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1. INTRODUCTION AND
PRELIMINARIES

Let A be the class of functions f , analytic in the
open unit disk E={z:| z|<1} and normalized by
the conditions f(0)= f'(0)—1=0. Denote by
S"(a), the class of starlike functions of order
which is analytically defined as follows:

zf'(2)
f(2)

S*(a)z{feA:iR( j>a,ZeE,0£a<1}.

We write S" =S (0), the class of univalent
starlike functions w.r.t. the origin. Obtaining
different criteria for starlikeness of an analytic
function has always been a subject of interest. A
number of criteria for starlikeness of analytic
functions have been developed. We state below
some of them.

Miller et al [4] studied the class of « -convex
functions and proved the following result.

Theorem 1.1. If a function f € A satisfies the
differential inequality
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9{(1—0{)%+a(1+2;::,—((:))ﬂ >0,z €E,

where « is any real number, then f is starlike in
E.
Later on, Fukui [1] proved the more general

result given below for the class of « -convex
functions.

Theorem 1.2. Let ¢, a >0 be agiven real
number. For all z< E, leta function f € 4

satisfy
9%{(1—a)w+a(l+mﬂ >
f(2) f'(2)
9 0<a<il2,
2(1-2)

_a(l-4)
2

/-

A 1/2< A<l

Then f €S (1).

Lewandowski et al [2] proved the following
result.
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Theorem 1.3. For a function
differential inequality

g F@O, DN 0,k
f) | (2 ce

ensures the membership for f inthe class S”.

feA, the

In 2002, Li and Owa [3] proved the following
two results:

Theorem 1.4. If f € A satisfies

S ARGl PN R |
f(2) f'(2) 2"

for some «,a>0,then f €S".

Theorem 15. If f € 4 satisfies

- 2f'(2) 1+azf”(z) >_052(1—05) L CE
f(2) (2) 4 5T

forsome ,0<a <2,then f e S (ax/2).

Later on Ravichandran et al. [10] proved the
following result:

Theorem 1.6. If f € A4 satisfies

9{ zf'(2) (“ X "(z)ﬂ N
f(2) £(2)

aﬁ(ﬂ——J+ﬂ—— zeE,

for some a, 5,0<a, f<1, then f €S (p).

For more such results, we refer the readers to
[5, 7, 9]. Recently, Singh et al [11] proved the
following more general result for starlikeness
which unifies all the above mentioned results.

Theorem 1.7. Let ¢, =0, 1,0<A<1, and
£,0< B <1, be given real numbers. Let

M(a, g, A)=[l-ald- P+

g2 al-BA-4) ap-1) and
a(l-B)A , -4,

N(a, g, A)=[l-al-p)I1+

Ot(l—ﬂ)iz _ a(l_ﬂ)(l_ﬂ’)
2(1 3 [2{BAL-22)1- B)(B-22) +

PA—27(1-L)(B-21)].

(i) For 0<A<1/2, let a function f A,
( );tO in E, satisfy
2f'(2) E“ azf' ”(z)j+

@ i 1@ @ >M(a, B, 2),
ap|1- zf'(2) 1+ zf"(2)

f(2) f'(2)

whenever

L2A-1-3°+21")+(3-24)2%* >0, and
2f'(2) (1+ aZf, ”(z)}r

) o AL @ > N(e B ),
ap|1- zf'(2) 1+ zf"(2)

f(2) f'(2)

whenever

L2A-1-32°+24")+(3-24)A*<0.

Then f eS'(1).

(i) For 1/2<A<1, if a function f eA,
f( );tO in E, satisfies

_ZI ,(Z) (1+ a:t ”(Z))_i_
R (2) (2) >M(a, 5,1),

zf'(2)
_aﬂ(l_ e ](1

then f €S ().

zf"(2)
f'(z) )]

The main objective of this paper is to extend
the region of variability of above mentioned
differential operators implying starlikeness. The
extended regions are shown pictorially using
Mathematica 7.0.
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To prove our main results, we use the
technique of differential subordination and need
the following lemma of Miller and Mocanu [6].

For two analytic functions f and g in the
unit disk E, we say that a function f is
subordinate to a function g in E and write f <g

if there exists a Schwarz function w analytic in E
with w(0)=0 and |W(z)|<LzeE such that

f(z) =g(w(z)),z €E. In case the function g is

univalent, the above subordination is equivalent to
f(0)=9g(0) and f(E) = g(E).

Let w:CxC —C be an analytic function,
p be an analytic function in E, with
(p(2),2p'(z))eCxC forall zeE and let h be

univalent in E, then the function p is said to
satisfy first order differential subordination if

yw(P(2),2p'(2)) < 1(2), w(p(0), 0) = h(0).
()

A univalent function q is called a dominant of
the differential subordination (1) if p(0)=q(0)
and p=<q forall p satisfying (1). A dominant q
that satisfies § < q for each dominant q of (1), is
said to be the best dominant of (1).

Lemma 1.1. ([6], p.132, Theorem 3.4 h) Let q be
univalent in E and let @ and ¢ be analytic in a
domain D containing q(E), with ¢@(w)=0,

lwhen  weq(E). Set Q(z)=2zq'(2)gla(2)].
h(z) = 6[q(z)]+ Q(z) and suppose that either

(i) h isconvex, or
(i) Q is starlike.

In addition, assume that

iiyw 2@ o e
Q(2)
If p is  analytic in E, with

p(0) =a(0), p(E) =D and

dlp(2)]+2p' ()¢ p(2)] < Ala(2)]+z2q'(2)Ala(2)],
then p(z) < q(z) and q is the best dominant.

2. MAIN RESULTS

Theorem 2.1. Let a, b , ¢ and d be complex
numbers such that ¢ and d are not simultaneously
zero. Let (,q(E) = D, be a univalent function in

E such that

0 9{“ 20'(2)_20(2), cx'(2) } .

q'(z) da(z) cq(z)+d

and
L)@ @) |

i) % q'(z) a(z) cq(z)+d -0
(a+2bq(2))a(2) '
cq(z)+d

If p, p(z) %0,z eE, satisfies the differential
subordination

ap(z) +b(p(z))* + (c + ij zp'(z) <
p(2)
g (2)
aq(z) +b(a(z))* + [C + —j 2q'(z),
q(z)

then p(z) < q(z) and q is the best dominant.

Proof. Let us define the functions @ and ¢ as
follows:

O(w) = aw+bw’, and ¢(w) = c+g.
w
Obviously, the functions 6 and ¢ are analytic
in domain D=C—{—9} and ¢(w)=0 in D.
c

Now, define the functions Q and h as
follows:

Q(2) = 20/ ()h(a(2) = [c+iqu'(z), and
1)

h(z) = aq(2) + b(q(2))? +[c+iJ 2q'(2).
q(z)

Now Q is starlike in E in view of condition
(i) and the condition (ii) implies that
zh'(2)
R————=>0,zeE. Also by (2), we have
Q(2)
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OLp(2)]+zp' ()4l p(2)] <
ola(2)1+zq'(z)#la(2)]

Therefore, the proof, now, follows from
Lemma 1.1.

zf'(2)
f(2)

have the following result.

Setting p(z) = in Theorem 2.1, we

Theorem 2.2. Let q,q(z)#0, be a univalent
function in E and satisfy the conditions (i) and (ii)

If feA,Zf (Z);éO,ZeE,
f(2)

satisfies the differential subordination
a+b #@) +| c+d @)
zf'(2)

zf'(2) f(2)
zf'(2) N zf"(2)
f'(z)

Pl

< aq(2) +b(a(2))’ +(c+ij 29(2),
q(z)

of Theorem 2.1.

Where , b, c and d are complex numbers,
)

2t (2

then

< (z) and q is the best dominant.

If we restrict the constants a, b, ¢ and d to
real numbers. By selecting a=1-a(l- /),

b=a(l-p),c=a(l-pF) ad d=af in
Theorem 2.2, we obtain the following result.

Theorem 2.3. Let q,q(z)#0, be a univalent
function in E and satisfy the conditions

L) 24(@) |
i R 92 a@) >0, and
1-5)29'(2) ’

1-p)(2)+p

i i,{qu"(z) (), (-p)()
@ 9@ A-pa@)+p

+[(1—05(1—/3»+20e(1—/3)q(z)]q(z)] -0

a(l-p)q(z2) +ap

zf'(2)

If feA, #0,zeE, satisfies the
f(2)
differential subordination
2'(2) (1+a zf %z))m ﬂ(l_ zf '(z)j(1+ zf "(z)]
f(2) f'(2) f(2) f'(2)

<[-a-p)a(z)+al-p)a(2)" +

(1 ,B+%J z9'(2),

where o and £ are real numbers, then

#®'(2)
f(2)

< (z) and q is the best dominant.

3. APPLICATIONS TO STARLIKE
FUNCTIONS

Throughout this section, we restrict the constants
a,b ,c and d toreal numbers.

Remark 3.1. When we select

q(z)=1+(1:—2/1)z,0s2<1.Then
jqu”(z)_zq’(z):lJr z  (1-24)z .
q(z) q(2) 1-z 1+(@0-24)z
Thus,
m(u 29'(z) zq’(z)j -0
q(z) a(2)
Also
29'(z) _29'(2) | oz
90 @ GRS
(1-24)z +£1+(1—21)z
1+(1-20)z a 1-z2
For >0, we have
ER(H 29'(2) _29(2) , q(z)}o
q(z) q(2) Ta

Therefore, q(z) satisfies the conditions of
Theorem 2.2 in case where a=1,b=0,c=0 and
d = a,a >0 and we get the following result.
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Corollary 3.1. Let  be a real number with

If feA, 4)
()

differential subordination

m+a(l+m]<

a>0. #0,z €E, satisfies the

1-a)
f(2) f'(2)
1+(1-24)z N 2a0(1- 1)z
1-z 1-2)A+1-24)z)"

then f €S ().

Remark 3.2. For azé and /1=%, Corollary
3.1 reduces to the following result.
If feA, 4'@) #0,zeE, satisfies the
f(2)
condition
+zf (z)+zf (z)<2—z+ z —h(2)
f(z) f'(z2) 1-z (@-2)(2-2)

then f €S"(3/4).

Substituting the same values of & and A in
the result of Fukui [1] stated in Theorem 1.2, we
obtain the following result:

If f eA, satisfies the condition

92[1+ @@, 4 (Z)j>%,ZGE,

f(z)  1'(2)
then f €S (3/4).
To compare both the results, we plot h, (E)

and the line $R(z) :% in Fig. 1.

We see that according to the result of Fukui
[1], for the starlikeness of order 3/4 of f(2),

zf'(2) N zf"(2)
f(z) f'(2)

vary in the complex plane on the right side of the

the differential operator 1+

line SJﬁi(z):g shown with dashes in Fig. 1

whereas according to our result, the same operator

can vary over the portion of the plane right to the
curve h(z) for the same conclusion. Thus our
result extends the region of variability of this
operator for the same implication and the region
bounded by the dashing line and the curve is the
claimed extension as shown in Fig. 1.

-3 L L L L
-1 0 1 2 3 4 5

Fig. 1.

Remark 3.3. When we select

q(z)=w,0si<l. Then

,i.e.iR(1+

l-« 1+Z

11—z

L@ _1+z
qz) 1-z

m%nj>o
q@z) )

and

1, Q)
q'(z)
21+(1—2/1)z N
1-z a

+29(z2) +——

l-«

Therefore for 0 <« <1, we have

q';(z)) +2q(z)+ j >0.

o
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Therefore, q(z) satisfies the conditions of
Theorem 22 for a=1-ab=a,c=a and
d =0 and we obtain the following result.

number

O<a<l. If feA,%iO,ZGE, satisfies
z

Corollary 3.2. Let a be a real

the differential subordination

2f'(2) [1+a zf "(z)j<
f(z) f'(2)
1+(1-24)z (1—05 L g 1 A-22)2
1-z 1-z
20(1- 1)z
(1—z)[1+(1—2/1)z]}

then f €S ().

Note that for ¢=1 and A=0in above
corollary, we get Theorem 1 of Nunokawa et al

[8].

Remark 3.4. For ¢ =1 and A= % Corollary 3.2

reduces to the following result.

zf'(2)
f(2)

zf'(2) 1+ zf"(2) -
f(2) f'(z)

1+z .
W:hZ(Z), =feS (1/2)

feA,

# 0,z € E, satisfying the condition

Substituting the same values of a and A in
the result of Ravichandran [10] stated in Theorem
1.6, we obtain the following result.

If f e A, satisfies the condition

m[ 0, "(Z>H S0zcE,
0 o

then f e S™(1/2).

1 i 1 1 1
-4 -2 0 2 4

Fig 2.

To compare both the results, we plot h,(E) in
Fig. 2 and we see that according to the result of
Ravichandran, for the starlikeness of order 1/ 2 of

f(z2), the differential operator

2f'(2) [1+ 2 "(2)
f(z) f'(2)
complex plane whereas according to our result, the
same operator can vary over the portion of the
plane bounded by the curve h,(z) (entire shaded
regiom) for the same conclusion. Thus shaded
portion in the left half plane as shown in Fig. 2, is

the extension of the region of variability of this
operator for the same implication.

j can vary in the right half

Remark 3.5. When we select q(z) = % Then
-z

9{“ 29'(z) _29'(2) , 29'(2) j:
q(z) a(@ aqz)+1

m(z_—zzj > O’
1-2)(2-2)

and




Sukhwinder Singh Billing 7

m(H 29'(2) _2q'(2) | 2q'(2) | (L+ 2q(z))q<z)] _
9@ aq@@ a@+1  a@@)+1

2
w| 272-2 | g
1-2)(2-72)
Therefore, q(z) satisfies the conditions of

Theorem 2.3 for ¢ =1 and S =% and we obtain

the following result:

Corollary 3.3. If f € A, 24'(2)
f(2)

satisfies the differential subordination

#0,z€E,

7f'(2) #"(z2) | 2+z-7° _
(“ () ](“ f'(z)j< -y
then 2B o L L E e fesW2).
f(z) 1-z

Remark 3.6. When we replace ¢ =1 and S =

SN

Theorem 1.7 of Singh et al [11], we obtain t
following result.

e

If f e A, satisfies the condition

o [FRETCY T R

f'(z)
then f e S™(1/2).

To compare this result with Corollary 3.3, we
plot h,(E) in Fig. 3 and we see that according to

the result of Singh et al [11], for the starlikeness of
order 1/2 of f(z), the differential operator

f ! f"

1+ 2 (2) 1+ 2@'(2) can vary in the right
f(2) f'(z)

half complex plane whereas according to the result

in Corollary 3.3, the same operator can vary over

the portion of the plane bounded by the curve
h,(z) (whole shaded region) for the same

conclusion. Thus shaded portion in the left half
plane as shown in Fig. 3, is the extension of the

region of variability of this operator for the same
implication.

10 ' e
-
Sr \.,\\ -
B
0 /”
-5k //,//' -
.////
_//-
-10 i
-15 1 il i L 1
-13 -10 -5 0 5 10 15
Fig. 3.
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