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Abstract: Primal ideal has been introduced and discussed in the literature. In the present note we
commence first by giving a concept of strongly primal ideal which is followed by illustrating its
implications with strongly prime ideals, strongly primary, and also with strongly irreducible ideals. In
addition, we introduce fuzzy primal ideal, fuzzy strongly primal ideal, and fuzzy almost primal ideal and
also discuss their relations among each other and with the other existing fuzzy ideals in the literature.
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1. INTRODUCTION AND
PRELIMINARIES

Following [1] an element a is called prime to an
ideal I, if abe I implies be [ and an ideal /I is a
primal ideal if the elements which are not prime to
I form an ideal P called an adjoint ideal of /. An
element aeR is said to be almost prime to an ideal
I provided that racl-I’ (with reR) implies that
rel. An ideal / of a ring R is called an almost
prime if xyel-I’ implies either xel or yel [2,
definition 2.4]. If A (/) denotes the set of all
elements of R that are not almost prime to /, I is
called an almost primal ideal of R if the set A(/) U
P forms an ideal of R [3]. A proper ideal I of R is
said to be almost primary ideal if whenever abel-
P, then ael or beRad(/) [4, definition 2.1].

An ideal I of a commutative ring R is said to
be irreducible if an ideal / is not the intersection of
two ideals of R that properly contain it. An ideal /
of a ring R is irreducible if, whenever [ is the
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intersection of two ideals i.e., / = J MK, then either
I =Jor I = K. An ideal [ of a ring R is said to be a
strongly irreducible if for ideals J and K of R, the
inclusion JNKcI implies that either J< 1 or Ko/
[5]- By [1, Theorem 1], every irreducible ideal is a
primal. A prime ideal P of R is called strongly
prime if xyeP, where x,yek, then xeP or yeP
(Alternatively P is a strongly prime if and only if
x'PcP whenever xeK\R [6, definition, page2].
Similarly an ideal / is a strongly primary ideal, in
the sense that xyeP, x, yeK implies that either
xeP for some n>lor yeP.

Throughout R will represent a commutative
ring or an integral domain, we will clarify it
regularly in our discussion whenever it is required.

The concept of fuzzy sets and fuzzy relations
were introduced by Zadeh [7]. Fuzzy subgroup
and its properties were discussed by Rosenfeld [8].
After this, the notion of a fuzzy ideal of aring was
introduced by Liu, Malik, Mordeson and
Mukherjee. Fuzzy relations on rings have been
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introduced by Malik and Mordeson [9]. Fuzzy
ideal & of a ring R is said to be fuzzy prime, if it is
non-constant and for any two fuzzy ideals p and v
of R, the condition povcE implies that pcg
orvcE. It is well known that & is fuzzy prime if
and only if £(0) = 1, &.is a prime ideal of R and
Im(§ )| = 2 [10, Theorem 3. 5.5]. Fuzzy ideal & is
called fuzzy primaryif it is non.constant and for
any two fuzzy idealsp, v of R, povcE, implies
ncé or veve [10, Theorem 3.5.5]. Let B be an
integral fractionary fuzzy ideal of R then [ is
strongly primary fuzzy ideal of R if for any
fractionary idealsp, v of R, povcp implies that
prorvg\/B [11, Definition 4.1]. A fuzzy ideal p
in a Noetherian ring R is called irreducible if p # R
and whenever p; Ap, = p where y; and p, are
fuzzy ideals of R, then w; =p or u,= p[12,
Definition 4.1]. A proper fuzzy ideal p of a ring R
is said to be strongly irreducible if for each pair of
fuzzy ideals o and 0 of R, if cAOcu then either
ocu or Ocp [13, definition 2]. We recall few
terminologies from [14, 11].

Let p,={xeR: u (x) 20}, a level set, for every
t€[0, 1]. For a subset ¥ of R, let %, be the fuzzy
subset of K such that ;" (x) = 1 if xe W and y,"
(x) = t if xeK\W, where t€[0, 1). Let R be an
integral domain, a fuzzy R-submodule B of K
(quotient field of R) called a fractionary fuzzy
ideal of R if there exists deR, d#0, such that
dioPcy” for some te [0,1). If B be a fractionary
fuzzy ideal of R then B|; is a fuzzy ideal of R. If
Blr is a prime (maximal) fuzzy ideal of R, then f3 is
called a prime (maximal) fractionary fuzzy ideal
of R. If B(x) = 0 for all xeK\R, then B is called an
integral fractionary fuzzy ideal of R. Thus, if § s a
prime (maximal) integral fractionary fuzzy ideal of
R, then Im (B )= {0, 1, ¢} for some ¢<[0, 1).

In section 2, we introduce and discuss strongly
primal ideal and its relations with strongly prime
ideals, strongly primary, and also with strongly
irreducible ideals. In section 3, we introduce fuzzy
primal ideal, fuzzy strongly primal, and fuzzy
almost primal ideals. All basic notations,
terminologies and definitions of fuzzy are referred
to[7,9, 12, 14].

2. STRONGLY PRIMAL IDEAL

In this section we introduce strongly primal ideal
and describe its few characteristics. We discuss
few relations of strongly primal ideal with strongly
prime, strongly primary, and Strongly irreducible
ideals.

Definition 1. An element xeK\R is said to be a
strongly prime to an ideal / of a ring R if xy </ then
yldl, for all x, yeK\R.

Remark 1. Every strongly prime element to an
ideal / is a prime to /.

In case of integral domain we may define strongly
prime element as:

Definition 2. We call an element x is a strongly
prime to an ideal / of an integral domain R if,

xyel implies that yel, for all x, ye K(where K is a
quotient field of R).

We define a strongly primal ideal as:

Definition 3. An ideal / of a ring (or an integral
domain) R is called strongly primal if the elements
that are not strongly prime to I form an ideal P
called the strongly adjoint ideal of /.

We interpret one important result regarding
strongly primal ideal in the lemma below.

Lemma 1. If an ideal / is a strongly primal ideal of
aring R, P is a strongly adjoint to / if and only if
abel and bRzI=aRcP. Conversely, whenever
aeP, there always exist an element beK\R not
contained in / such that abel.

Proof. Straightforward.

Remark 2. If [ is a strongly primal ideal of an
integral domain R, then bc and bare not at the
same time prime to / whatever the element c, b- ¢
shall be not strongly prime to /.

Remark 3. Every strongly primal ideal is a primal
ideal.

Remark 4. In an integral domain R an ideal / is a
strongly primal ideal and P be strongly adjoint to /
iff abel, bel implies ael where a, beK(quotient
field of R) and conversely, whenever aeP, there
always exists an element b not in / such that abel.
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Remark 5. Elements which are not strongly
primal to I can be represented into a residue class
ring R/l the zero factors, so we can define the
strongly primal ideal as: In R/I the zero factors
form an ideal P/I, where P is a strongly prime
ideal.

Proposition 1. If R is an integral domain then
strongly primary ideal is a strongly primal.

Proof. Indeed, the elements that are not strongly
prime to a strongly primary ideal / are only the
elements of its prime radical (because strongly
prime implies prime) which constitute strongly
adjoint ideal P for a strongly primal ideal /.

Hence from the above proposition we conclude
that:

Strongly primary=>strongly primal.

Converse of the above proposition does not hold.
We illustrate it with the example.

Example 1. Consider a polynomial ring R= Q/x,
y] and consider ideal 7 = (x*,xy) is a quasi-primary
ideal with the radical (x) and is strongly primal
with strongly adjoint ideal (x, y).

Now xyel but neither xel nor "/ for any n.

When the converse of propositionl holds? We
present a proposition here to clarify the matter.

Proposition 2. A strongly primal ideal is a
strongly primary ideal if it is a quasi-prime and

also its prime radical and strongly adjoint (which
is a strongly prime and hence a prime) prime ideal
coincides.

Proof. Let us assume that [ is a strongly primal
ideal and also a quasi-prime, further it’s prime
radical is coincides with strongly adjoint prime
ideal P. We show that I is a strongly primary ideal.
Consider abel, bgl= ) aeP (strongly adjoint
ideal) =aerad (/) (by assumption) therefore it
follows that a" €[ for some n. Hence an ideal / is a
strongly primary.

Proposition 3. Every strongly irreducible ideal in
a commutative ring R (resp. in an integral domain)
is a strongly primal ideal.

Proof. Assume that an ideal [ is strongly
irreducible ideal, also suppose that elements a,bel

so that @ and b are not strongly prime to /. We
have to show that an ideal / is a strongly primal
ideal, since aRc [ and bRc [. Clearly I: (@) and [:
(b) are proper divisors of I hence their intersection
I:(@) N I:(b)=1:((a)+ (b)) cannot equal to I it
implies that a-b is not strongly prime(=> prime) to
1. Hence the result follows by lemmal and Remark
2. Similarly we can prove it for any integral
domain R.

Remark 6. If I is a prime ideal then it is strongly
irreducible —every strongly adjoint ideal is a
strongly prime and hence prime = strongly
irreducible.

We may express implications as:

Strongly primary ideal = strongly primal ideal

U i

Strongly prime ideal = strongly irreducible ideal

3. FUZZY PRIMAL AND FUZZY
STRONGLY PRIMAL IDEALS

This section consists of three subsections. In first
subsection we introduce fuzzy primal ideal while
in second we discuss fuzzy strongly primal. In
third section we introduce fuzzy almost primal
ideal.

3.1. Fuzzy Primal Ideal

In this subsection first we introduce the concept of
fuzzy primal ideal and then we defined some
relations of fuzzy primal ideal with fuzzy prime,
fuzzy primary and fuzzy irreducible ideals.

We initiate with the following definition.

Definition 4. Let R be a fuzzy ring, / be a fuzzy
ideal of R. An element p is said to be a fuzzy

prime to an ideal / if vapel, impliesvel.

Definition 5. An ideal / is said to be a fuzzy
primal ideal of a fuzzy commutative ring R if the
elements which are not prime to / form a fuzzy
ideal { called an adjoint fuzzy ideal to /.

Remark 7. If / is a fuzzy primal ideal of a fuzzy
ring R then vap together, with p is not a fuzzy
prime to / whatever the element v , vAu shall be a
non-fuzzy prime to /.
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Here we define necessary and sufficient conditions
for any fuzzy ideal to be a fuzzy primal ideal.

Remark 8. A fuzzy ideal § is a fuzzy primal ideal
and  is a fuzzy adjoint ideal to & if and only if for
all v, pneR such that pAvel, pef implies vel and
conversely, whenever there

exist fuzzy ideal  contains p there always exist an
element v such that v¢/ and pavel.

Remark 9. It is straightforward that, for any fuzzy
ideals p and v of R, vAutogether with p is not a
fuzzy prime element to a fuzzy ideal / whatever
elementv, their difference p-v shall be a non-fuzzy
prime to /.

Proposition 4. Every fuzzy adjoint ideal to a
fuzzy primal ideal is a fuzzy prime ideal.

Proof. Let R be a fuzzy commutative ring and £ be
a fuzzy adjoint ideal to a fuzzy primal ideal&.
Following definition5, vapimplies that vg¢& and
all elements which are not a fuzzy prime to fuzzy
ideal I forms an ideal (fuzzy adjoint ideal) { such
that pel= for all elements of a fuzzy ring R ;9,0,
1... which are fuzzy prime to a fuzzy ideal / are
not contained in {, so we have Oapel=pel and
0¢C hence C is a prime fuzzy ideal.

Proposition 5. Fuzzy primary ideal of a ring R is
a fuzzy primal ideal.

Proof. Suppose & is a fuzzy primary ideal clearly &
is a non-constant and for any two fuzzy ideals v
and p of R, vapeé implies pe&orveVE. Suppose
peéso vg\/E_, = P be a fuzzy adjoint ideal to &
such that for all elements ;9.0, ... in a fuzzy ring
R, SAveP and thus & is a fuzzy primal ideal.

Proposition 6. Every fuzzy irreducible ideal in a
fuzzy ring R is a fuzzy primal ideal.

Proof. Suppose [ is a fuzzy irreducible ideal of a
ring R, also elements L, |, are contained in / so
that for all elements 9, 6, ... in a ring R we
have, OAp, €1, and OAp, € 1. We have to show that
I is a fuzzy primal ideal, let < 1 >= R, where <1 >
is a fuzzy (improper) principal ideal of R. Since 1,
A<1>e Jand yp, A< 1>e [ Clearly I: py A< 1>
and I: p; A< 1> are proper divisors of I hence their
intersection I: ya< 1 >N L A< 1>=[L<p +

W># I=u; Al 1S not a prime to / and thus by
remark7 and remark8, / is a fuzzy primal ideal.

3.2. Fuzzy Strongly Primal Ideal

In this section we introduce and discuss fuzzy
strongly primal ideal of an integral domain.

We also establish few connections of fuzzy
strongly primal ideals.

Definition 6. Let R be a fuzzy ring with quotient
field K and I be a fractionary fuzzy ideal of R. An
element pek is said to be a fuzzy strongly prime
to an ideal / if vapel, implies vel

(wherev, pek).

Definition 7. A fractionary fuzzy ideal § is said to
be a fuzzy strongly primal ideal of an integral
domain R, if all the elements fuzzy non-prime to
an ideal & form an ideal C (a fuzzy strongly adjoint
ideal to a fuzzy strongly primal ideal).

In remark 10, we give necessary and sufficient
condition for any fuzzy ideal to become a fuzzy
strongly primal ideal.

Remark 10. A fractionaryfuzzy ideal & of a fuzzy
integral domain R is a fuzzy strongly primal ideal
and ¢ is a fuzzy strongly adjoint ideal to [ if and
only if there existy, vekK

(Quotient field of R) such that pAve& and peé it
implies ve( and conversely, whenever vel, there
always exist u not contained in Esuch thatpAve&.

Remark 11. If an ideal / is a fuzzy strongly primal
ideal then togetherpav, withv is not fuzzy strongly
prime to / whatever the elementv, pavshall be not
strongly prime to /.

Proposition 7. If R is an integral domain then
every fuzzy strongly adjoint ideal to a fuzzy
strongly primal ideal is a strongly prime fuzzy
ideal.

Proof. Let R be a fuzzy integral domain and Cbe a
fuzzy strongly adjoint ideal to fuzzy strongly
primal idealé. Following definition12, we have
elementspy, veK (quotient field of R) such that
pAvel, upgand there exist a fuzzy strongly
adjoint ideal{which contains v.

By assumption for all elements (w0, m...€eK)
strongly prime to &, OAvelsuch thatvel
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=(is a strongly prime ideal.

Proposition 8 .In an integral domain R a strongly
fuzzy primary ideal is a fuzzy strongly primal
ideal.

Proof. Suppose & is a strongly fuzzy primary
ideal, clearly & is non-constant and for any two
elementsy, veK (quotient field of R),uavel
implies pe& orveVE . Suppose peé so veVg =P
be a fuzzy strongly adjoint ideal to&, such that for
allp,B, n...eK fuzzy strongly prime elements tog,
Oave P=\E and thus & is a fuzzy strongly primal
ideal.

Proposition 9. Every fuzzy strongly irreducible
ideal in a fuzzy ring R is a fuzzy strongly primal
ideal.

Proof. Straightforward as in proposition 8.

3.3. Fuzzy almost Primal Ideal

In this section we introduce fuzzy almost prime
ideal of a fuzzy integral domain.

We call an element p of a fuzzy ring R a fuzzy
almost prime to an ideal I if, whenever pua vel-I*
=>ve L

We may define few more terminologies.

Definition 8. A fuzzy ideal / of a fuzzy ring R is
said to be a fuzzy almost prime if pave I-I
implies either pe [ or ve I.

Definition 9. A fuzzy ideal § is said to be a fuzzy
almost primal ideal of fuzzy commutative ring R,
if it is non-constant and for any two elementsy,
VeR, such that paveé-£* and whenever peéthere
exist a fuzzy ideall such thatvel. We call C a
fuzzy almost adjoint ideal to a fuzzy primal ideal&.

Definition 10. A fuzzy ideal I of a fuzzy ring R is
said to be a fuzzy almost primary if whenever
pave I-I implies pe 7 or verad (I), wherep, veR.

Definition 11. Let / be a proper fractionary fuzzy
ideal of fuzzy integral domain R, / is said to be a
fuzzy strongly almost primary ideal if for anyy,
veK (quotient field of R) uave I-I impliespe 1 or
veVI. If VI=P then we call I a strongly almost P-
primary ideal.

Here we discuss few relations among the defined
ideals.

Proposition 10. Fuzzy almost primary ideal of a
fuzzy ring R is a fuzzy almost primal ideal.

Proof. Let & be a fuzzy almost primary ideal of
fuzzy ring R. Clearly pavef -&  implies
neforveVE. Assume peg it implies ve VE=P be a
fuzzy almost adjoint ideal to & such that for all
elements & (u, 0, 1...) contained in R, OAveVE=P,
this implies that  is a fuzzy almost primal ideal.

Proposition 11. Every fuzzy almost adjoint ideal
to a fuzzy almost primal ideal is a fuzzy almost
prime ideal.

Proof. Let R be a fuzzy ring and { be a fuzzy
almost adjoint ideal to fuzzy almost primal ideal &.
Following definitionl1, we have pave&-&
implies that there exist a fuzzy adjoint ideal {such
thatug& there exist a fuzzy ideall such thatvel
this implies that for all y, 6, ... not contained in
€, we have OAave(l implies vel=C is a fuzzy
prime ideal.
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