]
            (     )[      (   )]

     -
   

 

 ,(    ) [ (    )   (   )]
(    )        (       )[      (   )]

     -
   

  (22) 

 

4. CONLUSIONS 

In our paper, a new notion of GA-convex fucntions on the co-ordinates on the rectangle from the plane is 
introduced and some of the properties of this class of functions are discussed. A new integral inequality for 
twice differitiable mappings of two variables which aredefined on a rectangle from the plane is established. 
By using the notion of GA convexity of the mappings on the co-ordinates, Holder inequality and 
mathematical analysis, some new inequalities of Hermite-Hadamard type are established. Applications of 
our results to special means of positive real numbers are given as well. We believe that by using the notion 
GA conveity on the co-ordinates introduced in this article and some identitities for functions of two 
variables, many other intersting inequalities of Hermite-Hadamard type can be investigated. Moreover, 
some weighted generilazations can also be proved by using some appropriate choice of the weight function. 
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