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1. INTRODUCTION

Let X o denote the class of functions of the form:

f@) =27+ ) az* (peN={12..}),
e (1.1)
which are analytic and p-valent in the punctured
unit disc U ={z:2€ Cand 0 z|<}=U \{0}
. For two analytic functions fad 9 in U, f
is said to be subordinate to 9, written T <0 or
f(z) < 9(2) | if there exists an analytic function
W(z) in U, with W(0)=0 and W(2)|<1
such that f(2) = gW(2)) . If 9(2) is univalent
function, then f < g if and only if (see [8] and

[16])
f(0)=g(0)andf (U) =g (V).

For functions f(2) € Zp given by (1.1) and
9(2) € Zp defined by
9(@) =z + 3 b2 (peN),

k=1 (1.2)
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the Hadamard product (or convolution) of f(2)

and 9(2) isgiven by

(fxg)(z)=2"
+ > abz" =(g*f)Q2).

k=1—p

(1.3)

For 0 <n,7 <p, let MS*(1,p), MK(n,p),
MC(n,7,p) and  MC*(17,7,p), be the
subclasses of Zp consisting of all meromorphic
functions which are, respectively, starlike of order
N, convex of order 17 , close-to-convex of order
Y and type 7 and quasi-convex functions of
order ¥ andtype 7 in U .Let S be the class
of all functions ¢  which are analytic and
univalent in U and for which #(U) is convex
with ¢(0) =1 and Re{¢p(@)} >0(z€ V).
Making use of the principle of subordination
between analytic functions, let the subclasses

MS. (7:¢4), MK, (7:4), MC (17,7.¢,w)  and
MC (n7,7:¢,) of the class X,  for
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0<n, y<p and &V €S | be defined as

follows:

MS;(n;(p)z{f €z, :

p—-m
erp : ﬁ
MK, (1) = s ,
H1+ I,((Z))}—n]-“p(z) (zeU)

feX, :3geMS,(n;¢)

MCnviow) = ﬁ[_%(zz))_y}\,,(z) (zeV)

and

feX, :3geMS (n;¢)s. t.

MCi(row) =1 1 [ (d'(2)
p-v|  9(2)

_y]w(z) (zeU)|

From these defnitions, we can obtain some
well-known subclasses of 2p by special choices
of the functions ¢ and ¥ as well as special
choicesof 1 and 7 see ([6], [13] and [22]).

Let a1,A1,.. and B1,B1,...,Bs,Bs

(0,5 € N) be positive and real parameters such
that

s q
1+) Bi—-) Aj>0.
j=1 j=1

L 0q,Aq

The Wright generalized hypergeometric
function [23] (see also [25]

If Ai=1(=1...9) and Bi=1(i=1..,5)
we have the relationship:
Qq'Fs [(ai ’1)1,q (B '1)1,5 ; ZJ
= qu((xl """ aq;Bl llll BS;Z),
where oFs(@1,...,aq;B.,-...Bs;2) is the generalized

hypergeometric function ( see for details [20]
and [24]) and

elt

r(s)

) (1.4)
r(O‘i)

Q=

—

1
[aN

Consider the following linear operator due to
Dziok and Raina [10] (see also [3] and [11]):

9p,q,s|:(ai,Ai)1yq;(/3iaBi)lls] D 2p > 2p,
defined by the convolution
Opqs| (0 A)ygi(B1B),, |T(2)
= (Dp,q,s |:(ai J Ai )1,q ;(Bi ' Bi )1,5 ;Zj|* f (Z)’
where @ [(ai,A )1'q (8.8 )1,3 ; Z] was
defined by Bansal et al. [7] as follows:
Py os (@A), (4B, 2]
=Q z‘pq\I’s[(ai, )qas (B Bi)lys;z}(z eU*).

We observe that, for a function (z) of the

(1.5)

form (1.1), we have
Opas| (@ A),,:(5.B),, | T(2)

=7+ X Qo ,(,A B)az",
p

k=1—

(1.6)

where Q is given by (1.4) and okp(@1,A1,B1)
is defined by

(e, + A (K+p))..T (e + A, (k+p))
B+B(k+ p))...l"(,BS +B,(k+p))(k+p)!’

o-k,p(alY A, B1) = l_(

Corresponding to the function <qus[(aiﬁ\) (4.8) ;Z}

Ay
defined by (1.5), we introduce a function
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;| (a1 A),4i(8.B),,i2 ] by
Dp.q, {(ailA)l,q /(Bi B )1,5;4
@ o[ (0, ) 4B B, 52

1
=—— (A>0).
zp(l—z)x ( )
Analogous to 0p,q,s|:(ai’ )Lq;(ﬁi,Bi)l‘s]
defined by (1.6), we define the linear operator
o [( a, A)l,q?(/”wBi)l,sJ RS as follows:

p.q,s

e)»

s | (01,43 (BiB ), | (D)

(Dp a, S[( A1)1,q (Bi B )1,5 ;Z]* f(2)
D(2+ke )T (A +(k+ p)Bi)ilil"(ai)a Ner)

k

=7"+ i q s
o D(A) (e +(k+ p)A)IT(A)
(fe Zp;4 > 0,z € U*).

For convenience, we write

o (00, A ) (O‘q'p\q);} ,
DQS[lAlBl]() {(5131) ..... (..B.) f(2).

One can easily verify from (1.8) that
zAi(e}),q,s [o,+1 A B ] f (z)),
0,0 4.5 [00, AL B ] T (2)
—(a + PA)O] (1.9)
[0(1+1,A1, Bl] f ( ) (A >0)

and
2(6] 4s[cn,AB] T (2) =207 [, AL B (2)
~(A+p)8; o[, ABf(z) (A>0). (110

Specializing the parameters p,q,s,A(i=1...,q),
B.(i=1..s) and 4 in (1.8) we have:

(i) For A =1(i=1..q), B =1(
A=u+pW>-p,peN), we
0"+ [, 1] f (2)=M* (@) F (2),

p.q,s

=1..,s) and

have

where the operator Mp.as(@1)  was introduced
by Patel and Patil [21] and Mostafa [17];

(i) For A = 1,...,q), Bi=1(1 = 1,....9),
q=2,s=L g=n+p N>-p,peN)

and  a,=4=4(A>0) , we have
9§21[n+ p’ﬂ"ﬂ’] f (Z) = In+p71,if(z)1

where the operator In+p-1,2 was introduced by
Aouf and Xu [5] which for p=1 reduces to

Ina (N> —=1,1 > 0) | where the operator Inx
was introduced by Yuan et al. [28];

(iii) For A =1(i=1...,q),B =1(i =1,...,5),

A=n+p (h>-ppeN), g=25=1and
a,=p =1, wehave O PILLIIf(z)=

D™P™*f(z), where the operator D™ was
introduced by Yang [26] and Aouf ([1] and [2]);

1qs[a1’A1 Bl] ( ):

where the operator

(iv) For p=1, we have
0, .(a, A BT (2),
0,.q.s(, A, B)) was introduced by Aouf et al.
[41;

W) For Ai=1(@=1,...,9),Bi=1(=1,...,5)
and P=1, we have & [y, 11]f(2)=
H, (@) f(z), wherethe operator Hia.s(@)

was introduced by Cho and Kim [9], Muhamad
[18] and Noor and Muhamad [19].

Also, we note that:
(i) For A=1
p as [, AL B ]
gp,q,s[allAll Bl]y

then the operator

reduces to  the operator

defined by:
epqus [al’ Atv Bl] f (Z) = Z_p
ﬁF(Bi +(k+ p)Bi)Ig[F(qi)

+ i=L a z",

k

M8
D[l

p

1 (a+ (k+ p) A) LT (By)

I
[N

(i)For Ai=1(=1,...,9,Bi=1(=1,...,5
and A =1 | then the operator Q;qys [al,l,l]

reduces to the operator N, o[l defined by:

(ﬁl ) k+p- -

(al)k+p

(ﬁs)k+p

(aq ) k+p

aka

Npqsla1]f(@z) = 2P + Z
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(o, Z5 ={0,-1,-2,..};
(i=12,..,q); peN).

Next, by using the operator 67 . [a,A,B],

we introduce the following classes of

meromorphic functions for 0 <1, ¥ <p, 4 >0
and d, v €S:

MSH o (ag, AL B ¢) =

[fex, 1 0;qs[00AB]f eMS; (o)},

MK} o5 (0q, A, Bim;0)
—{tex, 0} g [0 AB]T e MK (o)),

MC} o5 (00, AL B, 10, p)
={f Ezp e};;,q,s[aln'%_,Bl]f GMCP(T]”Y'(P’\V)}
and

MCylas (00, AL B 10, )
={f €, : e};;,q,s[allpliBl]f 5 MC;(n,y;(p,\y)}.

We can easily see that:

f(Z)E Mqu s(al’Al'B ’77’¢)

f : (1.12)
_Z (Z) Msplqs( 1,A&,Bl;77;¢)
and
f (Z) € MC;}vq,s(ali Ai' Bl’n’}/’¢’l//)
() (1.12)

eMC’ (o, A,B;n.7:0).

In particular, for —1<B<A<1, we set

* 1+ Az
MS ' s (o, A, By ———)

1+Bz
= MS:;}”q s(0g, A, Biin; A B)
and

1+Az
(00
pqs(lAiBl 1+BZ

MKp,q,s(all A,B;m; A B).

In this paper we investigate several properties
of the classes MSp4s(@1,A1,B1,m9), MKj g (a1,
A1,B1;m;9), MCfqs(@1,A1,B151,7:6,¥) and
MCEﬁ,s(al,Al,Blmi A7)
the operator g7 [, A,B,].
involving integral operator are also considered.

associated with
Some applications

2. INCLUSION PROPERTIES INVOLVING
THE OPERATOR &”

pqs[ 1'A1'Bl]

In order to prove our results, we need the
following lemmas.

Lemma 1[12]. Let ¢ be convex univalentin U

with ¢(0)=1 and Re{l¢(2) +v} >0 (v e O).
If d isanalyticin U with 4(0) =1, then
29'(2)
a@@) + m < ¢@2),
implies
a2 < ¢(2) .

Lemma 2 [15]. Let ¢ be convex univalentin U
and @ be analyticin U with Re{o(z)} =>0.
If d isanalyticinUand d(0) = ¢(0), then

42 + 0@)29'(2) < $@)

implies

@) < ¢@) .

Theorem 1. Let ¢ € S with

N T
TE%xRe{cp(z)}<m|n{ S }
(k >0,0<n < p).

Then

MS*% (eq. AL By 17;9)
< MSY (@, A, B 9)
< Mspkq s(al +L A, Bl;n;(P)-
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Proof. To prove the first part, let
f e MS; " (e, A, B;7;4) and set
1| 26 oA, B]f(Z)) (2.1)
U),
p_ﬂ[ pqs[alAiB]f K (Ze )

where 0 is analytic in U with q (0)=1.
Applying (1.10) in (2.1), we obtain

1 [ (g enB]i@)

q(z) =

p-n|  OralaAB]f(2) 2.2)
) 29'(2) !
O @ aepn

we see that

n

Since r?e%xRe{gb(z)} <2k
Re{-(p—-ma@ +i+p-n} >0( e V).

Applying Lemma 1 to (2.2), it follows that
q(z) < #(2), that is f(z) e MS}’, (4, A, B,,77;9)
. Moreover, by using the arguments similar to
those detailed above with (1.9), we can prove the
second part. Therefore the proof is completed.
Theorem 2. Let ¢ € S with

maxRe {p(z)}

zeU

<min {“ ol
P

Then

+PTI

}(k L>0,0<n<p).

MK s (@, AL By 77:0)
< MKp,q,s(al*AlvBl*n'(P)
< MK} o s(0y +1, A, Bm; ).

Proof. Applying (1.11) and using Theorem 1, we
observe that

f(z) e MK} o (o, AL B o)

“H@ s oy, AL B )

_#t'(2)

eMS: (ay, A, B;m;g)

< f(2) e MK} (o, A,Bim;0).

Also
f(Z) = MKp q, s(al’ Ali Bl;T];(P)

1) e MS, (o, A, B )

ST s (ag 41, AL B )

< f(2) e MK} (g +1, AL B 9),
which evidently proves Theorem 2.

Taking
1+ Az
9@ =1

in Theorem 1 and Theorem 2, we have

(—1<B<Asl),

Corollary 1. Let

a1
1A A+p—n A +TPT7
B = min { — oy

(4,2>0,0<n<p,-1<B<AL]).
Then

MSExgls(Otl,Ai,Bl;n;A, B)
CMS*x (0, A, B;;m; A B)
C|\/|Sp7~qS(oc1+:|.,A1,Bl,"r],A7 B),

and

MK (o, Ay, By;in; A B)
< MKp,q,s(aly'AyBl.n, A B)
<MK} o (o +1 A, By A B).

Next, by using Lemma 2, we obtain the following

inclusion relations for the class Mcé,q,s(al’Ah
Bi:n,vid.w).

Theorem 3. Let ¢.¥ € S with maxRe{p(2)} <
zeU

mm{“p Zbn ;"”"’} (A, %>0, 0<7,y < p).Then

MC (o, AL BN 0 Y)
= MCp,q,s(O‘ll ALBiM Y o p)
cMC} o s(01 +1L A, Bin, i, ).
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Proof. To prove the first inclusion, let

f(2) € MCiifs(aa,  A1,B1;n,7:¢,v). Then,
from the definition of MC** (o, A,B;1, 74, v),

p.a.s

there exists a function 9(2) € MS;%i(a1,A1,By;n;9)

such that
- 7) < y(2).

1 _2(9{}315[(11, B1]f(2))/
=7\ "0k for, AL B 1O

7] (zeU), (2.3

U with

Let

1 20, [ ABT(2)
1= [ 6, 0l AB0()

where 0(2) is analytic function in
g(0) =1 . Using (1.10), we have

[-(P-7)9(2) = 7105, 4.5 [01. A, B ]9 (2)
+0\'+p)9p q,s [alv Ai’ Bl] f(Z)

—A07 e, AL B ] f(2).249

Differentiating (2.4) with respect to z and
multiplying by z, we obtain
~(P=1)20'(2)05 g5 [0, A, B ]9 (2)
H=(pP=1a(@) ~712(05, s [, A, B ]9 (2))’
=120 /q,s [0, AL B ] T (2))
~0+)2(0), s [0, AL B ] £ (2))"

Since g(z) € S (a,, A, B d) < MS

p.q,s p.q,s

(a,, A, B;;m;¢), by Theorem 1, we set

1
p—n

where y(z)<¢(z) in U with the assumption

¢ € S . Then, by using (2.3), (2.4) and (2.5), we
have

z(e;q [ A.B1a(2)
¢ sl ALB]9(2)

x(2) =

1 [ 26pa.[eABIf(@) _,
pP—r egzls[al’Al'Bl]g(z) (2.6)
=q(z) + zq'(z) <y (2).

—(p-mx(2)+A+p-7

Since 4 >0 and y(2)<d¢(z) in U

_"J’ (2.5)

with maxRe{4(2)} < 45" AP then

Tp !

Re{-(p—-mx@+A+p—ny >0 (z€ ).
Hence, by taking

_ 1
°® = T Arpon’

in (2.6) and applying Lemma 2, we have
9(2) < w(2) in U , so that

f(z2)eMC; (a,A.B;n,7:4w). The second
inclusion can be proved by using arguments
similar to those detailed above with (1.9). This
compelets the proof of Theorem 3.

Theorem 4. Let ¢, € S with

maxRe{¢(2)} < min {M w}

p-n ' p-n

(4, 2>0,0<n,y<p).
Then

MCpas (o, A, Biim, i, w)

< MC;;%Lq,s(al' AL BN Y 0, y)

= MC}y s (oq +1 AL Bin, i, ).

Proof. Just as we derived Theorem 2 as a
consequence of Theorem 1 by using the
equivalence (1.11), we can also prove Theorem 4

by using Theorem 3 in conjunction with the
equivalence (1.12).

3. PROPERTIES FOR THE
OPERATOR F |

Let F,, be the integral operator defined by (see
[14] and [27]):

INTEGRAL

FL (D) =25 jtw-lf Ot

=(z"+ z

Ko +k+p

(3.2)
— =1 (2)
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(feZp;u>0ze U
From (3.1), we observe that

2(0% s[04, A, B F, o ())(@)
=p0% s [ag, AL By ] F(2)-
(+ P)0} s [0, AL B ]F, o (F)(2) (n>0).

The proof of Theorem 5 below, is much akin
to that of Theorem 1, so, we omit it.

Theorem 5.  Let pes with

m%xRe{¢(z)}<% (u>0,0<y<p). If

f(2)e MS’;fq’S(al, A,B;n9),

F.o (1)@ eMS) (an, A, B77;9).
Next, we derive an inclusion property

involving  F, ~, which is obtained by applying

(1.11) and Theorem 1.

then

Theorem 6. Let ¢ € S with maxRe{(2)} < 222

zeU n
1>0,0<n<p). If f(2)e MK;‘qYS(O!l,Al, B, 4),
then F, (f)(2) e MK’ (o, A,B;7:4).

Taking ¢(z)=1£ (-1<B<A<1) and from

Theorems 5 and 6, we have

Corollary 2. Let A< l;:” (u>0, 0<
n<p, -1<B<A<1).Then if f(Z)eMS;?qYS

(a,, A, B AB) (or
then
F”’p(f)(z)eMS;%q,s(aﬂAi’Bl;n; A, B) (or

A oo
MKp,q,s(al’A.’Bl’n' A, B)).
Finally, we obtain Theorems 7 and 8 below by
using the same techniques as in the proof of
Theorems 3 and 4.

MK;,q,s(al’ Al Blan, A, B)) H

Theorem 7. Let oy e S with

m%xRe{¢(z)} <

(u>0,0<ny<p. It f(2)eMC

A

(o, A.Binvioy), then F,  (f)(z)eMC/ .
(o, A, B, 716 y).

Theorem 8. Let ¥ € S with maxRe{¢(2)}
zel

(u>0,0<ny<p. If

MCyq (01, A Binvio.w), then F,(f)(2)eMCT, ¢
(0, AL Bim v o, W)

HEP—7
< f(z)e

Remark 1. (i) If we take P=1Ar =1

(n=1,....9) and Bn=1(n=1,...,9) in
the above results of this paper, we obtain the
results obtained by Cho and Kim [9];

i) If we take P=1 A=1(=1..0),B
=1(@=1..s), =2, s=1 oy =n+1(n>-1) and

a2 = P1 =24 >0) in the above results of
this paper, we obtain the results obtained by Yuan
et al. [28];

(iii) If we take P =1 in the above results of this
paper, we obtain the results obtained by Aouf et
al. [4].

Remark 2. Specializing the parameters

p,q,s,A (i=1..,09), B (i=1..,s) and 4 in

the above results of this paper, we obtain the
results for the corresponding operators

M~y ()l ., and D™ which are

defined in the introduction.

4. CONCLUSIONS

In this paper, using the Wright generalized
hypergeometric function we define a new operator
which contains many other operators as special
cases of it. Also, we define some classes of
meromorphic functions associated to this operator
by using the principle of subordination and
investigate several inclusion properties of these
classes. Some applications involving integral
operator are also considered. Our results
generalize many previous results.
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