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1. INTRODUCTION

One of the cornerstones of analysis is the
Hadamard inequality, if [a, b] with a < b is a real
interval and f: [a, b] - Ra convex function, then

a+b

1 b f(a)+f(b)
f(T) < Efa fx)dx < - (1.1)

Over the last decade this has been extended in
a number of ways. An important question is the
estimating the difference between the middle and
rightmost term in the (1.1). In recent years, this
classical inequality has been improved and
generalized in a number of ways and a large
number of research papers have been written on
this inequality [see 5-8, 10-13, 15-16, 20] and the
references therein. The following identity is a
useful building block.

In recent years, lots of efforts have been
made by many mathematicians to generalize the
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classical convexity. For example, Ben-Israel and
Mond [4] discuss the role of invexity in
optimization; some more researchers extended the
idea of this generalization [1, 3, 14, 15, 17-19,
21].These studies include among others the
work of Hanson [8], Weir and Mond [18]. Noor
[13, 14] has studied basic properties of the
preinvex functions and their role in optimization,
variational inequalities and equilibrium problems.
Hanson in [9], introduced invex functions as a
significant generalization of convex functions.
Ben-Israel and Mond [4] gave the concept of
preinvex function which 1is special case of
invexity. Let us first recall the definition of pre-
invexity and some related results.

Let K be a closed set R"™and let f: K — Rand
1n: K X K = Rbe continuous functions. Let x € K,
then the set K is said to be invex at xwith respect

ton(.,.).
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Ifx+tn(y,x) € K.Vx,y€ K,te€ [0,1]

Kis said to be invex set with respect to 7 if Kis
invex at each x € K. The invex set K is also called
a n-connected set.

Definition 1[16]. The function f on the invex set
Kis said to be preinvex with respect to 1, if

fx+ty,0))<A-f) +tf),Vx,y
€K,tel[01]

The function f is said to be preconcave if and only
if —f is preinvex.

It is to be noted that every convex function is
preinvex with respect to the map n(x,y) =x—y
but the converse is not true [17-18] and [21].

Dragomir and Agrawal [7] established the
following result connected with the Hadamard
inequality, as well as to apply them for some
elementary inequalities for real numbers and
numerical integration.

Lemma 1.Let f:/° SR - E be differentiable
function on I° ,a,b€1°, witha<b.If f'€
L'[a,b], then

f@+ fb) 1
b—a

2
(b—a)ffl(f’(tﬁ (1-1t)b) —
2 0 Jo \ f'(ua+(1—uwbh)

fbf(x)dx

) (u — t)dtdu.

Definition 2 [10]. A function f:[0,00) - R is
said to be s-convex or fbelongs to the class Kif

flux +vy) <p’ f(x) +vE f(y)

holds for all x,y € [0.,) and u,v € [0,1], for
some fixeds € (0,1].

Note that, if 4 +v* =1, the above class of
convex functions is called s-convex functions in
first sense and represented by Kl and if u+v =1
the above class is called s-convex in second sense
and represented by K2

It may be noted that every 1-convex function is
convex.

This paper is in the continuations of [12],
which provides more general and refine results
aspresented in [12].This paper is organized as
follows: after Introduction, we discuss some new

s-preinvex-Hermite Hadamard type inequalities
for differentiable function in Section 2, and in
Section 3 we give some applications for some
special means of real numbers of the results
formulated in Section 2. In Section 4 we gave
some applications to quadrature formulae. Finally
conclude our results and applications in Section 5.

2. MAIN RESULTS

Before proceeding towards our main theorem we
need the following equality which is the
generalization of Lemma 1 for invex sets. We
begin with the following Lemma.

Lemma 2[3]. LetK € R be an open invex subset
with respect to 7:K XK — R and suppose
f:K - R be differentiable function. If |f'| is
integrable on the 77-path P,., ¢ = a + n(b, a),then

following inequality holds:

2

f(@)+ f(a+nb,a) 1 a+n(b,a)

2 " 1, a)J; f(x)dx
= 1) flll = 2t| f'(a+ tn(b,a))dt

0

Theorem 2. Let K € R be an open invex subset
with respect to n7: K X K — Rsuppose that f: K —
Rbe differentiable function. If|f’|9 is preinvex
onkK, then the following inequality holds:

b, 1 a+n(b,a)
n(b,a) 5.2° , ,
< k+u6+mhvmn+vwma@

For q = 1and everya, b € Kwith n(b,a) # 0.

Proof. By using Lemma 2, we get

2

f(a) + f(a +n(b, a)) 1 a+n(b,a)
2 _U(b,a)L f)dx
1
< ne®, a)f 11— 2¢t| f'(a + tn(b,a))dt
0

since|f'| is s-preinvex on K for everya,b € Kand
t € [0,1].we have
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Fat b, @) < (- FIf @I+ O )
f@+fla+nba) 1 (o100
2 Gl O
b, 1
10D [1-21110 - 071 (@)
0
+ @I Bde27)

<

Where we use the fact

1 1
f|1—2t|(1—t)5dt=f |1 — 2¢t] t5dt =
0 0

5.2
(s+1D(s+2)

By (2.8), and (2.7),we get (2.6).

] (2.8)

Theorem 3. Let the assumption of Theorem 2 are
satisfied with p > 1,such that q = ﬁ if the

mapping |f'|%is concave on [a,b] .then,

f@+ fla+nb a) 1 a+n(b,a)
2 _U(b, a)fa fx)dx

(0 +1)p | fazj| (2.9)

<

n(b,a)
2

Proof. By using Lemma 2, we obtain

f@+ fla+nb a) 1 a+n(b,a)
2 0, L fxdx

n(b,a) flu —2t| f'(a+ tn(b,a))dt  (2.10)
2 Jo

<

By applying Holder’sinequality on the right side
of (2.10). we have,

J- [1— 2t| f’(a + tn(b, a))dt <
0

1 p % 1 q é
(f |1 - 2¢t] dt) (f If'(+tn(b, @))| dt) (2.11)
0 0

Here

1 p %
f|1—2t| dt:fu—zovdt:
0 0

1
1
2t —DPdt = ——,(2.12
| @e—rac=— @2
2

Since|f'|%isconcave, by applying Jensen’s integral
inequality on the second integral of R.H.S of
(2.11.) we have

1 q 1
flf’(a+tn(b.a))| dts(f todt)
0 0

S (a+ (b, @) de
J, todt

q

+b
- | 4 (2.13)

2

By (2.10), and (2.12),and (2.13)we get (2.9).

Theorem 4. Let the assumption of Theorem 2 are
satisfied with p > 1,such that q = ﬁ if the

mapping |f'|%is s-preinvex on [a, b].then,

f(@ + f(a+n,a) 1 a+n(b,a)
2 0, fa fxdx

n(b,a) <|f'(a)|q + |f'(b)|1
20 + 1)% s+1

)E.(2.14)

Proof. By using Lemma 2, we obtain

f(@ + f(a+n, a) 1 a+n(b,a)
2 - 7, a)L f)dx

n(b,a) flu —2¢1f'(a+ tn(b,@))dt (2.15)
2 Jg

<

By applying Holder’s inequality on the right
side of (2.15). we have,

1
f [1— 2t|f’(a + tn(b, a))dt <
0

(jolll - 2t|p dt)% (fol|f'(a

q
+tn(b, )| dt) (2.16)

since |f'| is s-preinvex on K for everya,b €
Kand t € [0,1]. we have

If'(a + tn(b, )|’

<@ -°lf @7+ (©°If (b)]9.
And
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1 P 2
f|1—2t| dt=j(1—2t)pdt
0 0

1
=| Qt-1Pdt=——o
L(t )P dt p+1
2

1 q
f If'(a+mb,@)| dt =
0

If' (@] + |f'(b)|
s+1

By (2.16), and (2.17), we get (2.14).

(2.17)

Corollary 5. From theorem 4 the assumption of
Theorem 2 are satisfied with p > 1,such that

q= ﬁ if the mapping | f’|4is s-preinvex on
[a, b].then,

f(a) + f(a + n(b, a)) 1 a+n(b,a)
2 ) .fa f(x)dx

- n(b,a) ( 1

- —) @I+ 17Ol
2(p+ 1)p

Proof. The above inequality is obtained by using
the faCt Z?:l(ai + ﬁl)k S Z?:l(ai)k +

L1(B) for k € (0,1) with 0 <%, for
p>1.

Theorem 6. Let the assumption of Theorem 2 are
satisfied with p > 1,such that q = ﬁ if the

mapping |f'[%is s-preconcave on [a, b].then,

f@+fla+nba)
2

1 a+n(b,a)
n(b,a) f fx)dx

b,a 1 s
77(2 )(p+1)1°.2 a

a+b|?
=

a+b|?
r=-| eis

Proof. We proceed similarly as in Theorem 4. By
s-preconcavity of |f'|9we obtain

, wr’

= -

FF (a+ ;)| de = X3 I
(2.19)

Now (2.18) immediately follows from Theorem 1.

Theorem 7. Let the assumption of Theorem 4 are
satisfied, we have another result:

f@+f(a+nba) f
2 n(b,a) a

a+n(b,a)

f)dx

1
n(b,a)ys.2% + 1] If' @1+ If (B)]9\4
= E T G+Dero ) @20
Proof. By using Lemma 2, , we get

a+n(b,a)

f@+fla+nba) f
2 n(b,a) J,

flx)dx

1
< n®, a)f 11— 2t| f'(a + tn(b,a))dt
2 0

1

b, L v
_n( a)f 1 - 2]
2 0

11— 2t|%|f’(a +tmb,a))|dt  (2.21)

By applying Hélder’s inequality on (2.21), for
q > 1,we have,

f(@ + f(a+n,a) 1 a+n(b,a)
2 - 7, a)L f)dx

1

< "(bz <) (f 11— 2t|dt)E

1 a q
(f 11— 2¢l|f'(a + tn(b,a))| dt) (2.22)
0

since |f'| is s-preinvex on K for everya, b € Kand
t € [0,1].(2.22) can be written as:

f(@ + f(a+n,a) 1 a+n(b,a)
2 0, fa fxdx

n(b a) f n

—2tl[(1—-¢)° If' (@)
+ @©°1f (b)I]th

_”“;H)f |—2¢/ [(1 — O°If (@)

+ @©°1f (b)l]th (2.23)

Where we use the fact from Muddassar et al [12],



New Integral Inequalities of the Hermite-Hadamard Type through Invexity 149

1 1
f|1—2t|(1—t)5dt=f |1 — 2¢t] t5dt
0 0
_ s.2% ]
Tl +D(s+2)

By(2.23), and (2.24), in(2.21),we get (2.20).

Corollary 8. From Theorem 7 Let the
assumption of Theorem 4 be satisfied with p >

1,such that q = ﬁ if the mapping |f’] is s-

preinvex on [a, b].then,

f(@ + f(a+n,a) 1 [emnba)
2 0, a)L fx)dx

n(b, a) 525+1
=7 prn

]|f()|+|f(b)|
20p

Proof. Theproof is similar to that of Corollary 5.

Theorem 9. Let the assumption of Theorem 2 are
satisfied with p > 1,such that q = ﬁ if the

mapping |f'| is s-preconcave on [a, b].then

f(@)+f(a+n(b,a)

2
1 a+n(b,a)
e a)f fx)dx
’ a
1
n(b,a) s.25 + 17a ,a+bq
S —| -@225)

2P

Proof. We proceed similarly as in theorem 6. By
s-concavity of |f'|9we obtain

1 q
f 11— 2¢t||f'(a + t(b,a))| dt=
0

a+ b
2 |.(2.26)

1
.25+ 17a
5]

Now (2.25) immediately follows from Theorem 1.

Theorem 10. Let the assumption of Theorem 2
are satisfied, then

f@+ fla+nb a) 1 a+n(b,a)
2 _U(b, a)fa fx)dx

1

n(b, a) s2+3s+4 a
=77 ((s T DG +2)(s + 3)) F (@l
+IF D). (2.27)

Proof. From Lemma 2

‘f(a) + f(a +n(b,a)

1 a+n(b,a)
() f f@x)dx

n(b a) f’(a+tn(b.a))> ~
ff(f’(a+un(b,a)) fu = tldtdu

n(b,a)

I a)f f (£ (a+tn(b,@))) lu— tldtdu
J:f (f’(a+un(b, a))) |lu — t|dtdu

=n(b, a)J. J- ( (a+ tn(b, a))) lu

— t|dtdu. (2.28)

since |f'| is s-preinvex on K for everya, b € Kand
€ [0,1].we have

f(a) + f(a +n(b, a)) 1 a+n(b,a)
2 - 7, a)L f)dx

n(b,a) (*[* o1 e 1 gt
STL fo[(l—t) TROEXONIZONT
— t|dtdu (2.29)

But

1 1
fftslu—tldtdu=
0 Y0

(1—1t)%|u—t|dtdu =
s2+3s+4
(s+1)(s+2)(s+3)

By (2.29) and (2.30),we get (2.27).

1,1

A (2.30)

Theorem 11. Let the assumption of Theorem 2
are satisfied. Furthermore, if the mapping |f'|%is
s-concave on [a, b]. For ¢ > 1,then,

b, 1 a+n(b,a)

f@ +f(c;+ n(b,a)) _n(b,a)f Fx)dx| <
2 % ,atb

n(b,a) ((p + 1D+ 2)) F'= | @30

Proof. From Lemma 2
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f(a) + f(a + n(b, a)) 1 a+1(b,a)
2 0, fa fxdx

S77(b2,a)f1j-1( f'(a+tn(b,a)) )Iu—tldtdu
0

—f’(a + un(b, a))

< U(bz, ) fol J;l (f’(a + tn(b, a))) |u — t|dtdu

+TI(b2_:‘1)f01L1(f’(a+uU(b'a))) |lu — t|dtdu

1,1
=n(b, a)f f (f’(a + tn(b, a))) lu
o — t|ldtdu. (2.32)

By applying Hélder’s inequality in
(2.32),we have,

f(@) + f(a+nb,a)
2

1 a+n(b,a)
),

f()dx

o=

nb,e)  (F(atmba)')

=772 e
dtdu <f f |lu — t|P dtdu)
o Jo

But

folfollu—tlp dtdu =
fol Uou(u — OPdt + ful(t ~ u)pdt} du =

CERCED)

Since|f'|%isconcave, by applying Jensen’s integral
inequality on the first integral in R.H.S we have

1,1 q
f f |f'(a+tn(b,a))| dtdu <
0 Yo

f1|f’(a + tn(b, a))|q dt

fol l(foltodt> O Jy todt
- fo 1 '

a+b|?
- |fT| (2.35)

Hence (2.33), (2.34), and (2.35), together imply
(2.31).

Theorem 12. Let the assumption of Theorem 2
are satisfied. Futhermore, if the mapping |f’|%is s-
preinvex on [a, b]. For ¢ > 1,then,

f@+fla+nba) f
2 n(b a)

a+n(b,a)

f)dx

2 E(If’(a)l" + I D)
)p+2) (s+1)

Proof. From Lemma 2

‘f(a) + f(a +n(h,a))

<n(b,a) [(p — )(2.36)

a+n(b,a)

fx)dx

1, a)f

1, a)f f ( f'(a+tn(b,a)) >|
—f'(a+un(b,a))
— t|ldtdu <

n(b, a)

flfl (F(a+ (b)) lu— tldedu
0 Jo

+n(b, a)

fol fol (f'(a +un(b, a))) |lu — t|dtdu
=n(b,a) J;)l fol (f’(a + tn(b, a))) lu

— t|dtdu. (2.37)

By applying Hdélder’s inequality in (2.37), we
have,

f(@) + f(a+n(b,a)
2

a+n(b,a)

Yl(b D). f(x)dx

1

1,1 a\q
n(b,a)(j j |f’(a+tn(b,a))|>
< o Jo (2.38)

1,1
dtdu (f j |u — t|P dtdu)
0o Jo

Since |f’| is s-preinvex on K for everya, b € Kand
€ [0,1].we have
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f@ +f(a+nba)
2

1 a+n(b,a)
(b, a)f fx)dx

1 1
< n(b,a) f f (1 - O°If (@)
0 0
+ (O°If (b)) dedu)d (2.39)
But

[[f-sman= [ oo

G Dm0

11 11
f f tSdtdu = f f (1 —t)5dtdu
0 Jo 0 Jo L

CEE)

(2.41)

By (2.39), (2.40), (2.40), and (2.41),(2.41), we
have(2.36).

Corollary 13. From Theorem 12, Let the
assumption of Theorem 2 are satisfied.
Futhermore, if the mapping |f’[%is s-preinvex on
[a, b].For g > 1,then,

f(@)+f(a+n(ba)

2
1 a+n(b,a)
(b a)f f(x)dx

’ a

1

2 P 1 a. .
=1 a [(p D0+ 2)] ((s T 1)) (If' (@
+1f (D)

Proof. The proof is similar to that of Corollary 5.

Theorem 14. Let the assumption of Theorem 2
are satisfied. Futhermore, if the mapping |f'|%is s-
preconcave on [a, b].For g > 1,then,

f(@)+f(a+n(b,a)
2

a+n(b,a)
(b, f fx)dx

<n(b,0)|

(» + 1)(p + 2)]

Proof. We proceed similarly as in theorem 10.
By s-preconcavity of |f'|9we obtain

1 01 q
j j |f’(a + tn(b, a))| dtdu
0o Jo

< 25‘—1

a+b|?
f’T| (2.43)

Now (2.42), immediately follows from Theorem
1.

Theorem 15. Let K € R be an open invex subset
with respect to n: K X K — Rsuppose thatf: K —
Rbe differentiable function. If|f'|? is s-preinvex
on K, then the following inequality holds:

f(@) + f(a+n(b,a))

2
1 a+n(b,a)
_ ). fl(x)dx
<n(b,a) s?+3s+4 q
-2 <2(s+1)(s+2)(s+3)>

3p

UF @17 + | ()] 9)e(2.44)

Proof. From Lemma 2

f(@) + f(a+n(b,a)

2
1 a+n(b,a)
Tl O
n,a) (**( f'(a+ b a)
=72 fofo(—f'(awn(b.a))) &
— tldtdu

< 77(192: ) fol fol (f’(a + tn(b, a))) |lu — t|dtdu

+n(b, a)

f1f1 (£ (a +un(b, ®)) u — tldtdu
0“0

=1n(b,a) fol fol (f’(a + tn(b, a))) lu

— t|dtdu. (2.45)

By applying Holder’s inequality in(2.45) we
follows as,
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f(@) +f(a+n(ba)

2
1 a+n(b,a)
(b a)f f(x)dx

’ a

Sn(b,a)UOlfolm

—t||f’(a

+ tn(b,a))| > dtdu(f f lu

1

1%
—t| dtdu) (2.46)

Here

1 1 1
f f |lu — t| dtdu = = (2.47)
o Jo 3
And

1 1 q
f f lu—tl|f'(a+ tn(b,a)| dtdu
0 0
1 1
Sn(b,a)f f (Ju— t(1 = O%If (@)
0 0
+ lu —t|(O)°|f' (b)|9dtdu) (2.48)

Since |f'| is s-preinvex on K for everya,b € K
and t € [0,1].we have

By solving (2.48), we have

1,1 q
f f lu—tl|f'(a+ tn(b,a))| dtdu
o Jo

s*+3s+4
(2(5 +1D(s+2)(s+3)

T 1F (B)]9)0(2.49)

a
) (f @I

Relations (2.46), (2.47), and (2.49) together
imply (2.44).

Corollary 16. From theorem 15,Let K S R be an
open invex subset with respectton: K X K - R
suppose thatf: K — Rbe differentiable function.
If|f'|9 is s-preinvex on K, then the following
inequality holds:

f(@ + f(a+n,a) 1 a+n(b,a)
2 ) .fa f(x)dx

1

s?+3s+4 )q Uf @

2s+ D(s+2)(s +3)
+ 1 ()D

- 1

n(b,a) (
3p

Proof. Theproof is similar to that of Corollary 5.

Theorem 17. Let K € R be an open invex subset
with respect to 7: K X K = Rsuppose thatf: K —
R be differentiable function. If|f’|? is s-preconcave
on K, then the following inequality holds:

f(@)+ f(a+n, a)) a+n(b,a)
2 (b, a)f fydx

nb,a)[ s?+3s+4 |" 2| _a+b
[(s +2)(s +3) f —| (2.50)

Proof. We proceed similarly as in theorem 12.
By s-preconcavity of |f'|9we obtain

1,1 q
f f lu—tl|f'(a + tn(b,a))| dtdu
0o Jo

[52+35+4]q a+b
< I
(s+2)(s+3) 2

| 2551)

Now (2.50) immediately follows from Theorem 1.

3. APPLICATION TO SOME SPECIAL
MEANS

We now consider the applications of our theorem
to the special means.

(a) The arithmetic mean;

A= A(ab)—ﬂ ab >0,
(b) The geometric mean;
G =G(a,b) :=+ab, a,b >0,
(¢) The Harmonic mean:
2ab
H—H(a,b)-—m, a,b >0,
(d) The logarithmic mean:
a, ifa=>b
L=L(a,b):={ ifa % b a,b >0,
Inb—lna’
(e) The identric mean:
a, ifa=b
I=1(a,b) =<1/b" p-a a,b
—-\— , ifa#b
e \a*
>0,
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(f) The p- logarithmic mean:

I =1(a,b)
a, ifa=b

=<r| pPH—grtl ) a,b >0,
—' i
GrDe-o "

The following inequality is well known in the

literature in [9] :

H<G=<L<I<A

It is also known that Lp is monotonically
increasing over p € R,denoting L, = I and

L—l = L

Proposition 1. Letp > 1,0 < a < b and ﬁ.then

one has the inequality.

|A(a, b) — L(a, b)|

< Unb=Ina) ), 1o,

< 3 (3.52)

Proof. By Theorem 10 applied for the mapping
f(x) = e* for s = 1..we have the above
inequality (3.52)

Proposition 2. Letp > 1, , 0 < a < b and

q= ﬁ.then one has the inequality.

I1—a1-b)
G(1—a,1—-b)

< exp ((b%a) H™ (|1 —al,|1 - bD)

Proof. By Theorem 12 applied for the mapping
f(x) =—-In(1—x) for s =1.
Another result which is connected with p-

logarithmic meanLp(a, b) is following one :

Proposition 3.Letp > 1,0<a <b andq = £

p—1

|[A[1 =)™ (1= B)" = L[(1 — )™, (1 — b)™]|

<Inl(b- )| I1- a1

2
CERCE ol [
~pl)]"

Proof . Following by Theorem 15, settingf (x) =
1—x)"|n|=2andn € R fors = 1.

4. APPLICATION TO QUADRATURE
FORMULA

Let D be the division or the partition of the
interval [a,blie.dia=xy<x; <--<n-—
1 < x,, = b, and consider the quadrature formula

fbf(x) dx

= S(f,D)

+R(f,D) (4.53)

Where

S(f: D) = Zﬁ;éw('xk+l - xk)For the

trapezoidal version and R(f, D) denotes the
related approximation error.

Proposition 4. . Let K € R be an open invex
subset with respect to : K X K — Rsuppose
that f: K — Rbe differentiable function.

p
Iflf'| -1 g s-preinvex on K, p > 1,for every
division D of [a, b], then the following
inequality holds:
1

1 < s.25+1 )q

p+1
o (s+1D(s+2)

|R(f,D)| <

n-1
D Geieer =12 [If Gl + 1 (s ) 1(454)
k=0

Proof. Applying Corollary 8 on the subintervals
X1, Xk+1], (k = 0,1, ... ....n — 1) of the division D
and using the fact :

1B < X4 (@) + X ()"
for (0 < r < 1) and for each m both @,,, ty, =
0,we have

1 ka“f(x) _f (xk+12_ xk)

Xk+1 — Xk

s.25+1 % ,
G+ (s + 2)) [If ol
+ |f" (xr+1)11(4.55),

= p+1

Xk+1 _xk(
2p
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Summing over k from 0 to n — 1 and taking into
account that|f'| is s-preinvex ,

By triangle inequality ,we have

b
[ r@ac-s¢.p

{0 = G =001 (’“"—”")}‘ <

[y

n—

2.

k=0 ~"*k 2

n-1

{ "0 = e —1f (M)}

k=0

Xk 2
n-1 n
X X
IRGELDI < D s = ) £ ()
k=0
L™t @se)
- X .56),
Xk+1 — Xk Jxp !

By combining(4.55), (4.56),we get (4.54).

Proposition 5. Let K € R be an open invex
subset with respect to n: K X K — Rsuppose
that f: K — Rbe differentiable function.

P
If] '] /o-1) js s-preinvex on K, p > 1,for every
divisionD of [a, b], then the following inequality
holds:

|R(f.D)|Si1( s2+3s+4 )q
37 2+ D(s+2)(s+3)

n-1

D Gtier = 107 [IF (0l + I Ceir) ]
k=0

Proof. The proof is similar to that of Proposition
4 and using Corollary 16.

5. CONCLUSIONS

Convexity has been playing a key role in
mathematical programming, engineering, and
optimization theory. The generalization of
convexity is one of the most important aspects in
mathematical programming and optimization
theory. There have been many attempts to weaken
the convexity assumptions in the literature. A
significant generalization of convex functions is
that of invex functions introduced by Hanson [9].
Ben-Israel and Mond [4] introduced the concept of
preinvex functions, which is a special case of
invexity. Pini [17] introduced the concept of

prequasiinvex functions as a generalization of
invex functions. Noor [13, 14] has established
some Hermite-Hadamardtype inequalities for
preinvex and log-preinvex functions. In this paper
we developed more results on hermite-
Hadamard’s type inequalities by weaken the
condition of convexity and found some new
results which are related with some special mean;
we also applied these results on quadrature rules
that gave better estimates than previously
presented. We can further find some new relations
in the same way as above associating with some
special means by taking some other convex
functions. For example, choosing different convex

functions like f(x) = —Inx, f(x) =§ and

f(x) = —In(1 — x) for different values of sin s-
invexity (concavity), we get new relations relating
to some special means.
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