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1. INTRODUCTION

In the recent years, there has been a noticeable
interest in the study of neutral functional
differential equations of first order with delay due
to their importance of applications in applied
mathematics (see, for example Adivar and Raffoul
[1], Ardjouni and Djoudi [2, 3], Burton [4, 5, 6],
Kaufmann [7], Kaufmann and  Raffoul [8],
Raffoul [9, 10, 11], Yankson [12] and the
references cited in these sources). To the best of
our knowledge from the literature, although there
are many works concerned with the existence of
periodic solutions for various neutral differential
equations of first order, no works have been done
to investigate the existence of periodic solutions of
nonlinear neutral differential equations of first
order with multiple variable delays. Therefore, it is
worth to work on the existence of periodic
solutions of neutral differential equations of first
order with multiple variable delays.

We begin with summarizing a few relative
results done in the literature on the existence of
periodic solutions for neutral differential equations
of first order.

In 2003, Raffoul [9] considered the first order
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nonlinear neutral differential

functional delay.
xX'(1) ==a()x(1)+c(0)x'(t — g () +
q(t, x(1), x(t - g(2))).

Raffoul [9] benefited from Krasnoselskii’s
fixed point theorem and established sufficient
conditions, which guarantee that this nonlinear
neutral differential equation with functional delay
has a periodic solution.

Later, in 2010, Ardjouni and Djoudi [2]
concerned with the existence of periodic solutions
for a nonlinear dynamic equation on a time scale 7’

with functional delay () of the form

equation with

() =—a(t)x (c() + G(t, X’ (), x (t —r(@)), teT
Ardjouni and  Djoudi [2] constructed a
suitable Banach space and a bounded convex
subset, then convert the existence of periodic
solutions to a fixed point problem for a map, that
is ,the sum of a compact map and a large
contraction, and the authors used a modification
of Krasnoselskii’s fixed point theorem due to
Burton ([4], [6, Theorem 3]) to show the
existence of a periodic solution of this equation.

More recently, Yankson [12] used a variant of
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Krasnoselskii's fixed point theorem by Burton [6,
Theorem 3] to show the existence of periodic
solutions for the totally nonlinear neutral
differential equation of first order with functional
delay

x'(1) ==a®h(x((1))) + c(O)x'(1 - g(1) +

q(t,x(1), x(t = g(1))).

Motivated by the above discussion, the aim of this
paper is to give some new sufficient conditions
which guarantee the existence of periodic
solutions for the following nonlinear neutral

differential equation of first order with two
variable delays

xX'(1) = —a()x((0) + Z:b,- (@) f(t, x(1),x(t = 7;(2)))

+ S OX (=7, ) (A=, (1)
2

where a(t), f and g’ are continuous functions,
b.(t) and c,(¢) are continuously differentiable

functions, and 7, (#) (= 0), are twice continuously

differentiable functions for € R*, R* =[0,00).
We benefit from the fixed point theorem of
Krasnoselskii’s to prove the existence of periodic
solutions of equation (1). First, we transform
equation (1) into an integral equation written as a
sum of the two mappings; one of them is compact
and the other is contraction. Later, we use the
Krasnoselskii’s fixed point theorem to prove the
existence of periodic solutions of equation (1).

It is clear that equation (1) includes and
improves the equation discussed by Raffoul [9].

Further, when A(x(¢)) =x(¢) in Yankson [12],
then equation (1) also includes and improves the
equation by Yankson [12].

2. EXISTENCE OF PERIODIC SOLUTIONS

Let
Cr={p:9e CR,NR) and (1 +T) = (1)}

for 7>0. Here C denotes the set of all real
valued continuous functions. Then C, is a

Banach space when it is endowed with the
supremum norm

[+ = max|x()

Throughout this paper, we assume that
(CD a(t+T)=a(r), b,t+T)=>b,(2),
c;(t+T)=c; ),

T,t+T)=17,;(@), 7,()= T; >0,
T
[a(s)ds >0, (j=1,2),
0
(C2) f(t,x,y) is continuous, periodic in ¢

and Lipschitz continuous in x and y, g(x) is
continuous and Lipschitz continuous in x. That is,

f(t+T=x=y) :f(tsxsy)e

and for some positive constants ki, k,,k;, we
have

>

g(x) —g(V)| < ky|x—y
|f(t,x,y)—f(t,z,w)| < k2||x—z||+k3||y—wi

b

(C3) 7%(t) =1 forall 1 €[0,T].

Lemma 1. Assume that conditions (C1)—(C3)
hold. If x(¢)eC,, then x(z) is solution of
equation (1) if and only if

n=g o t—7 .
x()_E]T}(t)g(x( —7;(1)))
—ja(s)ds 4
+(1-e " )

t 2

x ] [Zb; ) f (u, x(u), x(u—7 ; (1))

=T j=1

—ja(s)ds

] S g —t, et due, (@)

t-T j=1
where
~ (¢ )+ a(u)e (1=} () +c; )z (u)
i (-7 ()’ |
Proof. Let x(¢)€C; be a solution of (1).

3)

ry(u)

a(s)ds
Multiplying both sides of equation (1) by e°
and then integrating from ¢t —7 to ¢, it follows
that
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!

j {X(u)%Xp(ja(s)ds)} du =

a(s)ds

3,0, s, e

t—

a(s)ds

+ j ilc (u)x'(u— 7; (u))g (x(u-7; (u)))e° du.
T j

Then, we have

l:[Ta(s)ds
—x(t—T)e 0 =
a(v)dv

Zzlbj () f (u,x(u),x(u—7;(u)))e’  du

Jj=1

Ia(s)ds
x(t)e’

t
T
a(s)ds

+ f ZC (W)x'(u—7;)g' (x(u—7,;@))e"  du.

T j=1
By dividing both sides of the last estimate by

-

t
exp(Ja(s)ds)and using the estimate x(z) =
0

x(t—T), we get

x(t) =[1-exp( [ a(s)ds)T" x

t-T

[ 22,00 a,x(a), x(u =z, )

t
a(s)ds

+ icj(u)x'(u —7;(u)g'(x(u— r,}(u)))]}ei” ‘ du. (4)
F= A A

Rewriting the last term and applying integration
by parts, it follows that

{a(s)ds

I icl (@)x'(u—17 ;) g'(x(u—17;(u)))e * du

t-T j=1

- | Z 1_ 18t )

—,a(s)ds
(u—7, )17 (u)e j du
2 ( ) —}a(v)ds t
Z ————gx(u—7;(u))e |
A 1=75(u) T

—ja(s)ds

- I Zr (w)g(x(u—7;m)e *  du

=T j=1

2 c;w)
"X E T @)

(I-exp( I a(s)ds))

t-T

—ja( s)ds

- f Z ri)gx(u—rz;w)e  du, (5

=T j=1
where 7; () is given by (3). Hence, substituting
estimate (5) into (4), we obtain (2).
Conversely, let

0= 3D gxemr )+
S1-70)

- Ja(s)ds |
(l-e T )

x f [Zb (@) f (u, x(u), x(u — 7 ; (1))

=T j=1

—ja(v)dv

- Zr g —7;@)le *  du.

It is clear that, x(¢) is a solution of equation (1).
This completes the proof.
We now give Krasnoselskii’s fixed point

theorem to prove the existence of a periodic
solution for equation (1).

Theorem A (Krasnoselskii). Let A/ be a closed
convex nonempty subset of a Banach space

(B, ||) Suppose that 4 and B map M into
B such that

(K) x,yeM

Ax+ByeM,

implies

(K?2) A is compact and continuous,

(K3) B is a contraction mapping.

Then there exists a z € M with z= Az + Bz.

To apply Theorem A, we define a bounded convex
subset of M of C,, M ={peC; :||¢||£L},

where L is a positive constant, and the mapping
§:Cp = Cp by

2 40
S -
So) =2 =

- }a(s)ds 4
l-e )

— - gpt-7;(O)~+
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t

x [ Zb_ @) f (u, p(u), p(u =7 ; (u)))

=T j=1

—ja(s)ds

- ZF Welpu—7;@)le *  du. (6)

To apply Krasnoselskii’s theorem we need to
construct two mappings, one is a contraction and
the other is compact. Therefore, we state (6) as

(Sp)(¥) = (Bo)(®) + (A@)(®),
where A4, B:C, — C, are given by

t
— |a(s)ds

(A¢)(t)=(1—e o)
x I Zb ) f (u, p(u), p(u =7 ; (u)))

=T Jj=1
—fa(s)ds

- ZF (wglpu—z;w)le *  du (7

and

(Bo)X) =% L . Z OE-T, ). ®)
=1

Lemma 2. If (C1)—(C3)hold, then

A: M — C,, as defined by (7), is continuous and

compact.

Proof. A change of variable in (7) shows that
(Ap)(t+T)=(Ap)(t). To show that A is

continuous, we assume @, € M with ||(p|| <C

and ||l//|| <C. Let

o= max
=T
te[OT P =
ia(s)ds

Y= max e " , M= max Z

uelt-T.] 1€[0,T] j=1

= max 9
P> max, ©)

|g(x)| < Ky |x|+|g(0)]
and

|f (&2, 0)| <[ f (& x, 9) = f(2,0,0)| +] £ (2,0,0)

< key x| + ks |y] +| £ (2,0,0).

For the constants &, f with o+ <1, we
suppose the following assumptions:

il\b (0| [(ky + k)L +]g(£.0,0,0)] < eLa?),
=

_il\rj (0| Uk L +|g(O)] < BLa(®).  (10)

e

For any ¢ € C,, we will show that |(A¢)(t)| <L
In view of the above estimates, we have

- ja(s)ds

(Ap)0)] =|1~e T )

[D_b, ) f (u, p(u), pu ~ 7, (u)))

=1

L=
J. —ja(x)ds

7 —Zr (w)g(pu—1,(u)))e du

- ja(s)ds
<(l—-e " )*1

T I3, 0] 0, =, )

+Z\r lle@u—r @l - d
~ Ta(s)ds 1
<(l-e ™ )

t

[ (3o )] (G, + )L+ 1,0,0)

-1 Jj=1
—l a(s)ds
+Z\r @)| (kL+|gO))le *  du
- }a(s)ds {a(s)ds
<(l-e "7 "' (a + ,B)L fa(u)e du
<(ax+p)L<L.

Hence, we have A@p e M.

We will now show that A4 is continuous in
the supremum norm.
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Given ¢ > 0,take such that

5oE
K
K =Toy[o(k, +k,)+ pk;]. In view of (C2)

and the last estimate, then,
follows that

for o,y eM, it

7}a(s)ds L2
(Ap)O) ~ Ay U=e " ) x [ (Y]pw)

T J=

| (e, p00), =7, ) = f (0 (@), (=7, ()

2 g(¢(u—2'j(u)))— *j.“(‘v)ds
+;‘FJ(U)‘ gy (u—1,u))) ‘ ¢
<o | (3 o, ks k) -]+

i|rf @)k, ¢~ w1
<Toy[6(k, + k) + pk,|p—w])-
Then, for ||¢—!//|| <0, we get

|46 av] <Klp—v]<e

This result proves A4 is continuous.

We now have to show that A4 is compact. For
neZ", let ¢ € M. Then, as the above, we can
see that

|44,|| < L.

If we calculate (4@, )'(?) , then

(4g,)' (1) = ij(t)f(t,@(f),@(f—Tj(t)))

—Z r(0)g(9,(t—17,(1)

t

- j a(s)ds

—a(t)(l—-e ™ ) 'x

[ 20,1 ey ). ¢, (=7, ()
—Jt‘a(s)ds

- 7, @, =, (e du
J=

Hence, for some positive constant ), we obtain

(48Ol 2o, 0] |16, -, )]+

i\r,(t)\ |8, ~7,0))

t

- j a(s)ds

tat)(l-e ™ )'x

[ E3 s, o) [t h 0., =, )

-1 J=1

—}a(s)ds

+ 3 e,z fle * du=D,

Thus, the sequence (A¢,) is uniformly bounded
and equi-continuous. The Arzela-Ascoli theorem
implies that there exists a subsequence (4@, ) of
(Ap,) converges uniformly to a continuous 7 —
periodic function ¢ *. Thus, 4 is compact.

Lemma 3. Let B defined by (8) and

cj(t)

e ® k(& +E) <1,

<¢;, (11)

Then B is a contraction.

Proof. For ¢,y € C,,, we have
(o)~ Bv)]| = max|Bo)®) ~(By)(®)

2
= max_y,
tE[O,T Jj=1

)0
1-75()
< (¢ +§2)k1”¢_l//”-

Thus, B is a contraction.

Theorem 2. If (C1)—(C3), (11) and the
inequality

LloyT(8(k, +ky) + phy) + (&, + &)k 1+
oyT(op, + up)+(G, +&,)p <L

glo(t—7;(0) - gyt -7, 1)

hold, then equation (1) has a 7" -periodic solution.
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Proof. From Lemma 1, we know that A is
compact and continuous. Also, from Lemma 2, we

know that B is a contraction mapping. Now, for
@,y € M, we will show that

Ap+ By € M. From (7) and (8) we have
ICAg)+ By <

oy [ [0, +l, + )¢ + pldu+ (&, + &)

t=T

< LoyT(6(ky + k) + pik)) + (& + &)k ]

+oyT(dp, +up) +(¢1 +E)p < L.

Then, it follows that all the conditions of
Krasnoselskii’s theorem hold on the set M. Thus,
there exist a fixed point z in M such that
z=Az+ Bz. By Lemma 1 this fixed point is a
solution of equation (1). Hence equation (1) has a
T -periodic solution.

Theorem 3. Suppose assumptions (2)-(6) and (9)-
(11) hold. If

(61 +63) +Tyo(k +k, + k) <1,

then equation (1) has a unique 7 —periodic
solution.

Proof. Let the mapping S be given by (6). For
@,y € M, we have from (6) that

|(Se@) = (S )| < (& +E)|e—w|+

oy | 8k, +k)|p -y |+ ko —v|

<& +&)+ Tro(k, +k, + k)l —v.

This completes the proof.

3. CONCLUSIONS

A kind of non-linear neutral differential equations
of first order has been considered. On the basis of
Krasnoselskii’s fixed point theorem, two new
results have been proved on the existence of
periodic solutions that equation. The obtained

results extend and improve some recent results in
the literature.
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