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Abstract: In this paper we introduce several new subclasses of analytic p vhalent functions which are 
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 and 

investigate various inclusion properties of these subclasses. Many interesting applications involving these 

and other families of p  valent operators are also considered. 
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1.  INTRODUCTION 

 

Let )( pA denote the class of functions of the form: 
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 (1.1) 

 

which are analytic and p valent in the open unit 

disc }1|:|{  zzU . A function )()( pAzf   is 

said to be in the class )(

p
S  of p valently 

starlike of order  , if it satisfies 
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 We write 
 
pp

SS )0( , the class of p valently 

starlike in U . A function )()( pAzf   is said to 

be in the class )(
p

K  of p valently convex of 

order  , if it satisfies 
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It follows form (1.2) and (1.3) that 
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 The classes )(

p
S  and )(

p
K were studied by 

Owa [1] and Patil and Thakare [2]. 

 

 Furthermore, a function )()( pAzf   is said 

to be p valently close-to-convex functions of 

order   and type   in U , if there exists a 

function )()( 
p

Szg  such that 
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 We denote by ),( 
p

B , the subclass of )( pA  

consisting of all such functions. The class 

),( 
p

B  was studied by Aouf [3]. 

 

 Suppose that )(zf  and )(zg  are analytic in 

U . Then we say that the function )(zg  is 

subordinate to )(zf if there exists an analytic 
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function )(zw in U  with zzw )(  for all 

Uz , such that ))(()( zwfzg  , denoted 

fg   of )()( zfzg  . In case )(zf  is univalent 

in U  we have that the subordination )()( zfzg   

is equivalent to )0()0( fg   and )()( UfUg   

(see [4]; see also [5],[6, p. 4]). 

 

  For the functions )2,1()( jzf
j  defined by 
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we denote the Hadamard product (or convolution) 

of )(
1

zf and )(
2

zf  by 
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  Let M  be the class of analytic functions 

)(z  in U  normalized by 1)0(  , and let S  be 

the subclass of M consisting of those functions 

)(z  which are univalent in U  and for which 

)(U  is convex and   )(0)(Re Uzz   . 

 

 Making use of the principle of subordination 

between analytic functions, we introduce the 

subclasses )(),( 
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 and ),( 

p
C  of the 

class )( pA  for S, , which are defined by 
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  We note that for 1p , the classes 

)()(),()(
11

 KKSS   and 

),(,(
1

 CC   are investigated by Ma and 

Minda [7] and Kim et al [8]. 

 

 Obviously, for special choices for the 

functions   and   involved in the above 

definitions, we have the following relationships: 

1
,

1

( 2 )
( ) (0 ),

1

p p

p p

z
S S

z

p p z
S S p

z

 

 

 
 

 

   
     

 
 

1
,

1

( 2 )
( ) (0 ),

1

p p

p p

z
K K

z

p p z
K K p

z

 
 

 

   
     

 
 

 

1 1
, ,

1 1
p p

z z
C C

z z

  
 

  
 

( 2 ) ( 2 )
, ( , ) (0 , ).

1 1
p p

p p z p p z
C C p

z z

      
       

  
 

 

Furthermore, for the function classes ],,[ BAS
p


 

and ],,[ BAK
p  investigated by Aouf ([9, 10], it is 

easily seen that 
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And 
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(see Aouf [10]). 

 

  For real or complex number cba ,,  other than 

,...2,1,0   , the hypergeometric series is defined 

by 
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where 
k

x)( is Pochhammer symbol defined by 
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 We note that the series (1.8) converges 

absolutely for all Uz  so that it represents an 

analytic function in U  (see, for details, [11, 

Chapter 14]). 
 

Now we set 
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and define )(
,

zf
p  by means of the Hadamard 

product 
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This leads us to a family of linear operators 
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 After some computations, we obtain 
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 From (1.12), we deduce that 
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  We note that; 
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 The operator ),( p

z

  was introduced and 

studied by Patel and Mishra [16]: 

 

 (v)  
,

,

( , , 1) ( )

( ) ( )

p

p

I p p p f z

J f z p





    

   
, 

 where p
J

,  is the generalized Bernardi-

Libera-Livingston operator defined by (3.1) 
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 We also note that: 
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 Next, by using the general operator 
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 We also note that 
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and 
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 Inclusion properties was investigated by 

several authors (e.g. see [18], [19], [20] and [21]). 

In this paper, we investigate several inclusion 

properties of the classes ),;,,(
,

 cbaS
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p  associated 

with the general integral operator ),,(
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Some applications involving these and other 

families of integral operators also considered. 

 

 

2 . INCLUSION PROPERTIES INVOLVING 

p
I

,
  

 

To establish our main results, we shall need the 

following lemmas. 
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and 0)( zg  for all Uz . Then, by using 

arguments similar to those detailed above with the 

identity (1.13), it follows that 
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which completes the proof of Theorem 1. 
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Remark 1. Putting 1p  in Corollary 1, we 

obtain the result obtained by Noor [15]. 

 

Theorem 2. Let pap  ,  and p . Then 

, ,

1,

( 1, , ; ) ( , , ; )

( , , ; ) ( ).

p p

p

C a b c C a b c

C a b c S

 



   

  
 

 

Proof. Applying (1.15) and Theorem 1, we 

observe that 

 

( ) ( 1, , ; ),

( 1, , ) ( ) ( ),

( ( 1, , ) ( )) ( ),

( )
( 1, , ) ( ),

f z C a b cp

I a b c f z K pp

z I a b c f z S pp p

zf z
I a b c S ppp

 
 
 

  

   

   

    

 

 

 

( )
( 1, , ; ),

( )
( , , ; ),

( )
( , , ) ( ),

( , , ) ( ) ( ),

( , , ) ( ) ( ),

( ) ( , , ; ),

zf z
S a b cp p

zf z
S a b cp p

zf z
I a b c S ppp

z I a b c f z S pp p

I a b c f z K pp

f z C a b cp

 
 
 

    

   

   


  

  

  

 

 

and 

 

 

,

,

1,

1,

1,

1,

( ) ( , , ; )

( , , ; )

( , , ; )

( , , ) ( ) ( )

( , , ) ( ) ( )

( ) ( , , ; ),

( )

( )

p

p

p

z
p pp

p p

p

f z K a b c

S a b c

S a b c

I a b c f z S

I a b c f z K

f z K a b c

zf z
p

zf z
p
















 

  

  


  

  

  





 

 

which evidently proves Theorem 2. 

Taking 

 

);11(
1

1
)( UzAB

Bz

Az
z 




  

 

in Theorem 1 and 2, we have 

 

Corollary 2.  Let  ppap ,,  and 

11  AB .  

Then 

   

 

, ,

1,

1, , ; , , , ; ,

, , ; ,

p p

p

S a b c A B S a b c A B

S a b c A B

 
 




 


 

 

and 

   

 

, ,

1,

1, , ; , , , ; ,

, , ; , .

p p

p

K a b c A B K a b c A B

K a b c A B

 



 


 

 

Theorem 3.  Let pap  , and p . Then 

, ,

1,

( 1, , ; , ) ( , , ; , )

( , , ; , ) ( , ).

p p

p

C a b c C a b c

C a b c S

 



     

    
 

 

Proof.  We begin by proving that 

 

, ,( 1, , ; , ) ( , , ; , )

( ; ; ; , ).

p pC a b c C a b c

p a p p S

      

      
 

 

Let ),;,,1()(
,

 cbaCzf
p

 . Then, in view of 

(1.7), there exists a function )()( 
p

Szh  such 

that 

.)()(
)(

))(),,1((
,

Uzz
zph

zfcbaIz
p





   

 

 Choose the function )(zg such that 
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)()(),,1(
,

zhzgcbaI
p

 . Then );,,1()(
,

 cbaSzg
p

 
 

and 

 

.)()(
)(),,1(

))(),,1((

,

,
Uzz

zgcbapI

zfcbaIz

p

p









    (2.4) 

 

 Now let 

 

),(
)(),,1(

))(),,1((

,

,
zq

zgcbapI

zfcbaIz

p

p









  (2.5) 

 

where ...1)( 2

21
 zazqzq  is analytic in 

U and 0)( zq  for all Uz . Thus by using the 

identity (1.14), we have 

 

)(),,1(

),,1(

)(),,1(

))(),,1((

,

,

,

,

)(

zgcbaI

cbaI

zgcbapI

zfcbaIz

p

p

p

p
p

zfz



























 

.

)(
)(),,(,

))(),,(,(

)(),,(,

)(),,(,
)(

)(),,(,

)(),,(,

pa
zgcbapI

zgcbapIz

zgcbapI

p
zfzcbapI

pa
zgcbapI

p
zfzcbapIz









































































 
 (2.6) 

Since )();,,();,,1()(
,,

ScbaScbaSzg
pp

   
, 

by Theorem 1, we set 

,)(
)(),,(

))(),,((

,

,
zG

zgcbapI

zgcbaIz

p

p






 

 

where )()()( UzzzG   for .S  Then, by 

virture of (2.5) and (2.6), we observe that 

)(),,()(
)(

),,(
,,

zgcbaIzq
p

zfz
cbaI

pp  






 
  (2.7) 

and 

.
)(

)()(
)(),,(,

)(),,(,

)(),,1(
,

))(),,1(
,

(

pazpG

zqpa
zgcbapI

p
zfzcbapIz

zgcba
p

pI

zfcba
p

Iz



















































   (2.8) 

 

 Differentiating both sides of (2.7) with respect 

to z , we obtain 

.)()()(
)(),,(

),,(

,

,

)(

zqzzqzpG
zgcbaI

cbaIz

p

p p
zfz




















 





 

(2.9) 

 

 Making use of (2.4), (2.8) and (2.9), we get 

 

pazpG

zqpazqzzqzpG

zgcbapI

zfcbaIz

p

p










)(

)()()()()(

)(),,1(

))(),,1((

,

,





 

.)()(
)(

)(
)( Uzz

pazpG

zqz
zq 




    (2.10) 

 

Since  ppa ,  and )()()( UzzzG  , 

 

  .)(0)(Re UzpazpG   

Hence, by taking 

pazpG
zQ




)(

1
)(  

 

in (2.10), and applying Lemma 2, we can show 

that 

 

,)()()( Uzzzp   

so that 

.),(),;,,()(
,

ScbaCzf
p

   

 

 For the second part, by using arguments 

similar to those detailed above with the identity 

(1.13), we obtain: 

.),(),;,,(),;,,(
,1,

ScbaCcbaC
pp




   

 

The proof of Theorem 3 is thus completed. 

 

 

3.  INCLUSION PROPERTIES INVOLVING 

pJ ,   

 

In this section, we consider the generalized 

Bernardi-Libera-Livingston integral operator 

)(
,

pJ
p

  defined by (see [24],[25],and [26]). 

.));(()())(( 1

0
,

ppAfdttft
z

p
zfJ

z

p 


  
 

   (3.1) 

 

Theorem 4.  Let papp  ,,   and 

p . If )();,,()(
,

ScbaSzf
p

   , then 

  )(),,()()(),,(

),,()(),,(

,,

,,

)()(

zgcbaIpazgcbaIz

cbaIpacbaIz

pp

pp p
zfz

p
zfz








































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.)();,,())((
,,

ScbaSzfJ
pp

    

 

Proof . Let );,,()(
,

 cbaSzf
p

  for S , and 

set 

,)(
))((),,(

)))((),,((

,,

,,
zq

zfJcbapI

zfJcbaIz

pp

pp






  (3.2) 

 

where ...1)( 2

21
 zqzqzq  is analytic in 

U and 0)( zq  for all Uz . From (3.1), we 

obtain 

 

, , ,

, ,

( ( , , ) ( )( )) ( ) ( , , ) ( )

( , , ) ( )( ) ( ) .

p p p

p p

z I a b c J f z p I a b c f z

I a b c J f z z U

  

 

  

 
 (3.3) 

 

 By applying (3.2) and (3.3), we obtain 

.)(
))((),,(

)(),,(
)(

,,

,





 zpq

zfJcbaI

zfcbaI
p

pp

p
  (3.4) 

 

Differentiating (3.4) logarithmically with respect 

to z , we obtain 

 

.
)(

)(
)(

)(),,(

))(),,((

,

,












zpq

zqz
zq

zfcbaI

zfcbaIz

p

p
  (3.5) 

 

 Since Szp  )(,  , and )()(
,



p

Szf , 

from (3.5), we have 

  .)()(
)(

)(
)(   and0)(Re Uzz

zpq

zqz
zqzp 




 


 

 

 Hence, by virbure of Lemma 1, we conclude 

that ,)()()( Uzzzq   

 

which implies that 

.)();,,())((
,,

ScbaSzfJ
pp

    

 

 Next, we derive an inclusion property 

involving p
J

, , which is given by 

 

Theorem 5.  Let papp  ,,   and 

p . If )();,,()(
,

ScbaKzf
p

  , then 

.)();,,())((
,,

ScbaKzfJ
pp

   

 

Proof .  By applying Theorem 4, it follows that 

);,,(
)(

);,,()(
,,

  cbaS
p

zfz
cbaKzf

pp




  

 

, ,

, ,

( )
( , , ; )

( )( ) ( , , ; )

p p

p p

zf z
J S a b c

p

z
J f z S a b c

p


 


 

 
   

 


  

 

,)();,,())((
,,

ScbaKzfJ
pp

   

 

which proves Theorem 5. 

 

 Finally, we prove 

 

Theorem 6. Let papp  ,,   and 

p . If ),(),;,,()(
,

ScbaCzf
p

  , then 

.),(),;,,())((
,,

ScbaCzfJ
pp

   

 

Proof.  Let ),;,,()(
,

 cbaCzf
p

  for S, . 

Then, in view of (1.7), there exists a function 

);,,()(
,

 cbaSzg
p

  such that 

.)()(
)(),,(

))(),,((

,

,
Uzz

zgcbapI

zfcbaIz

p

p







    (3.6) 

 

 Thus we set 

,)(
))((),,(

)))((),,((

,,

,,
zq

zfJcbapI

zfJcbaIz

pp

pp






 

where ...1)( 2

21
 zqzqzq  is analytic in 

U and 0)( zq  for all Uz . Applying (3.3), we 

get 

)(),,(

),,(

)(),,(

))(),,((

,

,

,

,

)(

zgcbaI

cbaI

zgcbapI

zfcbaIz

p

p

p

p
p

zfz























 

  ))((),,())((),,(

),,(),,(

,,,,

,,,,

)()(

zgJcbaIzgJcbaIz

JcbaIJcbaIz

pppp

pppp p
zfz

p
zfz













































 

 
.

)(),,(

))((),,(

)(),,(

),,(

)(),,(

),,(

,,

,,

,,

,,

,

,,

)()(























































zgJcbaI

zgJcbaIz

zgJcbaI

JcbaI

zgcbaI

JcbaIz

pp

pp

pp

pp

p

pp p
zfz

p
zfz

  (3.7) 

 Since )();,,()(
,

ScbaSzg
p

   , by virtue 

of Theorem 4, we have );,,())((
,,

 cbaSzgJ
pp

 .  

 Let us now put 
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 
,)(

))((),,(

))((),,(

,,

,,
zH

zgJcbapI

zgJcbaIz

pp

pp







 

 

where )()()( UzzzH   for S . Then, by 

using the same techniques as in the proof of 

Theorem 3, we conclude from (3.6) and (3.7) that 

 

.)()(
)(

)(
)(

)(),,(

))(),,((

,

,
Uzz

zpH

zqz
zq

zgcbapI

zfcbaIz

p

p












   (3.8) 

 

 Hence, upon setting 

)(
)(

1
)( Uz

zpH
zQ 





 

in (3.8), if we apply Lemma 2, we obtain 

 

,)()()( Uzzzq   

 

which yields 

.),(),;,,())((
,,

ScbaCzfJ
pp

   

 

 The proof of Theorem 6 is thus completed. 

 

Remark 2. 

 

(i)  Putting 0 a  and cb   in the above 

results we obtain the corresponding results, 

for the operator ;
,

pI


  

 

(ii)  Putting capb  ,1  and replacing  by 

1,1  p in the above results, we 

obtain the corresponding results for the 

operator .),( p

z

   
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