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1. INTRODUCTION AND 

PRELIMINARIES 

Let  be the class of functions f , analytic in the 

open unit disk E { :| | 1}z z   and normalized by 

the conditions (0) (0) 1 0f f    . Denote by 

*( ) , the class of starlike functions of order   

which is analytically defined as follows: 

* ( )
( ) : , E, 0 1 .

( )

zf z
f z

f z

  
        

  
  

 

We write 
* *(0) , the class of univalent 

starlike functions w.r.t. the origin. Obtaining 

different criteria for starlikeness of an analytic 

function has always been a subject of interest. A 

number of criteria for starlikeness of analytic 

functions have been developed. We state below 

some of them. 

Miller et al [4] studied the class of  -convex 

functions and proved the following result. 

Theorem 1.1. If a function f    satisfies the 

differential inequality 

( ) ( )
(1 ) 1 0, E,

( ) ( )

zf z zf z
z

f z f z

   
       

  
   

where   is any real number, then f  is starlike in 

E. 

Later on, Fukui [1] proved the more general 

result given below for the class of  -convex 

functions. 

Theorem 1.2.  Let  , 0   be a given real 

number. For all Ez , let a function f   

satisfy 

( ) ( )
(1 ) 1

( ) ( )

,0 1/ 2,
2(1 )

(1 )
,1/ 2 1.

2

zf z zf z

f z f z

   
      

  


   


   



 


 



 
 



 

Then 
*( )f  . 

Lewandowski et al [2] proved the following 

result. 
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Theorem 1.3. For a function f  , the 

differential inequality 

( ) ( )
1 0,  E,

( ) ( )

zf z zf z
z

f z f z

   
     

  
 

ensures the membership for f  in the class 
*
. 

In 2002, Li and Owa [3] proved the following 

two results: 

 
Theorem 1.4. If f   satisfies 

( ) ( )
1 ,  E,

( ) ( ) 2

zf z zf z
z

f z f z

   
      

  


  

 for some ,  0   , then 
*f  . 

Theorem 1.5. If f   satisfies 

2( ) ( ) (1 )
1 ,  E,

( ) ( ) 4

zf z zf z
z

f z f z

    
      

  

 
  

 for some , 0 2   , then 
*( / 2)f  . 

Later on Ravichandran et al. [10] proved the 

following result: 

Theorem 1.6. If f   satisfies 

( ) ( )
1

( ) ( )

1
,  E,

2 2

zf z zf z

f z f z

z

   
    

  

 
    

 




  

 

 for some , , 0 , 1,      then 
*( )f  . 

For more such results, we refer the readers to 

[5, 7, 9]. Recently, Singh et al [11] proved the 

following more general result for starlikeness 

which unifies all the above mentioned results. 

Theorem 1.7. Let  , 0  , ,0 1,    and 

,0 1   , be given real numbers. Let 

2

( , , ) [1 (1 )]

(1 )(1 ) (1 )
(1 ) ,

2 2

M    

  
  

     

    
  



 and 

2

( , , ) [1 (1 )]

(1 )(1 )
(1 )

2

N    

 
 

     

  
  

            

2

[2 (1 2 )(1 )(3 2 )
2(1 )

(1 )(3 2 )].

    


  


   



   

 

(i) For 0 1/ 2  , let a function f A , 

( )
0

f z

z
  in E, satisfy 

(a) 

( ) ( )
1

( ) ( )
( , , ),

( ) ( )
1 1

( ) ( )

zf z zf z

f z f z
M

zf z zf z

f z f z

   
   

   
    
    

    



  



 

whenever  

3 4 3(2 1 3 2 ) (3 2 ) 0,             and 

(b)  

( ) ( )
1

( ) ( )
( , , ),

( ) ( )
1 1

( ) ( )

zf z zf z

f z f z
N

zf z zf z

f z f z

   
   

   
    
    

    



  



 

whenever  

3 4 3(2 1 3 2 ) (3 2 ) 0.             

Then 
*( )f  . 

(ii)  For 1/ 2 1  , if a function f A , 

( )
0

f z

z
  in E, satisfies 

( ) ( )
1

( ) ( )
( , , ),

( ) ( )
1 1

( ) ( )

zf z zf z

f z f z
M

zf z zf z

f z f z

   
   

   
    
    

    



  



 

then 
*( )f  . 

The main objective of this paper is to extend 

the region of variability of above mentioned 

differential operators implying starlikeness. The 

extended regions are shown pictorially using 

Mathematica 7.0. 
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To prove our main results, we use the 

technique of differential subordination and need 

the following lemma of Miller and Mocanu [6]. 

For two analytic functions f  and g  in the 

unit disk E, we say that a function f  is 

subordinate to a function g  in E and write f g  

if there exists a Schwarz function w  analytic in E 

with (0) 0w   and | ( ) | 1,  Ew z z   such that 

( ) ( ( )),  E.f z g w z z   In case the function g  is 

univalent, the above subordination is equivalent to 

(0) (0)f g  and (E) (E).f g  

Let :C C C    be an analytic function, 

p  be an analytic function in E, with 

 ( ), ( )p z zp z C C    for all Ez  and let h  be 

univalent in E, then the function p  is said to 

satisfy first order differential subordination if 

( ( ), ( )) ( ), ( (0),0) (0).p z zp z h z p h                

(1) 

A univalent function q  is called a dominant of 

the differential subordination (1) if (0) (0)p q  

and p q  for all p  satisfying (1). A dominant q  

that satisfies q q  for each dominant q  of (1), is 

said to be the best dominant of (1). 

 
Lemma 1.1. ([6], p.132, Theorem 3.4 h) Let q  be 

univalent in E and let   and   be analytic in a 

domain D containing ( )Eq , with ( ) 0w  , 

|when ( )Ew q . Set ( ) ( ) [ ( )]Q z zq z q z , 

( ) [ ( )] ( )h z q z Q z   and suppose that either 

(i)  h  is convex, or  

(ii) Q  is starlike. 

 In addition, assume that 

(iii) 
( )

0,
( )

E
zh z

z
Q z


   . 

If p  is analytic in E, with 

(0) (0), (E) Dp q p   and  

[ ( )] ( ) [ ( )] [ ( )] ( ) [ ( )],p z zp z p z q z zq z q z     

then ( ) ( )p z q z  and q  is the best dominant. 

2.  MAIN RESULTS 

Theorem 2.1. Let  a , b  , c   and d  be complex 

numbers such that c and d are not simultaneously 

zero. Let E D,  ( ) ,q q    be a univalent function in 

E such that 

( ) ( ) ( )
( )  1 0, 

( ) ( ) ( )

zq z zq z czq z
i

q z q z cq z d

   
     

    
and  

( ) ( ) ( )
1

( ) ( ) ( )
( )  0.

( 2 ( )) ( )

( )

zq z zq z czq z

q z q z cq z d
ii

a bq z q z

cq z d

   
     

  
 

  

 

If , ( ) 0, Ep p z z  , satisfies the differential 

subordination 

2

2

( ) ( ( )) ( )
( )

( ) ( ( )) ( ),
( )

d
ap z b p z c zp z

p z

d
aq z b q z c zq z

q z

 
   

 

 
   

 

         (2) 

then ( ) ( )p z q z  and q  is the best dominant. 

 
Proof.  Let us define the functions   and   as 

follows: 

2( ) ,w aw bw    and ( ) .
d

w c
w

    

Obviously, the functions   and   are analytic 

in domain D
d

C
c

 
   

 
 and ( ) 0w   in D.

 Now, define the functions Q  and h  as 

follows: 

( ) ( ) ( ( )) ( ),
( )

d
Q z zq z q z c zq z

q z


 
    

 
 and 

2( ) ( ) ( ( )) ( ).
( )

d
h z aq z b q z c zq z

q z

 
    

 
 

 Now Q  is starlike in E  in view of condition 

(i) and the condition (ii) implies that  

( )
E.0,

( )

z h z
z

Q z


    Also by (2), we have 
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[ ( )] ( ) [ ( )]

[ ( )] ( ) [ ( )].

p z zp z p z

q z zq z q z





 

   

 Therefore, the proof, now, follows from 

Lemma 1.1.  

 Setting 
( )

( )
( )

zf z
p z

f z


   in Theorem 2.1, we 

have the following result. 

  
Theorem 2.2.  Let , ( ) 0,q q z   be a univalent 

function in E and satisfy the conditions (i) and (ii) 

of Theorem 2.1. If 
( )

,  0, E
( )

zf z
f z

f z


   , 

satisfies the differential subordination 

( ) ( )

( ) ( )( )

( ) ( ) ( )
1

( ) ( )

zf z f z
a b c d

f z zf zzf z

f z zf z zf z

f z f z

   
    

   
   
   

   

2( ) ( ( )) ( ),
( )

d
aq z b q z c zq z

q z

 
   

   

where a , b  , c   and d  are complex numbers, 

then 
( )

( )
( )

zf z
q z

f z


 and q  is the best dominant. 

  If we restrict the constants a , b , c  and d  to 

real numbers. By selecting 1 (1 ), a      

(1 ),  (1 )b c        and d   in 

Theorem 2.2, we obtain the following result. 

 
Theorem 2.3. Let , ( ) 0,q q z   be a univalent 

function in E and satisfy the conditions 

(i) 

( ) ( )
1

( ) ( )
  0, 

(1 ) ( )

(1 ) ( )

zq z zq z

q z q z

zq z

q z

  
   

  
 

   



 

and  

(ii) 
( ) ( ) (1 ) ( )

1
( ) ( ) (1 ) ( )

zq z zq z zq z

q z q z q z

   
   

  



 
 

[(1 (1 )) 2 (1 ) ( )] ( )
0.

(1 ) ( )

q z q z

q z

   

  

   
 

  
 

 If 
( )

,  0,
( )

E,
zf z

f z
f z


    satisfies the 

differential subordination     

( ) ( ) ( ) ( )
1 1 1

( ) ( ) ( ) ( )

zf z zf z zf z zf z

f z f z f z f z
 

       
       

     
                                                                

2[1 (1 )] ( ) (1 )( ( ))

1 ( ),
( )

q z q z

zq z
q z

    

 
  

 

   


 

 

where   and   are real numbers, then 

( )
( )

( )

zf z
q z

f z


 and q  is the best dominant. 

 
3.  APPLICATIONS TO STARLIKE 

FUNCTIONS 

Throughout this section, we restrict the constants 

a , b  , c   and d  to real numbers. 

Remark 3.1. When we select 

1 (1 2 )
( ) , 0 1

1

z
q z

z




 
  


. Then  

( ) ( ) (1 2 )
1 1 .

( ) ( ) 1 1 (1 2 )

zq z zq z z z

q z q z z z





  
    

   
 

Thus, 

( ) ( )
1 0.

( ) ( )

zq z zq z

q z q z

  
    

 
 

Also 

( ) ( ) 1
1 ( ) 1

( ) ( ) 1

(1 2 ) 1 1 (1 2 )
.

1 (1 2 ) 1

zq z zq z z
q z

q z q z z

z z

z z

 
     

 

  


  



 

 

 

For 0,   we have 

( ) ( ) 1
1 ( ) 0.

( ) ( )

zq z zq z
q z

q z q z 

  
     

 
 

 Therefore, ( )q z  satisfies the conditions of 

Theorem 2.2 in case where 1,  0,  0a b c    and 

,  0d     and we get the following result. 
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Corollary 3.1. Let   be a real number with 

0  . If 
( )

,  0, E
( )


  

zf z
f z

f z
, satisfies the 

differential subordination 

( ) ( )
(1 ) 1

( ) ( )

1 (1 2 ) 2 (1 )
,

1 (1 )(1 (1 2 ) )

zf z zf z

f z f z

z z

z z z

  
   

 

  


   

 

  



 

then 
*( )f  . 

Remark 3.2. For 
1

2
   and 

3

4
  , Corollary 

3.1 reduces to the following result. 

 If 
( )

,  0, E
( )


  

zf z
f z

f z
, satisfies the 

condition 

1

( ) ( ) 2
1 ( ),

( ) ( ) 1 (1 )(2 )

zf z zf z z z
h z

f z f z z z z

  
   

   

 

 then 
*(3 / 4)f  . 

 Substituting the same values of   and   in 

the result of Fukui [1] stated in Theorem 1.2, we 

obtain the following result: 

 If f  , satisfies the condition 

( ) ( ) 4
1 ,  E,

( ) ( ) 3

  
     

 

zf z zf z
z

f z f z
  

then 
*(3 / 4)f  . 

 To compare both the results, we plot 1( )h  

and the line 
4

( )
3

z   in Fig. 1. 

 We see that according to the result of Fukui 

[1], for the starlikeness of order 3 / 4  of ( )f z , 

the differential operator 
( ) ( )

1
( ) ( )

zf z zf z

f z f z

 
 


 can 

vary in the complex plane on the right side of the 

line 
4

( )
3

z   shown with dashes in Fig. 1 

whereas according to our result, the same operator 

can vary over the portion of the plane right to the 

curve 1( )h z  for the same conclusion. Thus our 

result extends the region of variability of this 

operator for the same implication and the region 

bounded by the dashing line and the curve is the 

claimed extension as shown in Fig. 1. 

 

 

Fig. 1. 

 

Remark 3.3. When we select 

1 (1 2 )
( ) , 0 1

1

z
q z

z




 
  


. Then 

( ) 1 ( )
1 , i.e.  1 0,

( ) 1 ( )

zq z z zq z

q z z q z

  
     

   
 

and 

( ) 1 1
1 2 ( )

( ) 1

1 (1 2 ) 1
2 .

1

zq z z
q z

q z z

z

z

  
    

 

  








 



 

 Therefore for 0 1,   we have 

( ) 1
1 2 ( ) 0.

( )

zq z
q z

q z





 
     

 
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 Therefore, ( )q z  satisfies the conditions of 

Theorem 2.2  for 1 ,  , a b c       and 

0d   and we obtain the following result. 

Corollary 3.2.  Let   be a real number 

0 1  . If 
( )

,  ,
(

E0
)

zf z
f z

f z


   , satisfies 

the differential subordination 

( ) ( )
1

( ) ( )

1 (1 2 ) 1 (1 2 )
1

1 1

zf z zf z

f z f z

z z

z z

  
 

 

   
 

 



 
   

2 (1 )
,

(1 )[1 (1 2 ) ]

z

z z

 




 

   
 

then 
*( )f  . 

 Note that for 1   and 0  in above 

corollary, we get Theorem 1 of Nunokawa et al 

[8]. 

Remark 3.4. For 1   and 
1

2
  , Corollary 3.2  

reduces to the following result. 

( )
,  ,

(
E0

)

zf z
f z

f z


   , satisfying the condition 

*

22

( ) ( )
1

( ) ( )

1
( ),   (1/ 2).

(1 )

zf z zf z

f z f z

z
h z f

z

  
 

 


  



 

 Substituting the same values of   and   in 

the result of Ravichandran [10] stated in Theorem 

1.6, we obtain the following result. 

 If f  , satisfies the condition 

( ) ( )
1 0, 

( ) (
E,

)

zf z zf z
z

f z f z

   
     

  
 

 

 then 
*(1/ 2)f  . 

 

Fig 2. 

 

 To compare both the results, we plot 2 ( )Eh  in 

Fig. 2 and we see that according to the result of 

Ravichandran, for the starlikeness of order 1/ 2  of 

( )f z , the differential operator 

( ) ( )
1

( ) ( )

zf z zf z

f z f z

  
 

 
 can vary in the right half 

complex plane whereas according to our result, the 

same operator can vary over the portion of the 

plane bounded by  the curve 2 ( )h z  (entire shaded 

regiom) for the same conclusion. Thus shaded 

portion in the left half plane as shown in Fig. 2, is 

the extension of the region of variability of this 

operator for the same implication. 

Remark 3.5. When we select 
1

( )
1

q z
z




. Then 

2

( ) ( ) ( )
1

( ) ( ) ( ) 1

2
0,

(1 )(2 )

zq z zq z zq z

q z q z q z

z

z z

   
     

  

 
  

  

 

 

and 
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2

( ) ( ) ( ) (1 2 ( )) ( )
1

( ) ( ) ( ) 1 ( ) 1

5
0.

(1 )(2 )

zq z zq z zq z q z q z

q z q z q z q z

z z

z z

   
      

   

  
  

  

 

 Therefore, ( )q z  satisfies the conditions of 

Theorem 2.3 for 1   and 
1

2
   and we obtain 

the following result: 

 

Corollary 3.3. If
( )

,  0, E
( )

zf z
f z

f z


   , 

satisfies the differential subordination 

2

32

( ) ( ) 2
1 1 ( ),

( ) ( ) (1 )

zf z zf z z z
h z

f z f z z

     
    

   
 

then 
( ) 1

,  E,
( ) 1






zf z
z

f z z
 i.e. 

*(1/ 2)f  . 

Remark 3.6. When we replace 1   and 
1

2
  , 

Theorem 1.7 of Singh et al [11], we obtain the 

following result. 

If f  , satisfies the condition 

( ) ( )
1 1 0, 

( ) (
E,

)

zf z zf z
z

f z f z

    
       

   
 

 then 
*(1/ 2)f  . 

 To compare this result with Corollary 3.3, we 

plot 3(E)h  in Fig. 3 and we see that according to 

the result of Singh et al [11], for the starlikeness of 

order 1/ 2  of ( )f z , the differential operator 

( ) ( )
1 1

( ) ( )

zf z zf z

f z f z

   
   

  
 can vary in the right 

half complex plane whereas according to the result 

in Corollary 3.3, the same operator can vary over 

the portion of the plane bounded by the curve 

3( )h z  (whole shaded region) for the same 

conclusion. Thus shaded portion in the left half 

plane as shown in Fig. 3, is the extension of the 

region of variability of this operator for the same 

implication. 

 

Fig. 3. 
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