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1. INTRODUCTION

A continuous complex-valued function f = u + iv
defined in a simply connected complex domain B
is said to be harmonic in B if both u and v are real
harmonic in B. Let

f=h+g

be defined in any simply connected domain, where

h and g are analytic in B. A necessary and sufficient

condition for f to be locally univalent and sense-

preserving in B is that

[h'(2)| > |g'(2)],z € B (see [2]). (1.1)

Let H(p) denote the class of functions of the form:
f=h+g

which are harmonic p-valent in the open unit disc

U={z:z € C,|z| <1}, where
90 = ) by 7
k=p

h(z) = zP + z ay z5,
k=p+1
(Ibpl < LpeEN={123,...}).

(1.2)

Let H(p) denote the class of functions of the form:

f=h+g, (1.3)
Where -
h(z) =20 = > ac| 75, 9(2)
k=p+1
_ Z|bk|zk, Iby| < 1.
k=p (1'4)
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For 0<B <1,peN,beC =C\{0},|b| <1,7
=(0/(00)(z=1e"?),0<r<1,0<6<2m

and f'(z) = = (f(2)). et Sy (b, p, B), let be the
class of hamonic functions f(2) of the form (1.2)
such that

1[zf'(z)
b [Z'f(z) - p” <p (1.5)
or, equivalently,
zf' (z)
Re{m}>p_mbl' (1.6)

Also, let
‘STH(blp'ﬁ) = SH(b,p,B) N H(p)-

We note that:

(1) Sy(p — a,p,1) = TH(p, ®) ( see Ahuja and
Jahangiri [1] );

(ii) Sy (b, 1,B) = HS*(b, B) ( see Janteng [4] );

(i) Sy(1 — 0, 1,1) = Sj;(a) (0 < a < 1)
(see Jahangiri [3]);

(iv) Sy(1 — o, 1,1) = S};(0) = T};( see Silverman
[5]).
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Also we note that:
6) fH((p — a)cosAe %, p, 1) = Sh(p, @)

i 28 (2)
{f(Z) € H(p) Re {e 4 7'f(z )}

= o COSA (0Sa<p;|l| <g)};

(11) §H(1' b, B) = §H (p! B)

- fE i p‘ < ,[)’}.
In this paper we introduce a new classes Sy (b, p, B)
and Sy(b,p,B). We obtain also the coefficient
inequality, distortion theorem, extreme points,
convolution conditions and convex combination for
functions in the class Sy (b, p, B)-

{f (2) € H(p):

2. COEFFICIENT ESTIMATE

Unless otherwise mentioned, we assume
throughout this paper that0 < g < 1,p € N,b € C*,
|b| < 1,7 = (8/(30))(z=7e?), 0<r<1,0<86

<2m,f'(z) = (0/(30))f (2),z €U and f(z) Iis
given by (1.3).

In the following theorem, we obtain the coefficient
inequality for functions of the class Sy (b, p, B).

Thereom 1. Let/ = h + g, where h and 9 are given
by (1.2). Furthermore, let

i k=p+plbl
Blbl K

k=p+1

Nk +p—B|b
+Z—Z|b|ﬂ| by <1
k=p (2.1)

then f(z) € Sy(b,p, B).

Proof. We only need to show that if (2.1) holds then
the condition (1.6) is satisfied. Since Rew > § if
and only if |1 — § + w| > |1 + § — w|, it suffices to
show that

|(1 = p + BIbNZ'f (2) + zf'(2)]
— @ +p—-BIbDZf(2) - zf'(2)| > 0.

Substituting for z'f(z) and zf'(z), we obtain

|(1 —p + BIbDZ'f(2) + zf'(2)]
— A +p—=BIbDZ'f(2) - zf'(2)|

= |1+ B|bz? + (k—p+1+p|b]ayz*
k=p+1

=D (e+p—1-BlbDby 7
k=p

(k—p—1+plbDaxz"
k=p+1

— (@ =BlbDzP -

+Z(k+p +1— Blb)by z*

k=p

> (L+BIBDIZP = ) Ge=p+ 1+ FlbDlag llzl*

k=p+1

=) Gk +p—1-BlbDby llzI*
k=p

[o¢]

~(t=BlbDIzP = )

k=p+1

(k—p—1+BlbDlag||z|*

= D (e +p+1-BlbDIb] Izl
k=

= 261bllzIP =2 )" (k= p+BIbDla] 2]

k=p+1

=2 (k+p - BIBDIby 21
k=

> 281|141 — Z
k=p+1

k+p—pBlbl
Z 41b] |bk|}.

This last expression is non-negative by (2.1), which
completes the proof of Theorem 1. The harmonic
p-valent function

k=p+pibl |
BIb| k

2.2)
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(2.3)

where Zxzp+1 Xkl + Zi=p Ykl = 1, show that the
coefficient bound given by (2.1) is sharp. This is
because

" k—p+Blbl Nk +p = Blbl
e ) T |
2, ol "4 gl

k=p+1

S k—p+Blb b
= p+BbI BBl

Lt BB k—p+pib]

ikﬂ?—ﬁlbll Blb|

Y,
Bl k+p—pinl
k=p
Z |Xk|+Z|Yk|—1
k=p+1

Now, we need to prove that the condition (2.1) is
also necessary for functions of the form (1.3) to be
in the class S, (b, p, B).

Thereom 2. Let f =h+g, where h and 9 are
given by (1.4). then f(z) € Sy(b,p,p) if and only
if

o k—p+Blbl ok +p — Blb|
D, BIb] 'a“'+kz:p T X

k=p+1

Proof. Since Sy(b,p,B) < Sy(b,p,B), we only
need to prove the “only if” part of this theorem. Let
f(2) € Sy(b,p,B), then

zf'(2)
Re {ZT(Z)} > —,Blbl,
that, is that
Re zf'(z) — (p — BIb|)Z'f(z)
Z'f(z)

CRe {mmzl’2?=p+1(kp+ﬂb>akzkzﬁ°=p(k+pﬁb>bk 2

zpfzf:pﬂ ay zk+21i°:p by zk

} >0. (2.5)

By choosing the values of z on the positive real axis
where0 = z =r <1, we have

BIbl = Ticeps1(k = p + BIbDax — Tisp(k +p — BlbDby

>0. (2.6)
- Zlio:pﬂ a + Zlo(ozp bk

If the condition (2.4) does not hold, then the
numerator in (2.6) is negative for r — 1. This
contradicts (2.6), then the proof of Theorem 2 is
completed.

Putting? = 1in Theorem 2, we obtain the following
corollary:

Corollary 1. Let f = h+§iv¥here h and 9 are
given by (1.4). Then f(z) € HS (b,B) if and only
if

— k— 1+ B|bl — k+1— B|bl
;—mm |ak|+;—mb| bl < 1. (2.7)

Putting b = (p — a)cosie ™ (0 < a <p,|A| < g)
and g =1 in Theorem 2, we obtain the following
corollary:

Corollary 2. Let f =h+g, where h and 9 are
given by (1.4). Then £(z) € Sk(p, «) if and only if

k—p+(p—a)cosi
— lag |
(p—a)cosA
k=p+1

k+p—(p— a)cos/l <
+ Z (p—a)cosi kl =1 (2.8)

3. SOME PROPERTIES FOR THE CLASS
SH(b' P, B)

Distortion bounds for the class Sy (b,p,[) are
given in the following theorem.

Thereom 3. Let the function f(z) given by (1.3)
be in the class Su(b,p, ). Then for |z] =7 < 1,
we have

Blbl  2p—plbl
f(z)lS(1+|bp|)rp+<1+ﬁ|b|_ 1p+ﬁ|b| |bp|)rp+1 (3.1)

and

Blbl  2p—plb]
If(2)] = (1_ |bp|)rp_<1+ﬁ|b| - 1p+'8|b| |bp|)rp+1' (3.2)

The equalities in (3.1) and (3.2) are attained for the
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functions f(z) given by

Blb| 2p—ﬁ|b|b

@) = (1+b,)7 +<1+ﬁlbl IRy ")Z_pﬂ

and

. i Blbl  2p—plbl \_
f@) = (1—bv>zp‘<1 +FIb] 1+ Bl b”>2p+1'

Proof. Let f(z) € Sy(b,p, ). Then we have

[o¢] [o¢]
ISP+ D faclr+ ) byl
k=p+1 k=p

[o2]

< A+ [by pr+77% > (fal +1bi )

k=p+1
Blb|
= p
(1103 D + 7
=p+1
1+ pBIb| 1+ BIb] )
a b p+1
( Blb] la | B10] by | )7
Blb|
14
< (1+4|by |)r +1+‘8|b|k—
=p+1
k—p+pBlbl k +p—Blbl )
ST P PP A |+ P ) e
( B1b] lay | A1b] |by | |7
Blb| 2p — Blb|
p —_ p+1
< (14 by 7 + 5 (1 =g oy )7

Blbl  2p—BIbl
— (1+]b, |)rp+<1+ﬁlb|— b, |)rp+1.

Similarly, we can prove the left-hand inequality,
where

F@Izr = > falrk = ) Il r*,
k=p

k=p+1 (3.3)

This completes the proof of Theorem 3.

Putting p = 1in Theorem 3, we obtain the following
corollary:

Corollary 3. Let the function f(z) given by (1.3)
be in the class HS*(b, B). Then for |z| = r < 1, we
have

plbl 2~ plbl
F@I < @+ IbDr+ (1 TR |b1|>r2 (3.4)

and

Blbl 2-Blb|
If @) 2(l-lbll)r—<1+ﬁ|b|-1+ﬁ|b||b1I>T2- (3.5)

The equalities in (3.4) and (3.5) are attained for the
functions f(z) given by

F@ = @ b7+ (g~ T ) 7

1+plb] 1+p0b] *)°

and

f(Z)=(1—b1)z‘—< AIb| 2"3”"191)2—2.

1+Blbl  1+pb]
Putting b = (p — a)cosde ™ (0 < a <p,[A| <3)

and f =1 in Theorem 3, we obtain the following
corollary:

Corollary 4. Let the function f(z) given by (1.3)
be in the class Si‘,(p, ). Then for |z| =7 <1, we
have

f(@)| < (1 + |bp|)rp

(p—a)cosk _ 2p—(p—a)cosd +1
(1+(p—a)cosl 1+(p—a)cosi |bp |) r? (36)
and
If@1 = (1= b |)rP
_ ( (p—a)cosA 2p—(p—a)cosl|b |)Tp+1
1+(p—a)cosA  1+(p—a)cosA |7P (3.7)

The equalities in (3.6) and (3.7) are attained for the
functionsf (z) given by

f(Z) = (1 + bp)z—p + ( (p—a)cosk 2p—(p—a)coslb

—p+1
1+(p—a)cosA  1+(p—a)cosi p) z

and

_ _ -p _ [ (p—@)cosd _ 2p-(p—a)cosi ——
f(Z)_(l bp)zp (1+(p—a)cosl 1+(p—a)coslbp) .

Our next theorem is on t_he extreme points of
convex hulls of the class Sy(b,p, ) denoted by

clco Sy (b, p, B).

Thereom 4. Let f(z) be given by (1.3).
Then feSyb,p,p) if and only if
f(z) = Zl(io:p(thk + Ykgk): Where

hy(2) = zP, hy(2)

= p—&zk(k:p+1p+2...)
k —p+ Blb| BT Sl (3.8)
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and
Blbl  _
N JTR i il SN 20 M
g(2) =2z +k+ —l3|b|z (k=pp+1,..)
had 3.9
XkZO'YRZOIZ(Xk-}_Yk):l .
k=p
Proof. Let

f(2) = Z(thk + Yiegi)
=

BIb| K

X
Wt k=P +BIbl

= |
+ ___JEL_L___y% k

kz_ k +p—plb|

=p

= Z(Xk + Y)zP —
k=p

b
Lo K= p + BBl

(3.10)

Using (2.4), we get

" k—p+Blbl jik+p—ﬁw
P agl+ Y ———" b
D 2

k=p+1

k—p+pBlbl  Blbl
BIb] k—p+Blb|"*

k=p+1

ik+p—ﬁ|b|, Blb|

& BBl k+p—plbl "
=p

- 3

k=p+1

then £ € Sy (b, p, B).
Conversely, if f € Sy(b,p, B), let

Blbl
k—p+ Blbl

Zyk =Z(Xk+yk)—xp <1,

lay | = Xy (k=p+1p+2..) (3.11)

and
I I=—mb| Ye(k=pp+1,...)
k k+p—ﬁ|b| k D, p yreee )y (3.12)
where Zl‘f:p(xk +Y,) = 1. Then, we have
f2) =27 - Z | 2* +z|bk|
k=p+1
N BBl E: BIEL
kwﬂk—p+ﬁw| rp— Bl
=2+ ) (@ =) X+ ) (gl — 2DV
k=p+1 k=p
= Z(Xk,hk + Yiegi)-
k=

This completes the proof of Theorem 4.

Putting » =1 in Theorem 4, we obtain the
following corollary:

Corollary 5. Let tf(z) be given by (1.3)
with » =1. Then f € HS (b,B) if and only if

f(2) = Yrz1(Xhy + Yiegr), where
h(z):zh(z):z——'glb| *(k=23,..) (3.13)
' T k—1+plb] SN
and
_ B1b| e
gk(2) =z + k+1——Blmzk (k=12,..)
<Xk >0;Y =0; Z(Xk +Y) = 1), (3.14)
k=1

Putting , = (p — a)coste=* (0 < a < p, [A| <2
and B = 1in Theorem 4, we obtain the follown?g

corollary:

Corollary 6. Let f(z) be

(1.3). Then re SH(p o) If and
f(@) = ZkepXichy + Y gi), where

given by
only if
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hyp(2) = 2P, hy (2)
(p—a)cosi

— _ k _
=zP mz k=p+1,p+2...), (3.15)
and (-
p—a)cosk  _
gy T Sk =
gk(z) Z +k+p—(p—a)COSﬂZ (k p:p'l'l:)
szo;ykzo;Z(kak):l . (3.16)
k=p
For harmonic functions of the form:
F(2) =27 — Z lay | z& +Z|bk|z 317)
k=p+1 '
and
F@ =22 = ) IAdZ+ ) Bl7  (318)
k=p+1 k=p

we define the convolution of two harmonic functions

f and F by

[*9)

(FrRE@ ==

|ay A | 2° + z b By |z (3.19)
k=p+1 =

Thereom 5. For 0<y<B<1, et f € Sy(b,p,B)
and F e Sy(b,p,y). Then f=F € Sy(b,p,p) c
SH(b'P:V)~

Proof. Let the convolution fx F be of the form
(3.19), then we want to prove that the coefficient
of f * F satisfy the condition of Theorem 2. Since
F € Sy(b,p,¥) we note that |Ax| <1 and Bkl < 1.
Then we have

o k—p+ylbl C k+p —ylbl
Z TlakAk|+ZlekBkl
k=p+1 14 k=p 14

o k—p+ylbl ok +p - yIbl
Y T s
vibl Lyl

k=p+1

o k—p+plbl k+p—BIbl
<> |k|+Z bl <1,

BBl BIb|

k=p+1

since 0<y<p<1 and feSyb,p,p).
Thereforef * F € Sy(b,p, B) € Sy(b,p,y), which
completes the proof of Theorem 5.

Now we want to prove that the class g, (p, p, B) IS
closed under convex combinations.

Thereom 6. Let 0<c¢ <1 fori=12,.. and
X241 ¢; = 1. If the functions f;(2) defined by
) =2 — )

k=p+1

|ay; |z~

+ Z'bk.i | X (zeU;i=123...), (3.20)
k=p

are in the class Su(b.p. B) for every ; — 123
then 32, ¢; f,(2) of the form

Scree S (Sabl)s

i=1 k=p+1 \i=1

2 (el

is in the class Sy (b, p, B).

IR

(3.21)

Proof. Since fi(2) € Sy(b,p,B), it follows from
Theorem 2 that

Blbl ol

k=p+1

ke +p — Blb]
+ZW|bki|S1

k=p

(3.22)

foreveryi =1,2,3,.... Hence

:;i k —-bp +'ﬂ|b| - c-|a _|
ﬁlbl L 4 k,l

k=p+1

> (k+p— Blb|
SN
k=p =1

L Blbl ol
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By Theorem 2, it follows that X2;c;f,(2) €
Su(b,p, B). This proves that Sy (b,p, 8) is closed
under convex combinations.

Remarks. (i) The results in Corollaries 1, 3 and 5,
respectively, correct the results obtained by Janteng
[4, Theorem 2.1, 2.2 and 2.3, respectively];

(ii) Putting b = 1in the above results, we obtain the
corresponding results for the class Sy (p, B).
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