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Abstract: By employing the Krasnosel’ski“1fixed point theorem, we establish the existence of solutions for
mixed differential equation (ordinary and fractional ). Moreover, we suggest the uniqueness of solution
and we examine our abstract results by applications.
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1. INTRODUCTION

In recent years, fractional equations have gained
considerable interest due to their applications in
various fields of the science such as physics,
mechanics, chemistry, biology, engineering and
computer sciences. Significant development has
been made in ordinary and partial differential
equations involving fractional derivatives [1, 2].

The class of fractional differential equations of
various types plays an important role not only in
mathematics but also in physics, control systems,
diffusion, dynamical systems and engineering to
create the mathematical modeling of many
physical phenomena.

The existence of positive solution and multi-
positive solutions for nonlinear fractional.
Moreover, by using the concepts of the
subordination and superordination of analytic
functions, the existence of analytic solutions for
fractional differential equations in complex
domain are posed in [3, 4]. About the development
of existence theorems for fractional functional
differential equations.
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differential

equation, Integral boundary condition,

Many papers on fractional differential
equations are devoted to existence and uniqueness
of solutions such a type of equations (e.g., [5, 6]).
In this paper we investigate the existence of
solution of differential equation with mixture of
integer and fractional derivative. Our result is an
application of Krasnosel’skii fixed point theorem.
Such differential equation plays a very important
rule in applications in sciences and engineering
problems [7].

2. PRELIMINARIES
Recall the following basic definitions and results:

Definition 2.1. For a function f given on the

interval [a,b], the Caputo fractional order
derivative off is defined by
t
D) = s [ (= f D ()ds
a I'n—a)

a

where n = [a] + 1and [a]denote the integer part
of a.
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Lemma 2.2. Letar >0, then

eiry(t) = y(t) + cg + et + -+ cpqt™ !
forsomec, eR , i=0,1,..,n-1, n =[a]+1

Definition 2.3. Let f be a function which is
defined almost everywhere on [a,b], for >0,
we define

l b
;’I“ f)=—— |(b-2)*"f(r)dr
I'(2) J
provided that the integral (Lebesgue) exists.

Theorem 2.4. [8] (Krasnosel’skii Theorem)

Let M be a closed convex bounded nonempty
subset of a Banach space X. Let A and B be
two operators such that:

i)Ax+By=M, whenever X,y EM ;

i) A is compact and continuous ;
iii) B is a contraction mapping .
Then, there exists z € M such that; zAz+Bz.

Let R be a Banach space with the norm]||.||.
Let C = ([0,b],R), be Banach space of all

continuous  functions h:[0,b] = R, with
supermum norm
lIh|l = sup{|h(s)|:s € [0,b]} .

Consider the extraordinary differential

equation with initial conditions , which has the

form

D™y(t) + 2°D%y(¢t) = f(t, ¥(D)), (2.1)
AER,MmM=12and0<a<1
y(0) =ko , ¥y'(0) =k (2.2)

Where D% is the Caputo fractional derivative and
the nonlinear functions f:[0,b]XR —>R is
continuous .

Lemma25. Let0O<a<1landf:[0,b] XR >R
be a continuous function, then the solution of
fractional differential equation (2.1) with the

initial condition (2.2) is :

y(@®) =56 y) + §Pg(ty) ,

f=m—am=12 0<a<l1

Proof. we reduce the problem (2.1) to an
equivalent integral equation

oIy () + AS Gy (t) = f(t,y)

Operate both side of equation (2.3) by the operator
§I1%, we get

(2.3)

oI 5y (6) + A% GIY Iy (8) = §I°f (t,y)
In view of the relations I"*1%y(t) = y(t),

1%1Py(t) = 1**F y(v),
Lemma (2.2), we obtain

fora,$ >0, and by

Sy () + A% [y(8) + o + ert] = §1°f (8, y)

y(£) = —9f(t,y) —— HO™y(t) — o —cyt (2.4)
ic AC

By applying the condition (2.2), we get

y(0) = co = ko

and

) 1 1
y(t) =— 4§t y) —— Sy () + ¢
A° A°
}"(0) =c =k

Then by substitute ¢, and ¢, in equation (2.4) , we
get

1
y(®) =—ol*f(t,y)
AC

——— {1y () — ko — kat (2.5)

The equation (2.5) will become of the form
y(©) = §I7f(&y) + §1P g (&),
B=m—-am=12 0<a<1

gt,y) = (D +Ct) = A%(t),D = =A%y,
C=—-Aky, y=a+p

which completes the proof.
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To prove the main results, we need the following

assumptions:

(H1) There exists G; > 0 such that

If (& x) — fFE&EI < Gillx =yl
fort € [0,b]and x,y ER .

(H2)There exists constants w > 0, such that

lg(t,x) —gt, I < wllx—yl.Vx,y ER.
HI)NF (& M < u(t), forall
(t,y) € [0,b] x R,andu € L1([0, b],R™).

For convenience,let us set

_( GybY |A|bA
- (F(y+1) t F(B+1)) (2.6)

3. MAIN RESULTS

Theorem 3.1. Assume that f:[0,b] X R - Risa
continuous function and satisfies the assumption
(H1).Then the boundary value problem(2.1) has a
unique solution.

Proof. Consider the operator T:C — C by

Ty(t) = §I"f(t,y) + §1Pg(t,y)
Setting sup;e(o,p11f (£, ¥)| = M, we show that
TBr c Br,whereBr = {y € C:||y|| < r}.

Fory € Br, we have
ITYON = ||§17f (&) + §1F g(t, )|
< SIFENI+ §E g (e

< §IVNf(Ey) — £ 0) + f(& 0l
+§Pllg el

<IN y) — £ 0+ VI F (0]

+ §Blg @&l

=T )j (t — ) If(s,9) — f(5,0)llds

t (t — S)y—l
+ | ey I 0las

—5)B-1
b [ =9 g las

G o potds s M [ gt
SF(y)J;(t s)Y ||y||ds+r(y)fo(t s)¥"1ds

— \B-1 c
F(ﬁ)f (t—13s) [I(D + Cs) + A¢y||ds

f(t—wylnﬂus+ f(t—ﬂylds

=To) ')

t(t —s)P- 1
0 -fo ORI

f (t —s)P1sds

| A9
T(ﬁ)
(Gyr + M)tY N Dth
I'y+1) rg+1)
Ccth+1 N r|A€|tP
(/)’ +DIB+1) I'(E+1)
Where t# < bPand t¥ < bY , we obtain;

(Gyr + M)bY
ry+1)

f (¢ — )5 |lyllds

ITY)OIl <

((r|A°] + D)(B + 1) + Cbh)bP
B+DIE+1)

Now, for x,y € C and for each t € [0,b],we
obtain:

I(Tx)(@®) = (TY)OI < §IVIIf (t,x) = F (&)
+ &gt x) — gt Wl

< G617 llx = yll + 1261 6P |lx =yl

Gillx —yll L
<— ) j(t Y tds

121l =yl f g1
+—F(ﬁ) -fo(t s) ds
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< Gillx = yllbY  12%llx — yl|b?
ry+1 rg+1)
. G,bY |A¢|bP
I(TY)OIl < <r( ) +r(/3 m 1)> llx — ¥l

= Allx =yl

As A < 1, therefore T is a contraction. Thus, the
conclusion of the theorem follows by the
contraction mapping principle (Banach fixed point
theorem).

Theorem 3.2. Letf:[0b]xR—R be a
continuous function mapping bounded subsets
of [0,b] x R into relatively compact subsets of R,
and the assumptions ( H2) and ( H3) hold. Then
the boundary value problem (2.1) has at least one
solution on [0,b].

Proof.  Letting  supiepop () = llull  and
consider Br = {y € C:||ly|| < r}. We define the
operators Pand Qas

Px)(©) = {17 (6, %)
IR T P
_F(y)fo(t Y1 f(s,x(s))ds,
QX)) = §IPg(t,x)

—Lft(t— )A=L(D + Cs + A°x(s))d
_F(ﬁ) . S S xX(S S

for x,y € Br, we find that

s+ 031 < 1 [ (697 s xo) o

%
—g)B-1 c
b | G- 9P @+ cs 4 libbas

llullb”

P <—
IPx + oyl < 7o

((r|A€] + D)(B + 1) + Cb)bP
B+DrE+1)

Now prove that Q is contraction mapping

19x — Qyll < wllx =yl

_ 12k
wherew = TG <1.
It is clear that Q is contraction mapping,

Continuity of f implies that the operator P is
continuous. Also, P is uniformly bounded on Br
as

|Px]| < %y) fo t(t — ) 7H|f (s, x(s))||ds

llullb”

Px|| £ =——=
e

Now we prove the compactness of the operator P.
We deﬁnesup(t,x)e[o,b]xR|f(t' NI=N

And consequently we have

1Px(t;) = Px(t)l <

J BRI D
0 ')

f(s,x(s))ds

v (= 7 f(s,x()d
o) . 5 —S f(s,xs s

< L|2(1:2 —t)Y +t] +t}|

TTy+1) Lo

Which is independent of x. Thus, P is
equicontinuous.  Using the fact that f maps
bounded subset into relatively compact subsets, so
P is relatively compact on Br. Hence, by the
Arzela-Ascoli Theorem, P is compact on Br. Thus
all the assumptions of Theorem 3.2 aresatisfied.
So the conclusion of Theorem 3.2 implies that the
initial value problem (2.1) has at least one solution
on [0, b].
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