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1. INTRODUCTION

Let a function defined as f:@+ I SR—-R is
said to be convex if the following inequality holds

flx+ (A =-0y) <tf()+ A=-Of ()

For all x, y € I and t € [0, 1]. Geometrically,
this means that if P, Q and R are three distinct
points on graph of f(x) with Q between P and R,
Then Q is on or below chord PR. There are many
result associated with convex function in the area
of inequalities, but one of those is the classical
Hermite Hadamard inequality.

+b 1 b fla)+f(
f(a—) < Efa f(x)dx < aT)

. (1.1)

fora,b € I,witha < b.

Hudzik and Maligranda [3] considered, among
others, the class of functions which are s-convex
in the second sense. This is defining as follows.

A function f:[0,0) - Ris said to be s-
convex in the second sense if

fax+ (A -y) s t°f(x)+ 1 -0)° f(¥) (1.2)
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holds for all x,y € [0,%),t € [0,1] and for some
fixed s € (0,1].It may be noted that every 1-
convex function is convex. In the same Paper [3]
H. Hudzik and L. Maligranda discussed a few
result connecting with s-convex function in second
sense and some new result about Hadamard
inequality for s-convex function is discussed in [2,
7]. On the hand, there are many important
inequalities connecting with 1-convex (Convex)
function [2], but one of these is (1.1).

Dragomir et al [7], proved a variant of Hermit-
Hadamard inequality for s-convex function in
second sense.

Theorem 1. Suppose that f:[0,0) — [0,) is s-
convex function in the second sense. Where
s €(0,1], and let a,b €[0,), a<b. Iff €
L'[a, b], then the following inequality holds.

_ a+b\ 1 b f(a)+f(b)
25-1f (_)E [ fOdx KB

2 s+1

(1.3)

The constant k = ﬁ is the best possible in
the second inequality in (1.3). The inequality in
(1.3) becomes reverse when the function is
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concave. The result in (1.3) was improved by
Jagers [4] who gave both the upper and lower
bounds for the constant c(s) in the inequality

a+b

cf (%57) < 525 Ju fGdx.

He proved that

25711 51 (25 — 1\F¥1
2 <c(s) < 25+1 <
s s

25+1_25—1 -1
s+1

Dragomir et al [2] discussed inequality for
differentiable and twice differentiable function
connecting with the Hermite — Hadamard (H-H)
Inequality in the basis of the following Lemmas.

Lemma 1. Let f:1 € R - R be differentiable
function on I (interior of I) a,b € [ witha < b,
If f* € L[a, b], then we have

f@+f®) 1 (°
5 “h—a Lf(x)dx

D (11— 20)f (ta+ (1 - Ob)dt.

(b—
2

(1.4)

Dragomir and Agarwal [1] established the
following result connected with the right part of
(1.4) as well as to apply them for some elementary
inequalities for real numbers and numerical
integration.

Lemma 2. Let f:1° € R — E be differentiable
functiononI® ,a,b € I°, with a<b. If
f' € L'a,b], then

b b
f(a);-f( )_b_la ff(x)dx

_b-a Lt fita+ (1 -0)b) ~
- 2 -I;) -I;) <— f’(ua +(1- u)b)) (u — t)dtdu.
(15)

This paper is organized as follows: after
Introduction, we discuss some new s-Hermite
Hadamard type inequalities for differentiable
function in section 2, and in section 3 we
give some applications of the results from section
2 for some special means of real numbers. In
section 4, we give some application, to trapezoidal
formula.

2. MAIN RESULTS

Theorem 2. Let f:1° € R — R be differentiable
function on I° ,a,b € I°, with a<b. If
f' € La,b], if the mapping |f’| is s-convex on
[a, b], then

f@+f®b) 1
2 b—a

<

fbf(x)dx

b—a[ s.25+1

H e (@t + 1rmD

(2.6)

Proof. From Lemma 1,

b 1 (P
f(a);rf( )_b_af F()dx

b—a (!
—5 [(1 = 20)||f'(ta+ (1 —t)b)|dt
0

<

|f'] is s-convex on [a, b] for t € [0,1], then

If'(ta+ (1 =0)b) < °|f (@] + (1 = t)°|f ()]

b 1 b
f(a);rf()_b_aj oo

J 11 =2t[E1f @]+ A = O%If ' (D)1de. (2.7)

<

(b-a)
2

Where

e o g

fo t5|1 — 2t|dt = fo (1—-0)°1 - 2t|dt = 25(s+1)(s+2)
(2.8)

By (2.8) and (2.7), we get (2.6).

Theorem 3. Let the assumptions of Theorem 2 are

satisfied with p > 1 such that g =ﬁ. If the
mapping |f’ |9 is concave on [a, b] then,

f@+f®) 1 b b-a) _
|—“ : ( )—mfa f(x)dx| <L+ 1)
(2.9)

()|
Proof. From Lemma 1,

fl@)+f () 1 b
—2 —Efa f(X)dX| <
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(b-a)

[11=2t]|f'(ta+ (1 - t)b)ldt.  (2.10)

By applying Hélder’s inequality on right side of
(2.10). We have;

1
f [((1=20)||f'(ta + (1 — t)b)|dt
0

1 1/p 1 1/q
< (f [1 -2t |Pdt> (f [f'(ta+ (1 —1t)b) 19 dt)
0 0

(2.11)
Here

Y —2¢1P dt =
Jo 11 =2t dt—p+1 (2.12)
Since |f' 19 is concave, by applying Jensen’s
Integral Inequality on the second integral of
R.H.S. of (2.11). We have

N (ta+(1- t)b)dt) a
todf

I b+ (1 = 0blede < ([ todt) |f(

=|r (I

By (2.10), (2.12) and (2.13).We get (2.14).

(2.13)

Theorem 4. Let the assumptions of theorem 2 are
satisfied with p > 1 such that g :ﬁ. If the

mapping |f’ 19is s-convex on [a, b], then

b 1 (b
f(a);rf( )_b—af F)dx

(b—a) (If'(a)l"+f'(b)l")1/q
— 2(p+1)1/P s+1

(2.14)

Proof. From Lemma 1,

fla)+1(b) 1 b
ROt 7 FGodx|

(b;a) 11 =2¢||f'(ta+ (1 — O)b)|dt  (2.15)

By applying Hdlder’s inequality on right side of
(2.15). We get

L1 =20lIf (ta + (L= Ob)lde

(f 11— 2t Ipdt) (f If'(ta + (1 — £)b) |9 dt)
(2.16)

Since |f' |9 is s-convex on [a, b] for t € [0,1], then

If'(ta+ (1 —t)b) 19< t5|f'(a) 19 + (1 = )S|f'(b) 9.

And

1 1
1-2t1Pdt = ——;
fo| Pt = —

’ q ’ q
follf,(ta +(1—0b) 19 dt = w (2.17)
By (2.16) and (2.17), we get (2.14).

Corollary 5. From theorem 4, the assumptions of

theorem 2 are satisfied with p > 1 such that
q—L. If the mapping |f' 19 is s-convex

1
on [a, b], then

‘f(a) + f(b)
2

1 b
_b—af fx)dx| <

(b—a) ( 1

1/q
T B ) (F @I D

Proof. The above inequality is obtained by using

the fact Y7, (a; + B)* < Yi (@)* + X, (B)"
for k € (0,1)W|th0§p7< 1, for p> 1.

Theorem 6. Let the assumptions of theorem 2 are
satisfied with p > 1 such thatg =ﬁ. If the

mapping |f'|? is s-concave on [a, b], then

f(a) + f(b) 1 (b
5 3 aj; fx)dx| <
CDp+1 520 (=), (2.18)

Proof. We proceed similarly as in theorem 4.

By s — concavity of |[f'|9, we obtain
J31f'(ta+ (1= ©)b) 19 dt < 2571 [/ (22)|. (2.19)
Now (2.18) immediately follows from theorem 1.

Theorem 7. Let the assumptions of theorem 4 are
satisfied, we have another result:

‘f(a) + f(b)

1 b
_b—af f)dx| <

o-0f(2n) |f'<a>|Q+|f'<b>lq]1/q (2.20)

zpr# 28 (s+1)(s+2)
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Proof. From Lemma 1,

f@+f®) 1 b
HEE = L rodx|

L= a)f1|1 _2t]|f ' (ta + (1 — O)b)|dt
2 0
G- f'(ta
= fo|1—2t|1/p|1—2t|1/q|+(1_t)b|dt
(2.21)

By applying Hélder’s inequality on (2.21) for q >
1, we have

f( )+fb 1 b
[P - [ F )|

b-a) (! (! f'ta |?
T(L |1—2t|dt)zv(f0 |1—2t||+(1_t)b)| dt)'/a

(2.22)
By s-convexity of |f'|? on [a, b] forall t € [0,1].
(2.22) can be written as:

b 1 b
f(a);rf()_b_af oo

G-y ([ (@1 - 2ellf @) a
<=—(3) (fo +(1—ts)|1—2t||f’(b)|)dt)

1 1/q
b /|f'(a)|qf 11— 2tlde + 17 @)1
_ 0

p—1 1
27p 1—-0t)|1 —2tld
\ fo( £)°[1 — 2¢]dt )

(2.23)
Here,
1 1
J t5|1 — 2t|dt =j (1-=1t)%|1 — 2t|dt
0 0
25.s+1
T 25(s+1)(s+2) (2.24)

By (2.23) and (2.24) in (2.21), we get (2.20).

Corollary 8. From theorem 7, the assumptions of
theorem 4 are satisfied with p > 1 such that

q =pL If the mapping |f' |9is s-convex on
[a, b], t

=
hen

<

b 1 b
‘f(a);rf( )‘b_af oo

s.254+1 M4
25(s+1)(s+2)

(b ;1)[

2P

(f @l +1f' (D

Proof. The proof is similar to that of corollary 5.

Theorem 9. Let the assumptions of theorem 2 are

satisfied with p > 1 such thatq =p%. If the

mapping |f'|? is s-concave on [a, b], then

b 1 (P
f(a);rf( )_b_af F()dx

<

(b-a) (5741 )"/ | ' (M)| 2.25
=1 \2(s+2) f 2 /I (2.25)
2P
Proof. We proceed similarly as in theorem 6.
By s — concavity of |f' |7 we obtain
1
f 11— 2¢]|f'(ta + (1 — Ob)|9de <.
0
s2°+1 , (a+b\ |4
(2(s+2)> |f (T)| (2.26)

Now (2.25) immediately follows from theorem 1.

Theorem 10. Let the assumptions of theorem 2
are satisfied, then

<

‘f(a) +fB) 1
2

b
b—a,fa f(x)dx

s?+3s+4
+1D(s+2)(s+3)

(b—a)[

> ] (f @I+ (B)D-

(2.27)

Proof. From Lemma 2.

f@+f) 1 b
2 b—afa f(x)dx|

< (b;a)Joljollf’(taHl—t)b)—
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f'(ua + (1 —wb)|Ju — tldtdu.

(b-a)

<
2

Iy [51f ta+ (1 = )| — tldtdu

(b=
2

+

DM f (ua + (1= wb)|lu — tldedu

1 1
=(b—a)f f |f'(ta + (1 = t)b)|lu — t|dtdu.

(2.28)

By using s-convexity of |f’| on [a, b] for all
t € [0,1] on right side of (2.28), we have

fla)+f(b) 1 b
| . 2 _Efa f(x)dx|

1 1
<(b- a)fo f =t 1f'(@)

+(1 =% u—t| If'(b))dtdu (2.29)
But
1 1

f f tS|lu — t|dtdu
0 J0 L1

= fo fo (1 —t)%|u — t|dtdu

5243544
T 2(s+1)(5+2)(s+3) (2.30)

By (2.29) and (2.30) we get (2.27).

Theorem 11. Let the assumptions of Theorem 2
are satisfied. Furthermore, if the mapping |f' |9 is
concave on [a, b] for g > 1, then

f@+f®b)
2

<

1 b
5 —a_f f(x)dx

()
Proof. From Lemma 2, we have

fla)+1(b) 1 b
B [ fGodx|

]1/p

2

<D b (ta+ (1 - 0)b) —

£'(ua + (1 —u)b)|Ju — t|dedu.

(b-a)

<
2

LN (ta+ (= Ob)|lu - tldedu

+ (b;a) fol f01|f'(ua + (1 —wb)||u — tldtdu.

=(b-a) [, []|f'ta+ 1 —6)b)||u - t|dtdu.
(2.32)

By applying Hélder Inequality in (2.32), we have

f@+f®b) 1 (b
= ACOLE

< (b -a), [;1f'(ta+ 1 -0)b) |4

1 1
dtdw)a ([ flu — t|Pdtdu)”

(2.33)
But
1 ,1
J ] u—t|P dtdu
0 Y0
1 u 1
=f U (u—t)pdt+j (t—u)pdt}du
0 0 u
~ 2
S+ DE+2) (2.34)

Since |f' |9 is concave on [a, b] so by using
Jensen’s Integral Inequality on first integral in
R.H.S., we have

1 1
f f If'(ta+ (1 —t)b) |9 dtdu
0 Y0

[ [( [
= Ll EN @ =l (&N

Hence (2.33), (2.34) and (2.35) together imply
(2.31).

( J,(ta+ (1 - t)b)dt)
f T
J, todt

q
]du

(2.35)

Theorem 12. Let the assumptions of Theorem 2
are satisfied. Furthermore, if the mapping |f” 19 is
s-convex on [a, b] for g > 1, then
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f(@)+f(b) 1 b
[ = i oA

2 VP (f (@) + |f ()] 7)Y
S(b_a)((p+1)(p+2)> ( G+ ) '
(2.36)
Proof. From Lemma 2, we have
f(a) + f(b) 1 b
2 T bh-— aL f)dx
(b—a) (!t
< f j |f'(ta+ (1 —0)b) -
0 0

- 2
f'(ua+ (1 —w)b)||u — t|dtdu.

(b—
2

< &9 [ f(ca + (1 — Ob)|fu — tldedu

(b-
= (b-a) [, [J|f (ta + @ = O)b)||u — t|dtdu.
(2.37)

+ OO (1 (ua + (1 —wb)|lu — tldedu,

By applying Hélder Inequality, (2.37) becomes

b 1 (b
f(a);rf( )_b—a_[ F)dx

< -a)( [, [If'(ta+ (1 —6)b) 19 dtdu)™/?
U fy e tldeduy "

(2.38)

By s-convexity of |f' [170n[a,b], for t € [0,1],
we have

fla)+£(b) 1 b
[Pl - = [ (o]

1 1
<(b-a) (fo fo IOk

1/q
+ (1 -0)°If'(b) 19) dtdu>
(2.39)

But
A
- fol {fou(u — OPdt + ]:(t - u)pdt}du
2

T+ DO+ 2)

u—t|P dtdu

(2.40)

And

1,1 1,1 1
Jo I tPdtdu = [ [; (1 = t)*dtdu = —. (2.41)

By (2.39), (2.40) and (2.41), we have (2.36).

Corollary 13. From theorem 12, Let the
assumptions of Theorem 2 are satisfied.
Furthermore, if the mapping |f’ 17 is s-convex on
[a, b] for g > 1, then

‘f(a) IO ch-w

b
b—a_fa f(x)dx

2 1/p 1 1/q
((P+1)(p+2)> ((s+1)) If' @I+ If' @D.

Proof. The proof is similar to that of corollary 5.

Theorem 14. Let the assumptions of Theorem 2
are satisfied. Furthermore, if the mapping |f” 19 is
s-concave on [a, b] for ¢ > 1, then

b 1 (P
f(a);rf( )_b_af F()dx

<

I

Proof. We proceed in a similar way as in theorem
10.

By s-concavity of | f|° we obtain

[N (ta+ (1 = O] dedu

<z ()

Now (2.42) immediately follows from Theorem 1.

(2.43)

Theorem 15. Let f:1° € R — R be differentiable
function of I° , a, b, € I° with a < b, and
f' € L![a, b].if the mapping |f'|9 is s-convex on
[a,b]for g > 1, then

‘f(a) IO
2

b
b_ajaf(x)dx
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s?+3s+4 %
2+ D(s+2)(s + 3)>

- 1

(b - a)(
3p

(f' @19+ If' (B DY
(2.44)

Proof. From Lemma 2, we have

f(@) +f(b)

f f(x)dx

(b_a)f f|f(ta+(1—t)b)
f'(ua+ (1 —wb)||lu — t|dtdu.

(b—-a)

LEIf e+ (@ = ©b)|u — tldedu

(b-a)

f()l follf’(ua + (1 - u)b)||u — tldtdu.
= -a) f, [J|f'ta+ Q- 0b)|lu~— tldtdu.
(2.45)

By applying Hdlder inequality on (2.45), we
follow as

fla)+f(b) 1 b
RO [ F(dx|

1

1 01 a
< (b-0a) (f j |u—t||f’(ta+(1—t)b)|dtdu>
o Jo

1 .1 1/p
(f f |u — t|dtdu>
0 J0

(2.46)

Here

Jy Jylu — tldtdu = = (2.47)
And

1 ~1
_[ _[ lu —t||f'(ta + (1 —t)b) |9 dtdu

0 Yo

1 1
< _ S| £1 q
| ] =i

+ (1 —-0t)°|f'(b) |9 dtdu. (2.48)

Since |f' |9 is s — convex of onla,b] fort €
[0,1]

By solving (2.48), we have

fol f01|u —t|lf'(ta+ (1 —t)b) |9 dtdu

[ 5243544
2(s+1)(s+2)(s+3)

|11£"(@) 19+ 1 (b) 19]. (2.49)

Relations (2.46), (2.47), and (2.49) together imply
(2.44).

Corollary 16. From theorem 15, Let f:1° € R - R

be differentiable function of 1°, a, b, € I° with a
< b, and f' € L![a,b].if the mapping |f’|?is s-
convex on [a, b] for g > 1, then

b 1 (P
f(a);rf( )_b_af F()dx

<

Q-

s2+3s+4 )

(b—a)
3% <2(s +1)(s+2)(s +3)

Af' @1+ 1D
Proof. The proof is similar to that of corollary 5.

Theorem 17. Let f:1° € R — R be differentiable
function on I°, a , b € I° with a < b, and
f' € L'[a,b]. If the mapping |f’ |9 is s-concave
on [a,b] for g > 1, then

b 1 (P
‘f(a);rf()_b_af Fdz| <

el

Proof. We proceed in a similar way as in theorem
12.

(b—a)( s2+3s+4 ) (2.50)

31/P \(s+2)(s+3)

By s — concavity of |f' 19, we obtain
L = tlIf! (ba + (1 — ©)b) 19 dedu
s243s+4 a+b
(S+2)(S+3) |f ( )|

Now (2.50) immediately follows from theorem 1.

(2.51)
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3. APPLICATION TO SOME SPECIAL
MEANS

Let us recall the following means for any two
positive numbers a and b.

(1) The Arithmetic mean
a+b

A=A(a,b) =—
(2) The Harmonic mean

H=H(ab) =22

a+b

(3) The p- Logarithmic mean

L, = L,(a,b)
a, if a=b;
— pp+1 _ gp+1 1/p
Y RN ) [ b!
w+Do-o| 77
(4). The Identric mean
a, if a=b;
I=1(a,b) =1 | o=
(@) axn
(5). The Logarithmic mean
a, if a=b;
L= L(a, b) = { b—-a ,
Inb-Ina’ lf a#b,

The following inequality is well known in the
literature in [3]:

HSG=<L<I<A

It is also known that L,, monotonically increasing
overp € R,denoting Lo =1 and L_; = L.

Now here we find some new applications for
special means of real numbers by using the results
of Section 2.

Proposition 1. Letp>1,0<a<bandq = ﬁ.
Then one has the inequality.

Inb-Ina

A(a,b) — L(a, b) |< =="2A(lal, |b]). (3.52)

Proof. By theorem 10 applied for the mapping
f(x) = e* for s = 1 we have the above inequality
(3.52).

P

Proposition 2. Letp>1,0<a<bandq= g

then

I(1-a,1—b)

< (b_aH-lu 11 b1)
Gl-al1-b) =P\ 3 (I1=al )

Proof. Following by Theorem 12, setting f(x) =
—In(1 —x) for s =1.

Another result which is connected with p-
Logarithmic mean L, (a, b) is the following one.

Proposition 3. Letp>1,0<a<band = % ,
then

AT - @)™, (1 - B — L[ - &)", (1~ b)"]|. <

Il - @) () 1
[a(11 - alw, 11 - bla-1)] .

Proof. Following by Theorem 15, setting f(x) =
(1-x)"In|=2and n € zfor s = 1.

4. APPLICATION TO QUADRATURE
FORMULAE

Let D be a division a=xy<x; <xy..<
Xn-1 < x, =b of the interval [a, b] and
consider the quadrature formula

f,f f(x)dx = S(f,D) + R (f,D) (4.53)
where, for the trapezoidal version S(f, D) is

n-1
S(f,D) = Z f () +2f(xk+1) (ens — %)

k=0

and the connected error term R(f,D) for the
trapezoidal version

Proposition 4. Let f:ISR - R be
differentiable function on I° such that f’'e
L[a,b], where a,b €1 with a <b and |f'|? s-
convex on [a, b], for every division D of [a, b], the
trapezoidal error estimate satisfies

|R(f, D)
1

< 1 ( s.25+1 )qZ
= ptllps
% 25(s+1)(s+2) e

(X1 — xk)z
0

(f" Gl + 1" (re+ DD (4.54)
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Where p > 1.

Proof. On applying Corollary 8 on the subinterval
[xx, xi41] Of the division D of [a, b] for k =
0,1,2,...,n—1, we have

1 Xj+1 _ FOx)+f(Xgea)
|Xk+1— Xk ka fxdx 2
/a
(xXp41— 1) s.2°+1 ! ,
L - (f' Gl
o 25(s+1)(s+2)
+1f" Caer)D

(4.55)

Taking sum over k from 0 to n — 1.. And using
s- convexity of |f']|9, we get,

b
[ r@ax=s¢.0)

n—1 /*k+1

k=0

Xk

< SRS [ GO dx = (i — ) L0
S F s + £ ()
X + f(x
f f)dx — (xgqq — xk)kﬂfk
k=0 |x;

_ [ (e) + f(x)
2

n-1 Xk+1
1
R(f,D)| < kzzo(xkn =) mxf fx)dx

(4.56)
Using (4.55) and (4.56), we get (4.54).

Proposition 5. Let f: 1 € R — R be differentiable
function on I° such that f’ € L[a, b], where

a,b € I witha < b and |f'|? s- convex on [a, b]
, for every division D of [a, b], the trapezoidal

error estimate satisfies
1

s2+3s+4 q
2+ D(s+2)(s + 3))

1
IRCF, D) < —1<
3p

n-1

D Cenr = 1% (U Gl + I Goir)D
k=0

Where p > 1.

Proof. The proof is similar to that of Proposition 4
and using Corollary 16.

5. CONCLUSIONS

By selecting some other convex function, and
applying the results given in section 2, we can find
out some new relations connecting to some special
means. For example, choosing different convex

function like f(x) =—-Inx, f(x) = % and

f(x) =—=In(1 —x) for different values of s
from (0, 1] in s-convexity (concavity), we get new
relation relating to some special means.
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