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Abstract: We study the dynamics of the atoms of Bose-Einstein condensate in a double well potential by
deriving the two mode model for the well known Gross-Pitaevskii equation. The symmetric and anti-
symmetric basis functions have been used for the development of the two mode model. The stability of
these basis functions has been investigated. It is found that both solutions are stable. The time dependent
Gross-Pitaevskii equation and the two mode approximations are solved numerically and then compare the
results. It is shown that the solution obtained from two mode model demonstrates good agreement with the

solution of the Gross-Pitaevskii equation.
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1. INTRODUCTION
Multi-component Hamiltonian
gained a lot of attention in the past few years due

systems have
to the development of theoretical and experimental
results in coupled Bose-Einstein condensates
(BECs) [1] and coupled nonlinear optical systems
[2]. In BECs, mixtures of distinct spin states of
rubidium [3,4] and sodium [5] were created
experimentally. The two components BECs with
different atomic species were also formed in
laboratories, e.g. potassium-rubidium [6] and
lithium-cesium [7]. Due to these experiments,
many theoretical studies have been done to
investigate the ground state solutions [8, 9] and the
small amplitude excitations [8, 10, 11]. Several
other nonlinear structures were also formed such
as domain walls [12, 13, 14], dark-dark and dark-
bright solitons [15, 16], vortex rings [17] and so
on.

In 1962, Josephson presented the idea of
electron tunneling between two superconductors
which were separated by a thin insulator [18]. The
effect of tunneling was named as Josephson
tunneling. Since weak coupling is the only
requirement for the effect of Josephson tunneling,
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it was thought that the weakly linked macroscopic
quantum samples may admit such tunneling. In
BECs, such tunneling was predicted by Smerzi
and coresearchers [19, 20, 21]. The experimental
realization of Josephson tunneling for a single [22,
23] and array of short Bose-Josephson junction
[24] were made. Kaurov and Kuklov [25, 26]
extended the idea of Bose-Josephson junction to
long Bose-Josephson junction. This junction was
analogues to long superconducting Josephson
junction. They proposed that atomic vortices could
be seen in weakly coupled BECs and that these
vortices are similar to Josephson fluxons in
superconducting long Josephson junction [27].
Further it was shown that due to the presence of a
critical coupling, atomic Josephson vortices can be
transformed to a dark soliton and vice versa.
Josephson tunneling of dark solitons in a double-
well potential was studied in [28].

The dynamics of Josephson tunneling in BECs
was explained using a two-mode approximation in
[29, 30, 31, 32, 33]. The coupled-mode equations
were modified and improved in [34]. In this paper,
we study the validity of the coupled-mode
equations. The stability of the basis functions
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(which are used for the approximations) is also
studied by investigating the eigenvalues structures.

2. MATHEMATICAL MODEL AND
DESCRIPTION

Let us consider the atoms of BECs at very low
temperature that is nearly at zero Kelvin. If U(x, t)
is the wave function of the atoms of BECs which
are interacting with each other, then the equation
that describes the dynamics of atoms of BECs is
the famous Gross-Pitaevskii (GP) equation. The
GP equation in the dimensionless form is given as

6U 10%U

io =55 tolUPU+VU, 1)

where x and ¢t are the space and time variables, ¢
is the nonlinearity coefficient and i = v—1.V is
the external potential which in our case is a

combination of a harmonic potential with
Gaussian barrier and is given as
1
V=2 0%+ Ae~@/b)?, 2)

with Q representing the frequency of oscillation
and A and b are respectively the height and width
of the Gaussian barrier.

To obtain the two mode approximations, we use a
pair of real symmetric and real antisymmetric
functions which are denoted by ¢, and ¢,
respectively. It is easy to see that if we substitute
U(x,t) =Ne Weog, ,(x) into eq.(1), (where
y. and y, are constants which represent the
chemical potential in each well) the basis
functions ¢, and ¢, will satisfy the following

steady state equations

_ 1d%g,

YePe = _2 dx2 +V(,03+0'1§09 ’ (3)
1d%¢,

Yo®Po = 2 dx 3.2 +V(,00+0'1§00 ’ (4)

where g; = oN.

To seek the solution ¢, numerically, we discretize
eq. (3) and approximate the
derivative by the central difference approximation
so that a system of nonlinear algebraic equations is
obtained. The system can be
Newton’s method with the Neumann boundary
conditions to obtain the solution ¢, which is
shown in Fig. 1. Similarly, from eq. (4) we get the
solution ¢, and is depicted in Fig. 2. The
stability of these basis functions will be discussed
later.

second order

solved using

One can now express the wave function U(x, t) as

[30]

U(x,t) = VN[p, () UL () + @, () U, (D). (5)

PetPo -®o .
Hoe)re, p1(x) = ( 7z ) and @, (x) = ( 7z ) with
f_oo @ipjdx = 6;j,i,j =e,0, and & denotes the
Kronecker delta function. N represents the number

of boson atoms such that f |U(x,t)|> = N. So,
we have
Pe + @ Pe — Po
U=+N [U ( ) +U ( )]
1 \/E 2 \/z

Substituting this value in (1), we get

\/N[Ul (rpe \75 %) ‘i, (fpe\/—{pa)]
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Fig. 1. Numerically obtained solution ¢, for the parameter values 64 =1, y, = 1.
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Fig. 2. Numerically obtained solution ¢,, for the parameter values 64 =1,y, = 1.



250 Muhammad Irfan Qadir, & Muhammad Danish Ali Rana

where bar represents the complex conjugate, primes are used for the second order derivative with respect
to x and dot for derivative with respect to time.

i[Ul((Pe + QDO) + UZ((pe - (po)]
1
= 5 [U(@, + @) + Ua(6, = 6,)] + V[Ui (4, + 4,) + Ua(6, = &,)]

2 2 2 2
+ @2 +2 + @2 -2
to [Uf <<pe %2 <pe<po> L2 <<pe %2 <pe<po>

20,0, (qoez ; ¢§>] [Ul (%\7;%) +7, (%\/—{po)]_

i[Ul((pe + q)o) + Uz(% - ¢0)]

1 1
= (U +Up) (=50 + Vo) + Wy = U (=560 + Ve,

+ % [UF(0F + @5 + 20c0,) + UF (@0 + 05 — 2¢0.¢,)
+ 201U (92 — p)IUL (e + 9o) + Uz (@ — 9,)].
Using eq.(3) and eq.(4), we get
i[U1(@e + @0) + Uz (pe — 90)]

= (Ul + UZ)(Ve§0e - 0'1§0e3) + (Ul - UZ)(YO¢O - Gl(pOS)
01 _
+5 [|UL12U1 (93 + 3005 + 3020, + 03) + UL UL (93 — @i + 9200 — 93)

+ U1UF (03 — 9e P — pépo + 03) + |U |2 U (03 + 3005 — 3020, — 03)
+ 2|U1 |PU5 (92 — @e®S + 0o 00 — 93) + 2U1 U5 |* (92 — @5 — 9é00 + 93)]  (6)
Multiplying both sides by (¢, + ¢,) and integrating with respect to x from -0 to oo and using
ffooo @i@;dx = &;,1,j = e,0, we obtain
ZiUl = (Ul + UZ)[ye - .uee] + (Ul - UZ)[VO - .uoo]
1 _ _
+ E[#ee(|U1|2U1 + ULU, + U U3 + |U,|*U, + 2|Uy |2U, + 2U4| U |?)
+ oo (U1 12Uy — UL U, + U, U3 — |U,|?Uy — 2|U4 |*U, + 2U4|U,|%)

+ Lheo (6]U1 12Uy — 2U,UZ — 4U4|U, )],

where y;; = oy [ @? (x)(pf (x)dx, i,j = e, o0, and the integrals with odd powers of ¢, and ¢, will be
zero. Since f_OOOOIU (x,t)]?> = N = |U;| + |U,| = 1. Using this equation, the above equation can be written
as
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2iUl = (Ul + UZ)[ye - .uee] + (Ul - UZ)[VO - .uoo]
1 _ _
+ E[ﬂee{z(Ul +Up) — |U4|2U;y — |U,|*U, + UEU, + U, U3}

+ loo{2(Uy — Up) — |U|2Uy + |U,|?U, — UL U, + U, U5}
+ Ueo (—4Uy + 10U |2U; — 2U,U3)].

o Yet Vo (Heet U 1 1
iU, = [ = 2 2 ( = 2 00) + Z(Z.uee + 2o — 4’.“eo)] Uy +Z(_.uee — Hoo T+ 10.ueo)|U1|2U1
1 — [Ye—Yo (Hee MK 1
+ Z(:uee - ﬂoo)UleZ + [ . 2 2 - ( = 2 oo) +Z(2ﬂee - 2:“00)] UZ
1 o1 _
+ Z (_.uee + Moo)luzl U2 + Z (Mee + oo — 2:"‘eo)Ul U2
: + 10460 — Hee — - _ -
iU, = [Ve Yo _ ueo] Uy + ( Heo — Hee Moo) |U1|2U1 + (:uee :uoo) U12 7, + (Ve Vo) U,
2 4 4 2
Hee — L Hee + Hoo — 2leo —
_( ee 7 OO)|U2|2U2+( ee 040 eO)U1U22
. A _ A A _
im:(B+amﬁ+7§m@)m+(%—éﬁ@ﬁ+0m%)%. (7

Similarly, multiplying both sides of eq.(6) by (¢, — ¢,) and integrating with respect to x from -00 to o
and following the same procedure as before, we obtain

. AV - Ay  Au ) _
lUZZ B+C|U2| +TU2U1 U2+ T_TlUll +DU2U1 Ul' (8)
where
Ye T
B== ) O_.ueo'
_1O:ueo_:uee_.uoo
C = )
4
+ fhoo — 2
Dz.uee Hoo .ueo’
4
Ap = lee — oo
AY = Ye = Yo-

Thus, eq. (7) and eq. (8) represent a system of two ordinary differential equations of first order. These
equations describe the dynamics of atoms of BEC in each well of the external potential. We solve this
system of differential equations using Runge-Kutta method of order 4 to get U; and U,. Substituting these
solutions U; and U, into eq. (5), we obtain the solution U which is shown in Fig. 3 by dotted line. We
then solve eq. (1) numerically and the solution obtained is shown in Fig. 3 by solid line. Figure shows that
the solution obtained through two mode model is very close to the numerical solution of the GP equation
and hence justifies the validity of the two mode model.
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Fig. 3. Comparison of the two solutions. The solid curve represents the
solution of eq. (1) while dotted curve is the solution obtained through two
mode approximation. The graph shows very good agreement between the
two solutions.

3. STABILITY OF BASIS FUNCTIONS
Let us discuss the stability of the solutions ¢, and ¢,. To do so, we first substitute
U(x,t) = e" e [(x,t)
into eq. (1) to obtain
U 10%20 IO _
Y A o|lU)2U+VU —vy,U.
We now perturb the solution ¢, by adding a small perturbation n(x, t) in it, i.e.

U(x,t) = g (x) + n(x V),

©)

(10)

where we assume that the perturbation 1 is so small that its squares and higher power terms can be

neglected. Substituting the value of U (x, t) from eq. (10) into eq. (9) and using eq. (3), we get

on_ 1d%n _
I = 252 (26 9> +V = ye)n + 0 9. 1.
Taking complex conjugate of eq. (11) to obtain
0N 19°n 2 _ 2
i = —Eﬁ‘F(ZGfPe +V =¥ + 0 @ .
For simplicity, we denote 1 by a and 1] by 8 so that eq. (11) and eq. (12) can be written as
Oa 162a+(2 2 1y Yat 5
i = 2057 S Pe Ye)a + 6 @, p.
0B _10°B
tf =73,z (o P’ +V = V)P — 0 . la
Eq. (13) and eq. (14) can also be written as
10%a 5 5
—Eﬁ+(20<pe +V —v)a+o@. B = 1a,
10%p

Eﬁ_ (20 (pez +V —=v)B — G(l)eza = AB.

(11)

(12)

(13)

(14)

(15)

(16)
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Discretizing eq. (15) and eq. (16) with step size h and using the Neumann boundary conditions yield an

eigenvalue problem AX = AX with eigenvalues A and

Aq —01]
A= [ ,
D, -4
where
— 1 1
ﬁ_ (20 QDe'lz +V—)/e) ﬁ 0 O ﬁ
1 -1 1
W ﬁ—(ZG(pe,zZ-FV—]/e) ﬁ 0 0
1 -1 1
Al — 0 EY¥ PY (2(5 (pe‘32 +V - )/e) nz I
1 1 -1 . :
onz 0 o =~ (200en®+V —7e)
[ G@es? 00 0
0 6¢e,? 0 0
Dl = 0 0 o §0.e,32 O
2
0 0 0 G Qo]

The solution will be stable if all eigenvalues are
real. We find the eigenvalues of above matrix A
for the solution ¢, shown in Fig. (1). It is found
that the imaginary parts of all eigenvalues are
zero, i.e. all eigenvalues are real as they all are
lying on the horizontal axis as shown in Fig. (4).
This shows that solution ¢, is stable.

Following the same procedure as above, we
found the eigen values structure for the solution
¢, depicting that the solution ¢, is also stable.

-11

) x10
1 L
—_
:;’ (1] lelelelelow®oans s tiirei
At
-200 -100 0 100 200
Re(n)

Fig. 4 . The eigenvalues structure for the solution ..
All eigenvalues are lying on the horizontal axis
showing the stability of the solution.

4. CONCLUSIONS

In this paper, we have presented the derivation of a
two mode model using a symmetric and an anti-
symmetric basis functions. It was found that the
solutions obtained through two mode model and
that from the time-dependent GP equation are very
close to each other and validated the two mode
model. The two mode model can be used to
describe the dynamics of bosons in each well of
the external potential. We also studied the stability
of the basis functions by perturbing the solutions.
Both solutions were found to be stable.

REFERENCES

Pitaevskii, L.P. & S. Stringari. Bose-Einstein
Condensation. Oxford University Press, Oxford,
UK (2003).

Kivshar, Yu.S. & G.P. Agrawal. Optical Solitons:
From Fibers to Photonic Crystals. Academic
Press, San Diego, USA (2003).

Myatt, C.J., E.A. Burt, R W. Ghrist, E.A. Cornell
& C.E. Wieman. Production of two overlapping
Bose-Einstein condensates by sympathetic cooling.
Physical Review Letters 78: 586-589 (1997).

Hall, D.S., M.R. Matthews, J.R. Ensher, C.E.
Wieman & E.A. Cornell. Dynamics of component
separation in a binary mixture of Bose-Einstein



254

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Muhammad Irfan Qadir, & Muhammad Danish Ali Rana

condensates. Physical Review Letters 81: 1539-
1542 (1998).

Stamper-Kurn, D.M., M.R. Andrews, A.P.
Chikkatur, S. Inouye, H.-J. Miesner, J. Stenger, &
W. Ketterle. Optical confinement of a Bose-
Einstein condensate. Physical Review Letters 80:
2027-2030 (1998).

Modugno, G., G. Ferrari, G. Roati, R.J. Brecha, A.
Simoni & M. Inguscio. Bose-Einstein condensation
of potassium atoms by sympathetic cooling.
Science 294: 1320-1322 (2001).

Mudrich, M., S. Kraft, K. Singer, R. Grimm, A.
Mosk, & M. Weidemiiller. Sympathetic cooling
with two atomic species in an optical trap. Physical
Review Letters 88: 253001 (2002).

Pu, H. & N.P. Bigelow. Properties of two-species
Bose condensates. Physical Review Letters 80:
1130-1133 (1998).

Ho, T.-L. & V.B. Shenoy. Binary mixtures of Bose
condensates of alkali atoms. Physical Review
Letters 77: 3276-3279 (1996).

Busch, Th., J.I. Cirac, V.M. Pérez-Garcia & P.
Zoller. Stability and collective excitations of a two-
component Bose-Einstein condensed gas: A
moment approach. Physical Review A 56: 2978-
2983 (1997).

Esry, B.D. & C.H. Greene. Low-lying excitations
of double Bose-Einstein condensates. Physical
Review A 57: 1265-1271 (1998).

Trippenbach, M. K. Goral, K. Rzazewski, B.
Malomed & Y.B. Band. Structure of binary Bose-
Einstein condensates. Journal of  Physics B:
Atomic, Molecular and Optical Physics 33: 4017-
4032 (2000).

Coen, S. & M. Haelterman. Domain wall solitons
in binary mixtures of Bose-Einstein condensates.
Physical Review Letters 87: 140401 (2001).
Malomed, B.A., H.E. Nistazakis, D.J.
Frantzeskakis & P.G. Kevrekidis. Static and
rotating domain-wall cross patterns in Bose-
Einstein condensates. Physical Review A 70:
043616 (2004).

Ohberg, P. & L. Santos, Dark solitons in a two-
component Bose-Einstein condensate. Physical
Review Letters 86: 2918-2921 (2001).

Busch, Th. & J.R. Anglin. Dark-bright solitons in
inhomogeneous Bose-Einstein condensates.
Physical Review Letters 87: 010401 (2001).
Berloff, N.G. Solitary wave complexes in two-
component condensates. Physical Review Letters
94: 120401 (2005).

Josephson, B.D. Possible new effects in
superconductive tunneling. Physics Letters 1: 251-
253 (1962).

Smerzi, A., S. Fantoni , S. Giovanazzi & S.R.
Shenoy. Quantum coherent atomic tunneling
between two trapped Bose-Einstein condensates.
Physical Review Letters 79: 4950-4953 (1997).

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Raghavan, S., A. Smerzi, S. Fantoni & S.R.
Shenoy. Coherent oscillations between two weakly
coupled Bose-Einstein condensates: Josephson
effects, m oscillations, and macroscopic quantum
self-trapping. Physical Review A 59: 620-633
(1999).

Giovanazzi, S., A. Smerzi & S. Fantoni. Josephson
effects in dilute Bose-Einstein condensates.
Physical Review Letters 84: 4521-4524 (2000).
Albiez, M., R. Gati, J. Folling, S. Hunsmann, M.
Cristiani & M.K. Oberthaler. Direct observation of
tunneling and nonlinear self-trapping in a single
Bosonic Josephson junction. Physical Review
Letters 95: 010402 (2005).

Levy, S., E. Lahoud, I. Shomroni & J. Steinhauer.
The a.c. and d.c. Josephson effects in a Bose—
Einstein condensate. Nature 449: 579-583 (2007).
Cataliotti, F.S., S. Burger, C. Fort, P. Maddaloni, F.
Minardi, A. Trombettoni, A. Smerzi & M.
Inguscio. Josephson Junction Arrays with Bose-
Einstein Condensates. Science 293: 843-846
(2001).

Kaurov, V.M. & A.B. Kuklov. Josephson vortex
between two atomic Bose-Einstein condensates.
Physical Review A 71: 011601 (2005).

Kaurov, V.M. & A.B. Kuklov. Atomic Josephson
vortices. Physical Review A 73: 013627 (20006).
Ustinov, A.V. Solitons in Josephson junctions.
Physica D: Nonlinear Phenomena 123: 315-329
(1998).

Susanto, H., J. Cuevas & P. Kruger. Josephson
tunnelling of dark solitons in a double-well
potential. Journal of Physics B: Atomic Molecular
& Optical Physics 44: 095003 (2011).

Sacchetti, A. Nonlinear time dependent one-
dimensional Schrédinger equation with double well
potential. SIAM Journal on Mathematical Analysis
35: 1160-1176 (2003).

Sacchetti, A. Nonlinear time-dependent
Schrodinger  equations: the  Gross-Pitaevskii
equation with double-well potential. Journal of
Evolution Equations 4: 345-369 (2004).
Ostrovskaya, E.A., Yu.S. Kivshar, M. Lisak, B.
Hall, F. Cattani & D. Anderson. Coupled-mode
theory for Bose-Einstein condensates. Physical
Review 4 61: 031601 (2000).

Ananikian, D. & T. Bergeman. Gross-Pitaevskii
equation for Bose particles in a double-well
potential: Two-mode models and beyond. Physical
Review A 73: 013604 (2006).

Jia, X.Y., Li W.D. & J.Q. Liang. Nonlinear
correction to the Boson Josephson-junction model.
Physical Review 4 78: 023613 (2008).

Julia-Diaz, B., J. Martorell, M. Mele-Messeguer &
A. Polls. Beyond standard two-mode dynamics in
Bosonic Josephson junctions. Physical Review A
82: 063626 (2010).



