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Abstract: In this paper we introduce a subclass M P s(al;;/ ) of meromorphic multivalent starlike

functions of order Y defined by Dziok and Srivastava operator. The main object of this paper is to

investigate various important properties and characteristics for this class. Further, a property preserving

integrals is considered.
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1. INTRODUCTION

Let >, be the class of functions of the form:

1 <
f(2) Z—p+2akzk (peN {1,2,...}), (L1

which are analytic and p-valent in the punctured
unitdisc U' = {z:z€ Cand

0< |z| <1} =U \{0}. For functions f(z)e2,
given by (1.1) and g(z) € >, defined by

00

2(2) Z%+Zbkzk (peN),

k 0O

(1.2)

then the Hadamard product (or convolution ) of
f(z) and g(z) is given by

(Fr)e) S+Yabs (@@ (13
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For real numbers «,,...,a g

B, ¢Z, {0-1,-2,..};

define the generalized hypergeometric function
JFi(a..a; B, B;z) by (see, for example,

[15, p.19])
qF;(al,...,aq;ﬁl,...,ﬂs;z)

= (ay)-(a,), i

kZ? (B (B k!
(g<s+1;,q,seN, NuU{0}; zeU),

and f,,..., B,

L,2,...,5), we now

(1.4)

where (6), is the Pochhammer symbol defined, in
terms of the Gamma function I", by

0, L@ _N1 (v 0;0eC =C\{0})
YTOTO) | 8@+))..0+v-1) (veN; 6eQ).
(1.5)

Corresponding to the function
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hp (ala'"’aq;ﬂp‘ua ﬁs;z), defined by
hp(al,...,aq;ﬂl,...,ﬂs;z)
=z7* qFS(al,...,aq;,Bl,...,ﬂs;z),

we consider a linear operator

H, (s s B) D 2 200

(1.6)

which is defined by the following Hadamard
product:

H (o, ; B, B,) f(2)
= hp(al,...,aq;,b’l,...,ﬂs;z)*f(z).

We observe that, for a function f(z)of the
form(1.1), we have

H,(a,...a; B, B)f(2)

(1.7)

i (1.8)
=z7* +zrk+p(al)akzk.
k=0
where, for convenience
), 1
Fk+p(al):( Diey iy . (19)
(ﬂl)k+p"'(ﬂs)k+p (k+p)'
If, for convenience, we write
H, (a)=H,/(&,..a;pB,..5) (1.10)

then one can easily verify from the definition
(1.8) that (see [14])

2(H,, (@) f(2) =aH,, (@+])f(2)
_(al + p)Hp,q,s (al)f(z)'

1.11)

The linear operator H, (@) was investigated

recently by Liu and Srivastava [14] and Aouf [3].
Some interesting subclasses of analytic functions
associated with the generalized hypergeometric
function, were considered recently by (for
example) Dziok and Srivastava [6, 7],
Gangadharan et al [8], Liu [12].

We note that:

(i) H,,(@Lo)f(2)=L,(a,0)f(2)(f(2)€X,,

a>0,c>0) (seeLiuand Srivastava [13]);

H,, (n+tp,p;p)f(z)=

(i1) . 1
D f (@) =—————x f(2) (n>—p, peN)
Z

(1)
(see Aouf [1] and Uralegaddi and Somanatha
[16]);

(i) H,, (v,Lv+1)f(2)=F, (f)(2)
(v>0, peN) (see Aouf [1], Uralegaddi and
Somanatha [16] and Yang [17]).

Making use of the operator H , (@) f(2), we
say that a function f(z) €Y, is in the class

M,, (0{l ; 7/) if it satisfies the following

inequality:
Re HPsq.s(al+1)f(z)_( +1) <_p(a1—l)+]/ (1.12)
Hp,q,s (al)f(z) al

or, equivalently, to

A, @) /()

Hp,q,s (al )f(Z)

(@,..a, eRand §,..., B,

eR\Z;;peN; g,5 € N; (1.13)

g<s+1; 0<y<p; zel).

We note the following interesting relationship with
some of the special function classes which were
investigated recently:

i) M,, (n+10)=M
2D

(i) M, (n+La)=M,(a) (neN,; 0<a<])
(see Aouf and Hossen [4]).

(n € No) (see Aouf

n

Also, we note that:

() M,,,(n+p;y)=M (n;7) (n>-p)

:Re{ D f(2) _(p+1)}<—pn+]/;

D" f(2) n+l (1149

(i) Mp,z,l(a,c; 7) =M, (a,c; ]/) (a,c > O)
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L,(a+L0)f(2)
=Re
L,(a,c)f(2)
p(a —1)+7
—a .

—(p+1>}
(1.15)

< —

In this paper along with other things we shall
show that a function f(z) € X ,, which satisfies

the condition (1.12) is meromorphic multivalent
starlike in U”. More preceisely it is proved that
for the classes M, (0{1 ; }/) of functions in . ,,

Mp,q,s(al +1’7/)C Mp,q,s(al;y)

holds. If ¢=2, s=1, a,=p =1
then Mp,u(l;}/): >'(y) is the class of

meromorphic multivalent starlike functions of
order y (O Sy< p). The starlikeness of members

(1.16)

and o, =1,

of Mp,q,s(a1§7) is a consequence of (1.16).
Further for 1 >0 , let

F(z)=

T j P £ ()t (1.17)

it is shown thatF(z)eM,
f(z)eM, q,s(a1§7)~ Also it shown that if

f(2)eM,, (a;y) then

(a;;7) whenever

n+1 ¢

I 7 f (0t

F(z )— (1.18)
belongs to Mqu(a] +1,}/) for F(z)#0 in U".

Some known results Bajpaj [5], Goel and Sohi
[10], Ganigi and Uralegaddi [9], Aouf and Hossen
[4] and Aouf [2] are extended.

2. PROPERTIES OF THE CLASS
Mp,q,s(al;y)

Unless otherwise mentioned, we assume

throughout this paper that :

Ay € R and
BB, eR\Z;,peN, q,seN,,q<s+1,

a, >0, 0<y<p;zel.

In proving our main results, we shall need the
following lemma due to Jack [11].

(Jack [11]) Suppose
nonconstant

Lemma. w(z) be a
U with

w(0)=0. If |w(z)| attains its maximum value at

analytic  function in

apoint z, €U on the circle |z| =r<]1, then
zZ,W'(z,) = W(z,), where ¢ >1 is some real
number.

Theorem 1. Mp’q’s(a1 + l;j/)c M, (al;}/).

Proof. Let f(z)e M (0{1 +1; }/). Then

P48

R Hp,q,s(al + Z)f(Z)
e ~(p
Hp,q,s(a] + l)f(Z)

We have to show that (2.1) implies the inequality

Rel Hrac @+ /@) (| pla=Dt7 (22
H,, (@)f(z)

Q

)< LATY (2
al

Define w(z) in U ={z : zeCand |4 < 1} by
H,, (a+])f(z)

— 1
Hpqs(al)f(z) (p+ )
__p@=D+r p-y 1-w@)
al

a, T+w(z) |

2.3)

Clearly w is regular and w(0) = 0. Equation (2.3)
may be written as

Hp,q,x (o, +1) f(2) _at (al +2p _27/)W(Z) (2.4)
H,, (a)f(z) a(l+wz)

Differentiating (2.4) logarithmically and using the
identity (1.11), we obtain

Hp,q,s (al + 2)f(Z) _ +1
i @i Y
po+y & +(a, +2p-2y)w(z)

a, +1 ( +1)(1+w(2))

_a+p-y 22w(2) (2.5)
o, +1 (al +1)[1+w(2)][e, + (e +2p—27)W(2)]

that is

Hp,q,s(al +2)f(Z) _( +1)+ pal +7/

HM’S (o, +D) f(2) a, +1
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_1=w)
Py 1+w(z)
o, +1

(2.6)

2zw(2)
[1+w(@)][ &+ (e +2p-27) W(2)

We claim that |w(z)| <1 in U.For otherwise (by

Jack's Lemma) there exists z, € U such that
z,w'(zy) = w(z,) (2.7)

where|w(zo)| =1 and { >1. From (2.6) and (2.7),

we obtain

Hp,q,s(a] + 2)f(ZO) _
Hp,q,s (o, +1) f(2)

_ 1-w(z,)
1+w(z,)

( +1)+M

A

o, +1

(2.8)
. 26w(z,) '
[14w(z)][ & +(a +2p=27) w(z)) |

Thus

Hp q S +2) f(z))
Re = -
H,, (o, +1)f(z)

> p=7 >0
2(e, +1) (e, + p—¥)

(p+1)+

pao, ty
a, +1

which contradicts (2.1). Hence |W(Z)| <1lin U and
from (2.3) it follows that f(z) € Mp’q,s(a'l;]/).

Putting q:2,s:1,a1:n+p(n>—p) and

a,=p=p

following corollary.

( pE N) in Theorem 1, we obtain the

Corollary 1. M, (n + l;y)c M, (n;}/).

Putting ¢=2,s=La =a>0, a,=1 and

S, =c>0 in Theorem 1, we obtain the following
corollary.

Corollary 2. M, (a +1,¢c; }/) M, (a, c; }/).

Theorem 2. Let f(z) € ¥, satisfy the condition

Re{Hpaq,s(al +1)f(Z) _(p +1)}

H,, (@)] () 0o
g (p-7)-2(pa,—p+y)(c+p-7)
2a,(c+p-7) '
Then
F(z) ==t [t £ (t)dt (1> 0) (2.10)

0
belongsto M, (al;]/).

Proof. From the definition of F'(z), we have

!

z2(H,, (@)F(2)) =uH,, (a)f(z)
~(u+p)H,, (@)F(2)

using (2.11) and the identity (1.11), the condition
(2.9) may be written as

2.11)

H, . (e +2)F(2)
(o, +1) Hi;,s(alﬁl)F(z) _(al +1_,U)

Hy 4.5(@)F(2) )

Re
P.9q,S
a, _(a] “HE (@ FG)

2.12)
. (p-7)-2(p, —P+7)(,U+P—7).
20, (u+p-y)

We have to prove that implies the inequality

Re{Hp,q,s(al +1)F(2) _ (p + 1)} <_

H,,(@)F(z)

pla-1)+y
0(1 |

Define w(z) inU by

H a+D)F(z
P,q,s( 1 ) ( )_(p+1):
Hp,q,s(al)F(Z)

_{P(al—1)+7+p—y I—W(Z)}

a a, 1+w(z)

(2.13)

Clearly w is regular and w(0) = 0. The quation
(2.13) may be written as

H (o, +)F(z)

p$‘1’s(
H, (a)F(2)

o+ (g +2p-2y)w(2)

 q(1+w(2))

(2.14)
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Differentiating (2.14) logarithmically and using
the identity (1.11), we obtain

(a +1) pgs (@ T2)F (2)
(a,+1)F (z)
aal,q’s(alnLl)F(z)
-~ H,,(a)F(z)
2(p 7/)ZW (2)
[1+w(z) [, +(e+2p-27)w(2) |

pqs

(2.15)

The above equation may be written as

(0, +2)F ()
( +1)F( e riza)
H, (@)F()

(@ +DF(2)

(al+1) By

al_(a1_ﬂ)
(@, +DF(z)
_ pqs 1
H_(are Pt

N 2(p—7)zw'(z)
[1+ w(z)][oc, +(a, +2p-27) w(z)]

—(p+D

(2.16)
1

,,(@)F ()
H,, (a,+DF(z)

o, — (o, — )
which, by using (2.13) and (2.14), reduces to
H,, (a+2)F(z)

H,, (o, +)F(2) _(al +1—y)
a —(a —Iu) HP,q,s(al)F(z)
1 1 Hp’q’s(a1 +1)F(z)

__Jpla-Dty p-y 1-w)
al

a, 1+w(z)

(o, +1)

—(p+1)

(2.17)

+|: 2(p-y)zw'(2) }

o [1+w@)][ p+(u+2p-27)w(2) | |

We claim that |w(z)| <lin U. For otherwise (by

Jack's Lemma) there exists z, € U such that
zZ,W'(zy) = w(z,) (2.18)

where |W(ZO)| =1 and { >1.From (2.17) and

(0!1 +2)F(z,)

) H (@ +DF(Gy) (“l”_”)_( o
(o) L@
T\ H H,, (& +1)F(z)

:_{ pla-1)+r p-y 1= w(zo)}

a, o 1+w(z,)
(2.19)

. 2(p-7)imz,) .

o [1+w(z)|[ u+(u+2p-27) w(z,) ]

Thus

H,, (o, +2)F(z,)
(o, +1) p,q,s(al+1)F( . (a, +1—y)

Re HM,S (@)F(z) —(p+1)

== ) g D (zy)
>(p—7)—2(pal—p+7)(ﬂ+p—7)

2, (p+p-7y)

which contradicts (2.9). Hence |w(z)| <lin U and
from (2.13) it follows that F'(z)e M , (0{1 ; )/).

Putting ¢ =2, s =1,a, :n+1(n>—1) and

a, = f, =1in Theorem 2, we obtain the following
corollary.

Corollary 3. Let f(z) € >, satisfy the condition

D"’ f(2)
Re{ ——————— 1
e{D”“’lf(z) (o )}
(2.20)

(p=r)=2(pnt+y)(u+p-7)

2(n+1)(,u+p—)/) ’
then F(z)is given by (2.10) belongs
to Mp(n;;/).
Putting g=2,s=la,=a>0, a,=1and

B, =c >0 in Theorem 2, we obtain the following
corollary.

Corollary 4. Let f(z) € 3., satisfy the condition

o)

%L (a+1,0)f(z)
Re{ 2L
L, (a,c)f(2)
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(p—7)=2(pa—p+y)(u+p-7)

<
2a(pu+p-7y)

, (2.21)

then F(z) is
to M, (a,c; 7).

given by (2.10) belongs

Theorem 3.If f(z) e M, | (al;}/), then

F(z) = ”tll jz"“’ f(0)dt (222)
z 0

belongsto M, (a, +1;y) for F(z)#0 in U™

Proof. We have

uH, (o) f(2)=aH,, (o, +1)F(2)
(o -mH, , (2)F(2)

and

pH,, (e +)f(2)=(a +1)H, , (& +2)F(2)
~(a,+1-wH, , (e, +DF(2).
(2.24)

(2.23)

Taking 1 = ¢, in the above relations, we obtain

(al + 1) H,, (+2)F(z)-H,
aal,q,,s (a] + l)F(Z)
_H,, (a,+Df(2)

H,,.(a)f(2)

(o, +1DF(z)
(2.25)

which reduces to

(a+) H,, (0 +DF(@) 1

a, Hpqs(oz1 +DF(z) ¢

” (2.26)

— Hp,q,s (al +1)f(Z)

Hp,q,s (al)f(z) .
Thus
Re{(a‘ +1) Hp,q,s(a1 +2)F(z) —L—(p-i-l)}

a, Hp’q’s(oc, +DF(z) ¢

=Re w_@ﬂ) <_M (2.27)
H,, ()f(2)

1

from which it follows that

_raty
a, +1

R Hp,q,s(al +2)F(Z) _ 1 <
“VH,, (@, +DF () (p+1)

ThenF(z)eM , | (0{1 +1; )/). This complete the
proof of Theorem 3.

Remarks:

(i) Taking g¢=2,s=La =n+1(n>-1),

a,=pf =1 and ¥ = 0,in all our results,
we obtain the results obtained by Aouf [2];
(i) Taking ¢=2, s=lLa,=n+1 (n > —l) and

a, = 3, = p =linall our results, we obtain
the results obtained by Aouf and Hossen [4];

(iii)) Taking
a,=B=p=1 and ¥ =0,
results, we obtain the results obtained by
Ganigi and Uralegaddi [9].

q=2, s=1,a1:n+1(n>—1),

in all our
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