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1. INTRODUCTION
A function f:I € R — R is said to be convex if

fAx+ A -Dy) <if(x)+ (A -Df )
forall x, y eI and 4 € [0,1].

One of the most famous inequalities for convex functions is Hermite-Hadamard inequality. This double
inequality is stated as follows:

Let f:1 - Rbe a convex function on some nonempty interval Iof the set of real numbers R. If a,b €
Iwith a < b. Then

b
b 1 b
f(a;- )Sb_aff(x)dxsf(a)-zl-f( ).

The Hermite-Hadamard inequality has received renewed attention in recent years and a number of papers
have been written which provides noteworthy refinements, generalizations and new proofs of the
Hermite-Hadamard inequality, see for instance [3, 5, 10, 20], and the references therein.

The classical convexity has been generalized in many ways and one of them is the so called
GA-convexity, which is stated in the definition below:

Definition 1 (/14], [15]) A function f:1 € Ry = [0,00) = R is said to be GA-convex function on 1 if
fOty) < 2fG) + (A= D)

holds for all x, y €I and A € [0,1], where x*y'=* and Af(x) + (1 — A)f(y) are respectively the
weighted geometric mean of two positive numbers x and y and the weighted arithmetic mean of f(x)

and f(y).
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In what follows we will use the following notations of means:

For positive numbers ¢ > 0 and f > 0 with a # f§

1ap =55 lep -
and
pP+L — gl %
wrDG-w PF M
Lp(@ ) = { L@ ), p=—1
1 /BB\B-«
LE(%‘) ’ p=0

are the arithmetic mean, the logarithmic mean and the generalized logarithmic mean of order p € R
respectively. For further information on means, we refer the readers to [4], [22], [23] and the references
therein.

In a very recent paper, Zhang et al. in [26] established the following Hermite-Hadamard type
integral inequalities for GA-convex function.

Theorem 1 /26] Let f:l € R, = (0,0) = R be a function differentiable function on 1° and a, b € I°
with a < b and f ' € L([a,b]). If |f | is GA-convex on [a,b] for q =1, we have the following
inequality:
[(b — a)A(a, b)]' /4

21/4q

b
‘bf(b)—af(a)— f FGodx| <

< fiL@ b -allf '@["+ b2 - L@ p2lF ‘®)|") 1

Theorem 2 [26] Let f:I € R, =(0,00) > R be a function differentiable function on I° and a, b € I°
with a < b and f "€ L([a, b]) ). If |f | is GA-convex on [a,b] for q > 1, we have the following
inequality:

b
‘bf(b)—af(a)— f f()dx

2q 2q

< (Inb — Ina) [L(a m,b m)]l_a[A(lf ’(a)|q|f ’(b)|q)]g. (2)

Theorem 3 [26] Let f:1 € R, = (0,0) = R be a function differentiable function on I° and a, b € I°

with a < b and f = L([a, b]). ’|q is GA-convex on [a,b] for q = 1, we have the following

inequality:
b _ 1-1/
‘bf(b)—af(a)— f f@dx| < (lnb(zh;il/)q " L (a20/a-D, pasta- )]
< {[L(@,b2) - a2][f @] + b2 - L@@, b 0)|f )|} 3)

Theorem 4 [26] Let i1 R, = (0, 00) — R be a function differentiable function on 1° and a, b € I°
with a < b and f ' € L([a,b]) If|f | is GA-convex on [a,b] for ¢ > 1 and 2q > p > 0. Then
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(Inb — Ina)t~1/4
pl/q

< [L(a(zq_p)/(q_l),b(ZQ—p)/(q—l))]l—l/q

b
’bf(b)—af(a)— f f()dx

x (L@, b”) - @[ + 7 — L@, s7llf )] @)

For more recent results on the class of (a, m)-GA convex functions we refere the interested readers to [9]
and the references therein.

We now recall some basic concepts about convex functions on the co-ordinates on rectangle from
the plane.

Let A =:[a,b] X [c,d] in R? with a < b and ¢ < d be a bidimensional interval. A mapping
f:A - R is said to be convex on A if the inequality

fOx+ A =-Dz,ly+ A -w) <Af(x,y) + (1 =) f(z,w)
holds for all (x,y),(z,w) € A and A € [0,1].

A modification for convex functions on A, known as co-ordinated convex functions, was
introduced by Dragomir [6] as follows:

A function f:A — R is said to be convex on the co-ordinates on A if the partial mappings
fy:la,b] = R, f,(w) = f(u,y) and fy:[c,d] = R, f(v) = f(x,v) are convex where defined for all
X €a,b], y €cd].

Remark 1 [t is clear that if a function f: A — R is convex on the co-ordinates on A. Then
fx+ A —1t)z,sy+ (1 —5s)w)

<tsf(x,y)+t(A—=s)f(x,w)+s(1 =) f(zy)+ (A —-t)A = s)f(z,w),

holds for all (¢t,s) € [0,1] X [0,1] and x,z € [a,b],y,w € [c,d].

Clearly, every convex mapping f: A — R is convex on the co-ordinates but converse may not be
true see for instance [6].

The following Hermite-Hadamard type inequalities for co-ordinated convex functions on the
rectangle from the plane R? were established in [6, Theorem 1, page778]:

Theorem S /6] Suppose that f: A — R is co-ordinated convex on A, then
<a+b c+d)<1 1 fb ( c+d)d N 1 fd <a+b )d
N2 )=zp=al S \o )t g=c) T 7Y)v

1 b rd
S(b—a)(d—c)fa f f(xy)dydx

<L ijbv(x O+ flx d)]dx+ifd[f<a )+ F b y)ld
<zlr—a) U@ : 7c) U@+ eyl

Sf(a,6)+f(a.d)1-f(b,6)+f(b,d). )

The above inequalities are sharp.

Most recently, the concept of co-ordinated convexity has been generalized in a diverse manner. A
number of papers have been written on Hermite-Hadamard type inequalities for the classes of co-ordinated
s-convex functions, co-ordinated m-convex functions, (a, m)-convex functions, co-ordinated h-convex
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functions and co-ordinated quasi-convex functions see for example [1]-[3], [6]-[8], [11]-[19], [24] and [25]
and the references therein.

Motivated by the above results for GA-convex functions, we first introduce the notion of
GA-convex functions on the co-ordinates and establish Hermite-Hadamard type inequalities for this class
of functions in Section 2. We will also present applications of our results to special means of positive real
numbers in Section

2. MAIN RESULTS

In this section we first give the notion of GA-convex functions on the co-ordinates and then we
prove inequalities of Hermite-Hadamard type for this class of functions.

Definition 2 4 function f: A € (0,00) X (0,0) = R is GA-convex on A if
faxtz Ay w =) S Af (e, y) + (1= Df (2, w)
holds for all (x,y),(z,w) € A and 4 € [0,1].
Definition 3 A4 function f: A € (0,0) X 0,0) = R is said to be GA-convex on the co-ordinates on A if
the partial mappings f,:[a,b] < (0,0) - R, f,(u) = f(u,y) and fi:[c,d] € (0,0) > R, f,(v) =
f(x,v) are GA-convex where defined for all x € [a,b], y € [c,d].
Remark 2 [fa function f: A € (0,0) X (0,0) = R is GA-convex on the co-ordinates on A. Then
f(xt 1- t’yswl—S) < tf(x,yswl_s) + (1 _ t)f(Z,yswl_s)
<tlsfC,y)+ A =s)f (e, w)]+ A - Dsf(zy) + (1 —s)f(z,w)]
<tsf(x,y)+t(1—=s)f(x,w) +s(1—=t)f(z,y) + (A1 —=t)(A —s)f(z,w)
holds for all (t,s) € [0,1] X [0,1] and x,z € [a,b],y,w € [c,d].

The following Lemma will be used to establish our main results:

Lemma 1 Let f:A4 < (0,0) X (0,00) > R be a twice differentiable mapping on A° and [a,b] X
2
[c,d] € A° such that % € L([a, b] X [c,d]). Then

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbfdf(x,y)dydx

azf(btal‘t, dscl—S)
ds ot

1 1
= (Inb — Ina)(Ind — Inc) f f p2tq2(1-t)g2s 2(1-s) dsdt. (6)
0 Y0

Proof. By the change of the variables x = bta'™t, y = d5c!'™5 and by integration by parts with respect to

y and then with respect to x, we have

azf(btal‘t, dscl—S)
ds ot

1 1
(Inb — Ina)(Ind — Inc) f f p2tq2(1=) g2s2(1-s) dsdt
0

b *f(x,y) b of(x,d)  of(x,c) [*of(x,y)
sz X oyax ydx:fax[d ox O ox _fc ox dy]dx
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b b df (b
:df xaf(x'd)dx—cf xaf(x'c)dx—f U x%dx]dy

a ox a ox

b
= bdf(b,d) —adf(a,d) — bcf(b,c) + acf(a,c) — df f(x,d)dx

+e f  fe )z — b f *fby)dy +a f “faydy + f b f e y)dyds. %

Which is the desired identity. This completes the proof of the lemma.

Theorem 6 Let f:4 < (0,0) X (0,0) - R be a twice differentiable mapping on A° and |[a,b] X

2
[c,d] € A° such that % € L([a,b] X [c,d]). If |a at| for q = 1, is GA-convex on the co-ordinates on
[a, b] X [c,d], we have

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbfdf(x,y)dydx

b —a)(d — c)A(a, b)A(c, )]~ (|a2f (b, d)|?
[( X C)ZZ(Z LGl { gs(at ) [b? — L(a? b*)][d? — L(c?,d?)]
2 a 2 q
+ % [b% — L(a? bH)][L(c? d?) — c?] + % [L(a? b?) — a?][d? — L(c?, d?)]
9%f(a,c)|? 1
YT [L(a? b?) — a?][L(c? d*) — Cz]} . )]

for

dsat
q =1 onthe co-ordlnates on [a, b] X [c,d], we have

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbfdf(x,y)dydx

2s

aZf(bt 1-t ds 1- S)

FRET: dsdt

< a?c?(Inb — Ina)(Ind — lnc)]j )

101, 2t d 2s 1-1/q
< a?c?(Inb — Ina)(Ind — Inc) U f (—) (—) dsdt]
0 Jo \a c

1/q

Zs 2 f(ptol—t 4s.1-s
0°f(bta " d°c
f( ) dsdt < a?c?(Inb — Ina)(Ind — Inc)
ds ot
b? — a?)(d? — Yang2f (b, d
X ( ) i f( ) j j — stdsdt
4a?c2(Inb — Ina)(Ind — lnc) Y
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A [0 (&) e LS [0 () - e
aZf(a’ C) 2t 2s

9s ot " fol fol G) (%) 1-00- S)det]l/q- ©)

1 ~1 b 2t d 2s
[ L (@) stasa

o Jo \a c
_ [2b*(nb —Ina) — b + a?][2d*(Ind — Inc) — d?® + c¢?| _ [b* — L(a? b*)][d* — L(c? d?)]
B 4a?(Inb — Ina)? 4c?(Ind — Inc)? "~ 4a%c2(Inb — Ina)(Ind — Inc)

Since

Similarly

11 py2t g\ 28 [b% — L(a?, b)][L(c?, d?) — ¢?]
fo fo (E) (Z) t( = s)dsdt = 4a%c?(Inb — Ina)(Ind — Inc)

11 py2t g\ 28 [L(a? b?) — a?][d? — L(c?, d?)]
fo fo (E) (Z) s(1 = t)dsdt = 4a?¢2(Inb — Ina)(Ind — Inc) ’
nd

a

11 py2t g\ 28 [L(a? b?) — a?][L(c?,d?) — ¢?]
fo fo (E) (Z) t( = s)dsdt = 4a%¢c2(Inb — Ina)(Ind — Inc)

Using the above four equalities in (9) and simplifying, we get the required inequality (8).

Corollary 1 Under the assumptions of Theorem 6, if ¢ = 1. Then

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

d

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbf f(x,y)dydx

S

d%f(b,d)

95 0t [b? — L(a? b?)][d?* — L(c?,d?)]

92 (b, c) 9°f(a,d) 2 2 2
W [bz - L(az, bz)] [L(Cz, dz) - CZ] + W‘ [L(az,b ) - az][d - L(CZ, d )]
9*f(a,c)

5sar | L@ b?) = a?]lL(c? d?) ~ 62]}- (10)

Theorem 7 Let f:A4 S (0,0) X (0,0) > R be a twice differentiable mapping on A° and [a,b] X

2 2014
[c,d] € A° such that % € L([a,b] X [c,d]). If |%| for q > 1, is GA-convex on the co-ordinates on
[a, b] X [c,d], we have
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d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbfdf(x,y)dydx

< (Inb — Ina)(Ind — Inc)[L(a?9/@~D), p2a/@-D)[(c24a/(@-D), qu/(q—l))]l_l/q

o T

Proof- From Lemma 1, Holder’s inequality for double integrals and By the GA-convexity of

02f (b, d)|"
ds ot

3%f(a,c)
ds 0t

0%f(a,d)|"
ds ot

02f (b, c)|?
ds ot

) ) )

aZf q
ds ot

for ¢ > 1 on the co-ordinates on [a, b] X [c, d], we have

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bj f(b,y)dy

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbfdf(x,y)dydx

25 192 t 1-t g4s,.1-s
0“f(bta 7', d°c
< a?c?(Inb — Ina)(Ind — lnc)f f ) f( ) dsdt
ds dt
101 208/@-1D) g 2a5/(q=1) 1-1/4
< a?c?(Inb — Ina)(Ind — Inc) U f (E) dsdt]
0o Jo
r 1 92f(btal~t,dsc1~9) 1/q
X J J dsdt < (Inb — Ina)(Ind — Inc)
[ Jo Jo ds 0t
[(q — 1)2(b20/(@-1) — g2a/(a-D)(q2a/(a-1) _ c2a/(@-1)) 1-1/q
% 4q?(Inb — Ina)(Ind — Inc) ]
[102f (a, c)|* azf(b ol (* 1t
X 5ot -[ -[ (1-t)(A —s)dsdt + NPT f f t(1 — s)dsdt
2 f(a, )|’ (1 Pf(b,d)|* /4
+ REFETE -fo -fo (1 —t)sdsdt + |———— ERET: f f tdsdt] . (12)
Since

1 01 1,1 1 01 1,1 1
f f stdsdt = j f t(1 —s)dsdt = j _[ s(1—t)dsdt = f f t(1 —s)dsdt = —.
0o Jo 0o Jo 0o Jo 0o Jo 4

Hence from (12), we get the required result.

Theorem 8 Let f:4 € (0,0) X (0,00) - R be a twice differentiable mapping on A° and [a,b] X

2
[c,d] € A° such that % € L([a,b] X [c,d]). If |6 6t| for q = 1, is GA-convex on the co-ordinates on
[a, b] X [c,d], we have
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d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbfdf(x,y)dydx

_ _ 1-1/ 2 a
< s (R e - e e — e a0y

2 q
A [LB O 2a g g2, p2ay) (120, a20) — c2q]

ds ot

2 q
+ % [L(a?,b%9) — a®7][d?7 — L(c?7,d?T)]

*f(a,c)|" "

*osar umwmw)—ﬁﬂu@“ﬂ”)‘&”} | -

2614
Proof. From Lemma 1, Holder’s inequality for double integrals and By the GA-convexity of |%| for
q = 1 on the co-ordinates on [a, b] X [c, d], we have

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbfdf(x,y)dydx

< a?c?(Inb — Ina)(Ind — Inc) U f 1dsdt]
25 2f(pt o 1l-t gs.1-s 1/q
0“f(bta %, d°c
f( )|’ dsdt
ds dt
62 b d th qu
< a?c?(Inb — Ina)(Ind — Inc) ACL) )| f f — stdsdt
~ dsot
L |PEreo) b 2‘” 2‘75 ?*f(a, )|’ 2‘”
5ot f f 2 — t(1 —s)dsdt + |———— 950t f f — (1—t)sdsdt
NLZICDN b 2‘” 1
5ot f f 2 — (1—t)(1—s)dsdt] . (14)
Since
“t [b%7 — L(a®,b*D)][d*? — L(c?9,d?9)]
j f — stdsdt=
4q%a?9¢?4(Inb — Ina)(Ind — Inc)
Similarly

1,1 ,p\2at g\24s b29 — L(a?,b2D)|[L(c%4,d?%7) — c24

f f b (_) t(1—s)dsdt=[ (a )IL(c ) —c™]
c 4q%a?9c?4(Inb — Ina)(Ind — Inc)

11 ,p 2qt d 2qs L 2q’b2q — a291[d%4 — L, 2q,d2q

j j b (_) s(l—t)dsdtz[ (a ) — a1l (c )],
a c 4q%a?9c¢?4(Inb — Ina)(Ind — Inc)
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an

zqt 2qs [L(azq’ b2q) _ a2q][L(C2q’ dzq) _ CZQ]
— t(1 — s)dsdt = :
f f (1= s5)ds 4q%a?9¢?a(Inb — Ina)(Ind — Inc)

Using the above four in (14) and simplifying, we get the required inequality (13).

Theorem 9 Let f: A c (0 ) X (0,00) - R be a twice differentiable mapping on A° and [a,b] X

[c,d] € A° such that m € L([a,b] X [c,d]). If |a at| is GA-convex on the co-ordinates on [a, b] X

lc,d] for q > 1 and q > p > 1. Then

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+afcdf(a,y)dy—dLbf(x,d)dx+cLbf(x,c)dx+f:fcdf(x,y)dydx

- [(Inb — Ina)(Ind — Inc)]t =4
- pz/q

x [L(a®a-P)/@=D), pa-p)/@-D)[(c@a-p)/@-D), d(zq—p)/<q—1))]1-1/q

d

92f (b, c)|?

50| [ — L(@, bM]IL(eP,dP) — c?]

q
[bP — L(aP?, bP)][dP — L(cP,dP)] +

ds ot

q
+ SFTYTE [L(a?,bP) — aP][dP — L(cP,dP)]

2 q 1/q
+ % [L(a?, bP) — aP][L(cP,dP) — Cp]} . (15)

2714
Proof. From Lemma 1, Holder’s inequality for double integrals and by the GA-convexity of |%| on the
co-ordinates on [a, b] X [c,d] for ¢ > 1 and 2q > p > 1, we have

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+ajdf(a,y)dy—djbf(x,d)dx+cjbf(x,c)dx+fbjdf(x,y)dydx

9

1/q
dsdt] < a?c?(Inb — Ina)(Ind — Inc)

1 ,p\@a-Pt/(@-1) 4, (2q-p)s/(q=1) 1-1/q
dsdt

1
< a?c?(Inb — Ina)(Ind — Inc) f _[
0 Jo
ps aZf(bt 1-t ds 1- S)
ds ot

(q— 1)2(b<2q—p)/<q—1) — q2a-»)/@-D)(g2a-»)/@-1) _ (@a-p)/@-D)] 7/
[ a2a-p)/(a-1) ¢(2q-p)/(a-D(2q — p)2(Inb — Ina)(Ind — Inc)
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|02 (b, D)|* b\P¢ d\P 2f(b, )| 1 /b\P*
“N\[osar f f (a) (E) stdsdt + |\ =5 5 fo fo (E)
9*f(a,d) d)|? b Pt q\P$
+|— FRET: f f a) E) (1 — t)sdsdt
azf(a’ ) 4 1 (1 ,p\Pt ,\PS 1/q
o fo fo (E) (Z) 1-0a —s)dsdt] .
Since
1,1 p\Pt [bP — L(aP, bP)][dP — L(cP,dP)]
f f (—) (—) stdsdt = — :
0 Jo \a c p?aPc?(Inb — Ina)(Ind — Inc)
Similarly

[rer
[rer
[rer

and

Using the above four in (16) and simplifying, we get the required inequality (15).

Corollary 2 Under the assumptions of Theorem 9, if p = q, we have the inequality

+aLdf(a,y)dy—dLbf(x,d)dx+cLbf(x,c)dx+f:fcdf(x,y)dydx

(E) t(1 —s)dsdt =
(E)PS s(1 —t)dsdt =

(E) t(1 —s)dsdt =

[bP — L(aP, bP)][L(cP,dP) — cP]
p?aPc?(Inb — Ina)(Ind — Inc)

[L(a?, bP) — aP][dP — L(cP,dP)]

[L(aP, bP) — aP][L(cP,dP) = cP]

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bj f(b,y)dy

- [(Inb — Ina)(Ind — Inc)]1~V/a

ds ot

qz/q
a f (b, o)
X { —sar | b7~ L@ bD][d? — L(c®,dD] + |——
9%f(a,d)|"
+ % [L(a% b?) —af][d? — L(c?,dD)]

q 1/q
[L(a%,b%) —af][L(c?,d?) — cq]} .

3. APPLICATIONS TO SPECIAL MEAN

In this section we apply our results to establish inequalities for special means.

p2a?9c¢?4(Inb — Ina)(Ind — Inc)’

p2aPcP(Inb — Ina)(Ind — Inc)

t(1 — s)dsdt

(16)

[L(a¥/@1), pa/@=D)(c¥/ @D, dq/(q—l))]l‘l/q

[b7 — L(a9, bD)][L(c?,d?) — c9]

(17)
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Theorem 10 For b>a>0,d>c>0, sq, 5, >0, q =1 and s;q # 1, s,q # 1, we have

st _ [(a+b)(c +d)]* /4
4

Sl+1

[le+1(a' b)] [L52+1( d)]

+1 -1
x [{(510 + 2)[Ls,q1 (@ D™ = 51qL (a2, b?)[Lg g1 (2, )]}
+1 -1)11/4
x {520 + D[Lsqua (6 DI = 52qL(c? dP)[Lgyqor (e, D]} T (18)
Proof. Let
xS1+1yse+1
= € (0 X (0 0.
f(x'y) (Sl+1)(52+1)J(ny) ( ,OO) ( :Oo):51152>
2 q
Then % = x519y%24 js GA-convex on the co-ordinates on (0, o) X (0, ) and both sides of the

inequality (8) in Theorem 6 become

d
acf(a,c) —adf(a,d) — bcf(b,c) + bdf(b,d) — bf f(b,y)dy

+afdf(a,y)dy—dfbf(x,d)dx+cfbf(x,c)dx+fbfdf(x,y)dydx

sl+2 sl+2 ds2+2 sz+2
=b-ad=o [( +2)(b— a)] [(52 +2)(d—0)

sp+1 sz+1

=0b-a)d- c)[le+1(a, b)] [Lsz+1( d)]
[(b —a)(d —c)A(a, b)A(c, d)]t /4 { 92f (b, d)|"

2 2 12 2 2 g2
2274 5oac | (b7 — L@ b)][d® ~ L(c?, d*)]

a2f(b,c)|?
ds dt

9%f(a,d)|?

| [L(a%b?) — a?][d? — L(c,d?)]

[b%2 — L(a? b?»)][L(c? d?) — c?] +

1/q

9*f(a,0)|"
ds ot

_(b-a)d-0o)(a+b)(c+d)] V4
- 4

[L(a? b?) — a®][L(c?,d*) — 62]}

S1q+1

X :{(slq + 2)[L51q+1(a: b)] - Squ(az, bz)[leq_l(a’ b)]51q—1}

S,q+1

X {(qu + 2)[L52q+1(c; d)] — s2qL(c?, dz)[Lqu—l(C' d)]qu—l}]l/q.

A combination of the above two equalities gives us the desired inequality (18).

Corollary 3 Under the assumptions of Theorem 10, if ¢ = 1 and s, s, # 1. Then

Sp+1

S+ 1 s1+ S1—
[Ls,1@ D] [Loyua (e, D] < 2[ {1 + D[Ls,sa @B = s1L(a? bD[Ls, 1 (0, )]}

Sp+1

x {(s2 + D[Loyua (e, D] = 5,L(c% dD)[Ls,—a (e, d)] ] (19)

Theorem 11 Let b >a >0, 51,5, >0 and q > 1. Then
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51+1 52+1

[LCa, D)L (e, d)] [le"'l(a’ b)] [L52+1(C: d)]
< [L(aZQ/(Q—l)'bZQ/(Q—l))L(CZq/(q—D' dzq/(q_l))]l—l/q

X [A(aslq’bszq)A(Csﬂl’dSZQ)]l/q. (20)

Proof. The proof follows from Theorem 7 and using the following GA- convex function on the co-ordinates
on (0,00) X (0,0)

S1+1.4,5,+1

y
(s1+D(sp+ 1)’

The following interesting inequalities of means can be obtained using the results of Theorem 8 and
Theorem 9 and the GA-convex function on the co-ordinates on (0,0) X (0, ) as defined in Theorem 10,
however the details are left to the interested reader.

f(x'}’)= (ny)e(OJOO)X(O'OO)'Sl'SZ>0'

Theorem 12 Let b > a >0, 51,5, > 0 and s1q,5,q9 # 1. Then

[LSZ+1 (C, d)]

Ss1+1 Sp+1
1 2 <

[L(a, D)L, DI Y[Lg 44 (a, b)] = Qo

(s1+2)q-1

—1y1/a
x {(s1 + 2)q[L(s, +279-1(a b)] = 5,qL(a%%, b*D)[ Ly, g1 (@, 0)] "'}

(s2+2)q-1

Y
x {(s2 + 2q[Ls, 4279-1(c, d)] — 52qL(e?,d?D)[Lg,q -1 (e, )] 7). (21)

Theorem 13 Let b >a >0, 51,5, >0, q > 1,29 >p >0 and s,q,5,q + 1. Then
— 1
[L(a, D)L, d)]* Y[ Lg, 11(a, B)] ™ [L, 41 (c, d)]

( )12/ [L(a®a-P)/(a-1), p2a-P)/(@-1)) L(C(Zq—p)/(q—l),d(zq—p)/(q—l))]l‘l/"
D q

- -1\1/a
{(p + slq)[Lp_'_Slq_l(a’ b)]p+51q 1 Squ(ap'bp)[leq_1(a, b)]51q 1}

S1+ Sp+1

<

(s2+2)q-1

saa-1yY/
X {(52 + Z)q[L(SZ+2)q_1(c, d)] - quL(Czq'dzq)[Lszq—l(C' d)] I 1} q- (22)

4. CONLUSIONS

In our paper, a new notion of GA-convex fucntions on the co-ordinates on the rectangle from the plane is
introduced and some of the properties of this class of functions are discussed. A new integral inequality for
twice differitiable mappings of two variables which aredefined on a rectangle from the plane is established.
By using the notion of GA convexity of the mappings on the co-ordinates, Holder inequality and
mathematical analysis, some new inequalities of Hermite-Hadamard type are established. Applications of
our results to special means of positive real numbers are given as well. We believe that by using the notion
GA conveity on the co-ordinates introduced in this article and some identitities for functions of two
variables, many other intersting inequalities of Hermite-Hadamard type can be investigated. Moreover,
some weighted generilazations can also be proved by using some appropriate choice of the weight function.
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