Proceedings of the Pakistan Academy of Sciences 51 (3): 247-257 (2014)
Copyright © Pakistan Academy of Sciences
ISSN: 0377 - 2969 (print), 2306 - 1448 (online)

+ Pakistan Academy of Sciences

Research Article

Generalized Ostrowski Type Inequalities on Time Scales
with Applications

Sabir Hussain' and Khurrem Shehzad®”

'Department of Mathematics, University of Engineering and Technology, Lahore, Pakistan
2Department of Mathematics, Virtual University of Pakistan, Lahore, Pakistan

Abstract: Generalized Ostrowski type inequalities for function of three independent variables on time
scales are derived that generalized some existing and classical inequalities with some applications for
generalized polynomials.

Keywords: Ostrowski inequality; generalized polynomial; Time scales; rd-continuous function

1. INTRODUCTION

The role of mathematical inequalities within the mathematical branches as well as in its enormous
applications should not be underestimated. The appearance of the new mathematical inequality often puts
on firm foundation for the heuristic algorithms and procedures used in applied sciences. Among others
one of the main inequality, which stipulates a bound between a function evaluated at an interior point x
and the integral mean of f over an interval, called Ostrowski inequality is defined as [9]:
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where f: [a, b] - R is a differentiable function. The constant factor%is the best possible one. It has a lot of

applications in numerical analysis, probability theory and in special means. P. Cerone et al. [3] proved an
Ostrowski type inequality for n-times differentiable function. For other similar results for n-times
differentiable functions, see [1, 2, 4, 5]. Sofo determined an Ostrowski type inequality in three
independent variables [14]. For more results about Ostrowski consults various prior publications [7, 10,
11, 15,16, 17, 18, 19, 20, 21].

Our main purpose in this paper is to prove some new results related to an Ostrowski inequality in
three variables on time scales, generalizing some existing and classical results. Some applications to
generalized polynomial are also given.

In Section 2, some time scales essentials are given. In Section 3, some new results are given and in
the last Section 4, some applications for generalized polynomials are given.

2. TIME SCALES ESSENTIALS

A time scale (or measure chain) is a non-empty closed subset of the real R, together with the topology of
subspace of R and we usually denote it by the symbol T. The two most popular examples are T = R and
T =Z . For any interval I of R (open or closed) It = I NT is called a time scales interval. We define
the forward and backward jump operators o, p: T — T by:
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o(t) =inf{s € T:s > t}andp(t) = sup{s € T : s < t},

(supplemented by supT = inf¢ and supd = infT where ¢ denotes the empty set).The set TXis
defined to be T if T does not have a left scattered maximum; otherwiseit is T without this left scattered
maximum. The graininess p: T — [0, ) defined by
u(t) = o(t) — t.
Hence the graininess function is constant 0 if T = R while it is constant 1 if T = Z.
However, a time scale T could have nonconstant graininess. Let f: T—R, be a function then
f9:T—>R defined by f°(t) = f(o(t)) for t€ T,where o(t) is defined above. We also, say that f is

delta differentiable (or simply: differentiable) at t € TX provided there exists an @ such that for all € > 0
there is a neighborhood X of t with

£ (c(®) = £(s)] — alo(t) —s]| < elot) — s forall s € X.

In this case we denote the & byf2(t), and if f is differentiable for every t € TX, then f is said to be
differentiable on T and f2 is a new function on TX.If f is differentiable at t € T, then it is easy to see

that
lim f—(t) AC) if ut)=0~0
A =

s—t(s€T) t—s
fla®) - f(®)
u(t)

Several useful delta derivative formulae can be recorded in [13, Lemma 1,2] (see also [12]).

if u)>0

A continuous function f:T — Ris said to be pre-differentiable with D ¢ T¥ (where T*\D is
countable) as differentiation region, contains no right scattered elements of T and f is differentiable at
t € D. A function f is called regulated if its right sided limit exist at all right dense points in T and its left
sided limit exist at all left dense points in T.If there exist a pre-differentiable function F such that

FA() =f(t) VteD
Then F is called pre-antiderivative of f and indefinite integral of f is defined by
[ At =F(t)+C

Where C is a constant and

t
ff(T)AT =F(t) — F(s), for s,t € T.

A function f: T—R is said to be rd-continuous, provided it is continuous at every right-dense point
and its left sided limit exists at every left dense pointin T. We denote the set of functions f: T—>R whose
nth order derivative is rd-continuous by Cj%; (T, R),n € N. The importance of rd-continuous functions is
revealed by the following existence result by Hilger [8]. Every rd-continuous function possesses an
antiderivative.

The generalized polynomial is the function by : T> — R, k € N, defined recursively as follows
ho(t,s) =1 forall s,t € T, and given hyfork € N, the functionhy, ; is given by:
t
hi+1(t,s) = f hi(t,s) At forall s,t €T.
S

3. MAIN RESULTS

To make the presentation compact and easier to understand, we make some symbolical representations.
Here, n,m, g € Nand k a non-negative integer.
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_ (hp(r,ay), a, <r<x B {hm(s, a,), a,<s<y
ba(x,m) = {hn(r, b)), x<r<b’ MO (b)), y<s<b,
h,(t,a3) a;<t<z _

_ q y 13 ), 3 _ A™ 1 k
S,(z,t) = { ot by, etehy Wmk()=XnCOf (c*@)-

Xpr1(x0) = (=DFhyeys (x, a1) + (=1)** T hyey 1 (x, by)
Yer1(¥) = (_1)khk+1(y: a,) + (_1)k+1hk+1(3’: b,)
Zr+1(2) = (—1)khk+1(z; az) + (—1)k+1hk+1(2; b3)

Lemma 1. Let f:[a;,b;]ly » Rbe a function such that f € CX;([ay, byl R),0<k<n-—1. If
graininess, y, is constant. Then, for x € [ay, b;], the following identity holds:

by n-1 by
f Fa"@®) At = ) X () F7 (04 (0) = (-1)" f PaCx, ) f2" (DA ©)
a1 k=0

a;

Proof. Consider

b

Io(0) = (=DMo(an, x,by) = (~D" f B, 0) F (00(D)AL.

Jno(ay,x,x) = f hn(t,00) F2" (6°©)AE = |t a) 2" (@ O)I;, - j ha(t,ay) 47 (0 (D))t

= h,(x,a)fY" " (6°(%) = Ju-11 (a1, %, 2)(3)
Similarly:

by
Jn0(x, %, by) = f h(£,b) 2" (0°(D)AE = —hn(x, b)) (6°00)) = Jno12 (e x,b) (@)
Addition of (3) and (x4) yields:

In,o(x) - In—l,l(x) = _Wn,o(x)- (5)
Similarly:
Ly (0) = L 2(x) = —wp_q1(x)
Il,n—l(x) - IO,n(x) = _Wl,n—l(x)-
Addition of these relations yields:
n-1
In,O(x) = IO,n(x) - Z Wn—k,k(x)-
k=0

And hence (2) is proved.

Remark 1. The above identity (2) generalizes the identity in [6]. In particular for T = R it is re-captured.
Moreover by using the properties of modulus and supremum norm, for T = R,we get [6, Theorem 1] and
for n = 1 we recapture the classical Ostrowski inequality (1).

Theorem 1. Let a;, b; € T,1 < i < 3; let g:[[3_;[a;, b;lT = Rbe rd-continuous function such that the
3k+l+pg(.,.,) 0 <
Axkaylaze 77 —
13- [a;, b;]r.Then, for (x,v,2) € T2, [a;, b;], the following inequality holds:

=

partial derivatives k<n—-1,0<1<m-—1;0<p<q—1 exist and are continuous on
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by by b3 —1m-19-1
[T ] stermome.00)acasar - Z Y Keas s )21 (2
a: “az “das k=0 1=0 p=0
ak+l+pg (O.n—k—l(x)’ O.m(y)’ O'q(Z) - n-1m-1 bs
x Ty AP DI ICIC /. S0
9ty (a" 1 (x), 6™(), 07(0)) s b,
x S EyTAc At + (—Dm ) z Xers@Zpia(@ | Gn:9)
k=0 p=0
ak+m+pg (O.n—k—l(x)’ O'm(S), O'q(Z)) o n-1
X AxkAs™AzP As +(=D)™™ Z i1 ()
k=0

gl+mrag ("1 (x),0™(s), 0 (1))

AEASTALA AtAs + (—1)"+1

by bz
x j 2 f 009520
an+l+pg(r, a™(y), Uq(z))

A —1 n+q+1
ArmAylAZP r+ (=1

by
x Vs ) Zps1(2) f P (x,7)

gm*ag(r,a™ (), a(®)

AtA + -1 m+n+1
ArnAylALd r+ (=1

bs
f P (x,1)84(z2,t)

1=0 41 “ds

aMtm*P g(r, 6™ (s), 09(2))
Ar"As™AzP

AsAr

X
= ~Q
i

by by
Zpsr(2) f f P57 O3 S)

an+m+qg

by by b
ArtAsMALd f f J. |Pn(x: r)Qm()’; S)Sq(Z, t)|AtASAT. (6)
o Ya1 Yaz Yas

Proof. Consider the following identity by lemma 1:

by
f f(a“(r))Ar—ZXkﬂ(x)fA (o7+1) + 0n [ RGenr e, @

a

For the partial mapping g(.,a™(s), 59(t)) for (s,t) € [T, [a;, b;]
g (o™ (@), a™(s), 0% (1))

Axk

ok
[ s(on0),m(s), 000 = Z X (0

o"g (r, oc™(s), o1 (t)) A
Arn 4

by
Yy f Py(x,7)

1

®)
A —integrating over s € [a,, b, ]

fbl szg(an(r) o™ (s),a%(t))AsAr = Z Xy1(x) sz o (an_k_l(za)cfm(@,aq{t)) As

b1 by n m
+(-1)" f f PG ) g(r'am(rsl)'aq(f)) AsAr ©

2
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kg™ k1(x), . ,09(0)
( Ak ) on [ay, b,] for (x,t) € [ay, b1] X [as, bs]

For the partial mapping

]b2 otg (" 10,0 (), 0©0) R Mg ("W, 0, 0(0)

S =
k k Ayl
a; Ax e Ax*Ay

b, ak+mg (a"1(x), 6™ (s), 0 () )
XY (¥) + (—1)mf Qm,s) Ak AeT As. (10)

Similarly:

sz a"g(r,a™(s),09(t)) As = mz_:l 0™ tg(r,a™(y), a%(1))

n l 1+

by gntm m q
reom [ 0n, 0TI OSIO) )y

2

From (9) — (11)

by b,
[ stemaromnor@)msar

n-1m-1 ak+1g (O.n—k—l(x)’ O.m(y)’ O-Q(t))
- Z Z Xir1 (s ) Ly
k=0 =0

+ (=1)™ Z Xk+1(x) j Qm(y, 9 k+mg (o‘"—k—l(x), O'm(s),O'q(t)) A

AxkAs™ s

by an+l m q
e 2 Yl+1()’)f P, (x,7) 9(r. :”A(;I) d (t))
=0 a
by rb

+ (—1)mn J 1 ] O O L] LA O AL O) JY

. 12
a; Jay ArmAs™ (12)
A —integrating over t € [as, bs]
by by by n-1m-1
[T [ alommomnot@acasar =3 > X s )
a, Ja; Jasz k=0 =0
by 9k*1g (O'n_k_l(x), a™(y), O.q(t)) n-1 by bz
< Ty B+ (DY K@) [ [ om0
as y k=0 as as
0"+ (6" (x), 0™ (5),09(1)) = by (3
x i aeas + D" Y ¥a®) [ [ B
xkAs & ay Jas
Mg (r e (), 01(®) by bz rbs
AtAr + (—1)m+nf f f B, (x,7)Qm(y,5)
ArnAy! ay Ja, Ja, n m
g (o™ (s),07(®)

ArnAST AtAsAr. (13)
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Where,
fbs ak+1g (O.n—k—l(x)’ o.m(y), O-q(t)) \ qz_lz ( ) ak+l+pg (O.n—k—l(x)’ O'm(y), O.q(z))
t= z
a Ax*Ay! p+l Ax*AylAzP
N G O L) y
— t.
(1) f al#t) AxFAyTAL (1

as

ok mg ("I, o), 010) 8Py (M 0,0M(9),0%(2)
a AxkAs™ L= 2 p+1(2) AxkAs™AzP
b kg (gm0, 0™(s), 0%(0))
—1)4
=D f Sq(2,8) AxFASTALT

as

At. (15)

]b3 0"”9(1‘, o™ (y), aq(t)) Af = qz_lz @ 6””“’9(7’, o™ (y), O—CI(Z))
= o+

a5 Arm Ayt ArmAytAzP
b3 an+l+qg(r’ O.m(y)’ O’q(t))
—-1)4 Sq(z,t At. 16
+( ) L3 q(Z ) ATnAylAtq ( )

And

fb3 an+mg(r, a™(s), aq(t)) Af = qz_lz @ an+m+pg(r’ a™(s), o (z))
= p+1

as Arm™As™ Ar™As™AzP

6"+m+qg(7‘, a™(s), o (t))

bs
+(=1)1 f Sq(z,t) At. (17)
a ArmAs™AL
From (13) — (17), we have
by rb, b n-1m-149-1
f f f g(a™(r), 0™ (s),a%(t))AtAsAr = Z Xie+1()Y141(01)Zp41(2)
a1 “dz “as k=0 1=0 p=0
ak+l+pg (O.n—k—l(x)’ O.m(y)’ O'q(Z) -1m-1
x Ax*AylAzP + (=11 Z Z(; X1 (Y1 () L3 Sq(z,t)
0"+t g (gm k1), o™ (y), (D)) SR b,
X AxkAylAta At + (—=1)™ kz Z Xk+1(x)Zp+1(Z) —]:12 Qm(,s)
gk+m+p g (O'n_k_l(x), a™(s), Uq(Z)) . n-1
—1)m+4q
8 Ax*As™AZP As+(=1) EX"“(X)
k=0
b2 (ba gk g (g™ K1(x), 0™ (s), 0 (1) )
AtA -1)"
XLZ as Um0, 5)3(=.2) AxkAs™Atq tAs + (=1)
m-1q-1
by an+l+pg(r o.m(y) O.q(z))
) 7 A _1 n+q
x Vi1 )21 (2) j RN r+ (1)
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an+l+qg(r’ O.m(y)’ O'q(t))
ArmAytAtd

b3
f P (x,1)84(2,t) AtAr + (—=1)™+
a

1=0 dy “d3
™M g(r, 6™ (s), 0%(2))

AsA
ArmAs™AzP Sar

by by
x> Zpr (@) j f PP (3, )

amtmrag(r, g™ (s), a(t))
ArtAsTAL

by by (bs
+(—1)”+m+qj f j P, (x,7)Qm(y,5)S4 (2, t) AtAsAr. (18)

The relation (6) follows from (18).

Remark 2. Relation (18) generalizes the relation (2.5) in [14], and for T = Rit is re-captured. By setting
x e alT*-bl ;Y e azTH’Z and z » %Tﬂhin (18), we get the generalization of [14, Corollary 2.3] and for

T = R[14, Corollary 2.3] is re-captured. For T = R and by using the different norms such as L, L, and
L,, @ > 1, norms and some mathematical calculations, from (18) [14, Theorem 2.4] is re-captured.
Similarly, by setting T = R, we re-capture [14, Corollaries 2.6, 2.7] at the respective boundary points.

Corollary 1. Let a;,b; €T, 1 <i < 3; let g:[[3_,[a;, b;]T — Rbe rd-continuous function such that the

partial derivatives ————-,0<k<1;,0<[1<1,0<p<1 exist and are continuous on
Ar®AStALP

13- [a;, b;]r. Then, for (x,y,z) € [13.,[a;, b;], the following inequality holds:

b1 rby ras
[T [ stem.00.00)ams8r - %, 1029 (x,00,00))

bz
+ X, ()Y, (y) S.(z,0) ag(x, ai);), a(1)) At

; 9g(x,a(s),0(2)) A
As s

b,
+ X1 (x)Z1(2) Q1(y,s)

az

b, rbs 2
—X1(x)f 0 g(x,a(s),a(t))

Q1(y,5)S1(z,t) ASAL AsAt

az

by
+Y1(y)Zl(z)f P, (x,7) ag(r, ag};).a(z)) A

2%g(r,0(y),0(1))
ArAt

9%g(r,0(s),0(2))
ArAs AsAr

AtAr —

by albs
~ V) f f P, 1)S; (2, )

by by
~Z,(2) f f P60 ()
ay ap
d3g
ArAsAt

by pby ras
f f f 1P, (x,7)04 (3, )5, (z, £) |ALASAT. (19)

Remark 3. Relation (19) is the generalized Ostrowski type inequality in triple integral on general time
scales.

The following result is the classical Ostrowski type inequality for triple integrals.

Corollary 2.(continuous case) Let T=R, n=m=q=1;, k=1l=p=0and
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2°g(x,y,2)

9532 ||oo - SUp 0x0yoz

(x'y'z)e(a1'b1)x(a2'b2)x(a31b3)

Then (19) takes the form:

bl bZ 3
f f f g(r,s, t)dtdsdr — (b3 — a3)(b, — a;)(by —ay)g(x,y,2)
aq as

b, b3
(bs — as)(by — a) f 9065, 2)ds + (by — a)(by —ar) | gCey, dt
az

as

by
+(b3 — az)(b, — az)f g(r,y,z)dr — (b3 — a3)f 9(7’; s,z)dsdr

az

by (b3 by b3
~Gr-a) [ [ gtyodir - -a) [ [ gGus.duds
aq as ap as

o ” (r—a;)?+ (by —1)? (s — az)* + (by — 5)* (t — a3)® + (b3 — t)?

< llgvsell,, > > > (20)

4. APPLICATIONS FOR GENERALIZED POLYNOMIAL
Example 1. (Discrete case) Let T = Z. Then, we have

(t—s)® (s—t+k)®
T e

for s,t € T and k € N, where the usual factorial function, (k), is defined as n¥) = Z—: for k € N and

hk(t, S) =

(n)© = 1 for n € Z. In this case the inequality (6) reduces to the following inequality:

b1-1b;-1b3-1 n- 19-1 p 1 &k
Zng(r+n,s+m,q+t) Z Zzz (—1)k+t+p-a=p-T
r=aq S=az t=a3 k=0 =0 = a=0 = I'=0

oy (1 7y (b — x 4+ k + DED 4 (—1)*(x — g )k+D
X (a) (ﬁ) (r) (k + 1)!

(by =y + 1+ DD 4 (DY — ) D (by — 2+ p + DOV 4 (~1)P(z — a5) PV
% A+ ®+ 1)

n-1m-1 1 k bs-1

q
xgx+n—k—1+T,y+m+p,z+q+a)— ZZZZ( 1)k+i=6-p-T

k=0 1=0 6=0 8=0T=0 t=as

(b _ k 1)(k+1) (_1)k( _ )(k+1)
X(g)([lg)(lli) 1—Xx+r+ - ++1)! X —aq

Lo —yHlt DD + (—D)(y — ap) D
+ 1)

p m k
p—a—T— (by — k 1)(k+1) (_1)k( _ )(k+1)
535 comrere) ()l b st s

k=0p=0s=a, a=0n=0T=0

Sq(z,t)

gx+n—k—1+Ty+m+B,t+q+06)

n-1q-1by-1
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(=24 p+ DO 4 ()P — a) P
(p+ 1)
n-1b2-1b3-1 q m k

DI

=0s=a, t=a3 6=0n=0T=
Xglx+n—k—1+T,s+m+nt+q+8)Qy,( s)S;(z1t)

n l 14
B (b —y + 1+ DU + (=Dl (y — ap) Y
- z z Z 2(_1)l P R ) I+ 1)!

gx+n—k—1+T,s+m+nz+q+90)

y (b3 —z+p+ 1DPD 4 (=1)P(z — a3) PV

] gor+v,y+m+p,z+q+a)

m-1b1—-1b3-1 n

Z Z Z Z Z: Zi: —1D)Y=B=8 B (x,7)S, (2, t) (b —y+1+ Da;li)(!_l)l(y — q,)+D

=0 r=a; t=a3z P=0

q-1byi—1b—1 p

Xgir+hy+mfrqro) -y > ZiZ( DPH17 B (6, 1) Qo (3, 5)

p=01r=a4 s=a, a=01n=01yY=0
y (b3 —z+p+ DP + (=1)P(z — az)P+V
(p+ 1)

gr+yv,s+m+nz+q+a)

bi—1by—1b3—1

<M Z Z Z 1P, ) Qe (3, 5S4 (2,8)].

r=a, S=a, t=as

Where, M =maximum value of the absolute value of

over[ay, by — 1] X

n 1
z z (DY g(r+ s+ m 1, t+q +95),

—

az, by — 1]z x [az, by — 1]y

Example 2. (Quantum calculus case) Let T = gNo with ¢ > 1.Then in this case Ostrowski inequality (19)
takes the following form:

(b1/(qa1)) (bz/(qaz)) (bg/(qas))
z z Z g9(aq qr+1 qs+1,a3qt+1) — (b3 — a3)(b; — ay)

loggb3/(qa3))

X (by —ay)g(x,qy,qz) + (b, — az)(by — ay) Z S1(z,azq")

t=0

loggbz/(qaz))

+ (b3 — az)(by — ay) Z Q1(y, a2q°)

s=0

g(x qy,q*t) — g(x,qy, qt)
q(qg — Dt
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lo (b1/(qaq))
9q
g(x q%s,qz) — g(x,qs,qz)
+ (by — a3) (b, — ay) Z P, (x,a;q")
q(q — Ds 3 3)\0; 2 Z 1 14

Og‘(lbz/(qaz)) loggb3/(qa3))

— (b - ap) Z Z 0103, @:0°) $1(2,a34")

o 9(qr,qy,qz) — g(r,qy,qz)

(q—Dr
g(x,sq% tq®) — g(x,sq% qt) — g(x,5q,tq*) + g(x,sq, tq) b, —a)
st(q? — q)? 2
(b1/<qa1>) (b3/<qa3))
z 2 9(qr,qy,tq*) — g(r,qy. tq*) — g(qr,qy,qt) + g(r,qy, tq)
rqt(q — 1)?

loggbl/(qal)) loggbZ/(qaZ))

X P(x,0,107) $i(2,a3%) = (bs — a3) Z Z Py (x,0,4") 01 (v, 426°)

g(qr sq?,qz) — g(qr,qs,qz) — g(r,sq?,qz) + g(r,qs,qz)
rqs(q — 1)?

loggbl/(qal)) loggbz/(qaz)) loggb3/(qa3))

s M Z z Z IPl(x; alqr)Ql(y' azqs)sl(Z, a3qt)|.
r=0 s=0 t=0

Where, M is the maximum value of the absolute value of

9(qr,qs,qt) + g(r,s,qt) + g(r,qs,t) + g(gr, s, t)
rst(q — 1)3
_g(r,qs,qt) + g(qr, s, qt) + g(qr,qs,t) + g(r;s, t)
rst(q — 1)3

over [ay, by /qlgne X [az, ba/qlgno X [az, ba/q]gmo
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