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Abstract. The main objective of this work is to numerically solve three
types of Fourth order Emden-Fowler equations by using Successive Dif-
ferentiation Method (SDM) and to inspect its shape factor ‘k’ in detail.
Numerical solutions and graphical illustrations give a detailed insight into
the variation of numerical solution due to shape factor and evince the rea-
son why ‘K’ is always kept positive. The singularity term in Emden-Fowler
equations makes it difficult to find its analytical solution. It is usually ar-
duous to obtain the numerical solutions due to its singularity. Successive
Differentiation Method is easy to understand and give accurate results as
compared to its contemporary methods. Graphical illustrations have been
shown to establish our argument.
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1. INTRODUCTION

Study of Universe always fascinated mankind. There is plethora of secrets in this uni-
verse to be revealed. Mathematicians have paved ways in studying these phenomena via
developing some very famous equations. One of these equations is Emden-Fowler differen-
tial equation. It has a vast variety of applications in different fields of science. The general
form of this equation is written as

k4" (xk- d” )y + f(z)g(y) = 0; wherek > 0 (1.1)

dz™ dx™
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Eq.(1.1) developed by Wazwaz [21] has many interesting facts about it. For fourth order
Emden-Fowler equation + m = 4, m,n > 1, three cases arise as

(i) m = 3,n = 1for which Eq.(L.1) becomes

xikd—g (xki)y + f(x)g(y) = 0; wherek >0 (1.2)
dx3 dx ’
(i) Form =2,n =2, Eq.(L.1) can be written as
d? d?
—k k —0
e (x dm2)y + f(x)g(y) = 0; wherek >0 (1.3)
(iii) And the last possible case iz = 1,n = 3, Eq.[1.1) becomes
d a3
-k (K —0
a2 (1: dac?’)y + f(x)g(y) = 0; wherek >0 (1.4)

The termz—* describes the singularity of this equationzat= 0. Herek is the shape
factor of this equation and it shows the variations in the solution of the equation. Since
m + n decides the order of differential equation, therefore, a specific case af Hapith

order two is the famous Lane-Emden equation, that has applications in astrophysics, chem-
istry, physics etc. Further more for second order singular Lane-Emden equajign i§

an exponential function, then in stellar structures the density distribution of isothermal gas
sphere is represented by this Lane-Emden equation like in thermodynamics, it is considered
that the structure of the stars is the gaseous sphere. Another caselof)dn.thermody-
namics can be if(y) = y™, wherem is known as the index and hence Hqlj describes

the thermal behavior of gases in spherical clouds. Another famous equation is derived from
Eq.(L.1), known as white dwarf equation, lyy) = (y> — C')*/2. This equation becomes
Lane-Emden equation with ind&dor C = 0.

In [10] for the first time in history Fowler presented the idea of Emden-Fowler Equations
as an application of astronomical problem. Later in [11] and [12] Fowler discussed its
transformation into simpler forms and its special cases. In 1975 James [23] discussed the
other properties of this equation such as oscillation, continuability, stability, boundedness,
boundary value problem and asymptotic growth. Domoshnitsky et al. [8] discussed the
asymptotic behavior of solutions obtained for delay type Emden-Fowler equations. Clas-
sification of proper solutions were discussed by Kamo see [14]. Lie symmetry analysis of
Emden-Fowler equation was studied by Khalique [16]. In [1] Aslanov obtained the exact
solutions of the first kind of Emden-Fowler equation. In [3] Berkovich discussed the gen-
eralized Emden-Fowler equation by autonomization technique. Mohamed El-Gamel used
B-Spline method to analyze the numerical solution of Emden-Fowler Equation (see [9]).
Recently, Wazwaz [21] derived the fourth order singular Emden-Fowler differential equa-
tions and solved them numerically by using Adomian Decomposition Method.

To decipher the secrets in such equations, various methods have been developed and ap-
plied to analyze their behaviors in certain situations. Emden-Fowler have always been the
center of attention among numerous mathematicians due to its singularity property. Since
in most cases its analytical solution can not be obtained so numerical solutions are likely
to be acquired.

In [13] Freire et al. studied fourth order Emden-Fowler equation by using Lie and Noether
symmetries. In [17] Najeeb et al. solved various examples of fourth order Emden-Fowler
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equation by Haar based wavelet collocation method. Bildik et al. applied Optimal Per-
turbation Iteration Method (OPIM) and Modified Adomian Decomposition Method and to
obtain the numerical solution of Emden-Fowler equation [4], [5]. Details about the Opti-
mal Perturbation Iteration Method is given in detail in [7]. Bildik et al. also solved the
delay differential type equation of Emden-Fowler and compared their results with contem-
porary methods which were proven to be less accurate [6]. In [18] Khoury et al. used
Adaptive Collocation method for finding the numerical solution of Emden-Fowler singular
differential equation and claimed to be the accurate technique . In [2] Astashove described
the existence of oscillatory and non-oscillatory quasi-periodic solutions of higher order
Emden-Fowler equation. Randolph et al. [19] also studied two dimensional higher order
Emden-Fowler differential equation by Adomian Decomposition method. Recently, Ro-
gachev [20] theoretically proved the existence of solutions of generalized Emden-Fowler
equation by Lipschitz continuity and concepts of boundedness.

Among these methods is the Successive Differentiation Method. This method has yet been
proved to be the uncomplicated and effortless method for attaining numerical solutions of
singular differential equations. In [15], authors solved a variety of singular differential
equations by using SDM. In this paper, a fourth order Emden-Fowler differential equation
is solved numerically by Successive Differentiation Method (SDM). Three cases have been
solved and analyzed in this work. Importance of shape fdctorfeasibility of solution is

also discussed in detail.

This paper is divided into following parts. Section | contains the brief literature review of
this work. Section Il is the mathematical formulation of Successive Differentiation Method
on fourth order Emden-Fowler differential equation. Section Il has the major contribution
in this paper as it specifically discusses all three possible cases for fourth order Emden-
Fowler differential equation and its numerical approximations for diffefénmt andg(y)

in each case along with graphical illustrations and detailed discussion of shape factor. Sec-
tion IV is the last section that concludes the main results and observations of this paper.

2. MATHEMATICAL FORMULATION

Consider the nth order singular differential equation as
uF(z) = zRo(x), Ro(z) = L(z) + N(x) (2.5)

which implies

ub(z) = xL(u(x),u (), ,u(kfl)(x)> + {L‘N(U(CC),U (x),--- ,u(kfl)(x)> (2.6)

with initial conditionsu(0) = ay, v (0) = ag, u (0) = as, ..., u* "D (0) = az. On
differentiating Eq/2.€) successively it becomes

"

ukH(x) =zL (u/ (x),u (x),--- ,ulk) (1:)) + a:N(u/ (x),u (x),--- ,ulk) (1:)) + R, (x)

o
=2R;i(z) + Ro(x)
2.7)
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whereR; (x) denote the first derivative d®(x).

1"

uF2(z) =L (u” (z),u (z),--- 7’U,(k+1)($)) +azN (u”(a:), u (@), ,u(k+1)(m))+
Ro(x)
=zRa(x) + 2Ry (x)

1111

uF 3 (z) =L (ul” (),u (z),--- ,u(k+2)(a?)) + N (uw (x), u (), ,ukt2) (.Z'))—l—
Ro(x)
:l'Rg(l') + 3R2(:C)

uF " (2) =z R, (z) + nRp_1(z)
(2.8)

whereRy(x), R3(z), ..., R, (x) are the second, third ,..., upt&’rorder derivatives. Now
apply the initial conditions on E@(€) to find the values of higher order derivative terms
i.e. u®(0) = By, u+1(0) = By, uF*+2(0) = By, uF3)(0) = Ss,...etc. By expanding
the Taylor series ofi(x) it becomes,

0 u”(x) 2 3 zk Lkt k2
nz::o I —Ozo+a1x+a2?+a3§+~--+50H+ﬂ1(k+1)!+ﬂ2(k+2)!

_+_ e

(2.9)
Therefore series given in E@.€) is said to be the numerical solution of nth order singular
differential equation in EqZ.5).

3. ANALYSIS OF SDM ON FOURTH ORDER EMDEN-FOWLER EQUATIONS

Fourth order Emden-Fowler equation is the best example for proving the accuracy of
any numerical method that claims to solve the singular ordinary differential equations.
Therefore in this section two examples of each case of fourth order Emden-Fowler equation
have been considered with differefitz) & ¢g(y) and solved numerically by SDM. Also

the changes occurring in numerical solution due to shape fadtaxre been discussed for
each example.

3.1. Case-1.Forn = 3, m = 1, expanding Eq1.2) it becomes

3]{ 11
_+_ _

@)+ 3k(k—1) »

S (@) + B DE=2)

y" (x) y (z)+ f(z)g(y) = 0 (3.10)

2 3
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"

with initial conditiony(0) = 3., ¥ (0) = 3" (0) = y" (0) = 0. Taking successive deriva-
tives of Eq.B.10), it eventually becomes

3(k = 2)(k = Dky'(x)  (k—=2)(k = Dky"(x) 6k = 1)ky"(z)

g(y)f/(x) - 4 + 3 - 3
L 3k = lilgy(:‘) (x) 3ky:2)(z) LA CONN YO (@) =0
o) f" (@) + 12(k — 2)(’;5— Dky'(x) | 18(k —izky”(fv) _ 6(k— 2)(’1; Dky"(z) |
(k —2)(k — 1)ky® (z) n 6ky® () ~12(k - Dky® () n 3(k — 1)ky™ () 3
23 3 23 22
6kyiz)(x) + 3k‘y(/5) (z) + y(G)(x) -0

(3.11)

Estimating the higher order derivative valuegat 0 from Eq.[3.11) and expanding them
by the Taylor series af(x) it turns out to be

’

3 9(y)£(0) o4 gwf© 5
Yo 4(kP T 6k + 11k +6)"  5(k3 + 9k2 + 26k) (3.12)
a0 e |

12(k3 + 12k2 + 47k + 60)

Series in Eq3.12) is known to be the numerical solution for case I. It gives an insight
about the existence of solution of E&.L0). As it can be observed that the polynomial
term of the shape factor in the denominator shows that the solution for this problem does
not existvk € Z~. To be more specific, by observing the role of shape factor and check the
accuracy of this method more precisely, two numerical examples for this case have been
solved.

3.1.1. Example 1.For the first case, lgj(y) = e=*¥(®), f(x) = 150x(42'0 — 1725 + 4)
and initial conditions be ag, = 0,5’ (0) = »" (0) = 4" (0) = 0. After applying initial
conditions the obtained Taylor series from 1301¢) becomes
30 5 5(17k* + 85k + 582) 10

= - e 3.13

ok 6" 302 5k+6) (2 +15k+56)" (3.13)
which is the general numerical solution of case | for arbitfaridow to verify the accuracy
of numerical solution lek = 2, then the series turns out to be

1 1 1
y([]j) = {L's — 5.1’,'10 + gmlo — 11‘10 + st (314)

This is exactly the series obtained from its exact solution) = In(1 + %) see [22]. Figl
clearly seconds this argument. If the polynomials given in the denominator &.Eg.(
are solved, they suggests that the existence of this numerical solution is only possible if

y()
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FIGURE 1. Numerical solution obtained from SDM of examel.1
and its comparison with exact solution to verify the accuracy of SDM.

y(x)
0.4} Cked
k=2

— k=3

X — k=4
— k=5
— k=6

0.2

FIGURE 2. Graphical illustration of numerical solution of examplé..1

for different values ofc. Higher deviation can be observed in this plot
due to greater number of terms of shape factor in the Emden-Fowler
equation.

k ¢ {—2,-3,—7,—8}. Figl2 contains the graphical illustration of E§.L3 for different
positive values of.. Since in Eq8.10) there are three terms of shape factor involved i.e.
k(k —1)(k — 2), therefore, the variational change in the solution is much higher and graph
deviates from its actual place as shown in/Eig.

3.1.2. Example 2.For the second example for numerical approximation of case I, let
g(y) = 1°(x), f(x) = 60(32® — 182* + 7) and initial conditions be ag(0) = 1,
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y(x)

00—
A i N

/ i N\
/ - 7 \ Exact
// \\ -
\/ \V

I L L L L L L L L L I L L L L L L L L L x
-1.0 -0.5 0.5 1.0

FIGURE 3. Numerical series solution obtained for exam@lé..2 by
SDM compared by its exact solution to verify the accuracy of SDM.

y (0) =" (0) = 4" (0) = 0. Then Eq/B.12) transforms into
- 105 .
k3 +6k%2+ 11k +6
135(2k3 + 12k? + 22k + 747) .
2(k3 + 6k% + 11k + 6) (k3 + 18k2 + 107k + 210)

s

y(z) =
(3.15)
84 ...

which implies to be the general numerical solution of this example for arbitrarfor
k = 4, Eq.3.15 converts into the series as

1 3
y(z) =1— §x4+§x8+-~ (3.16)

This numerical series solution is exactly the same as the series of exact solutiorBof€}q.(
1
i.e. y(x) = —— see ([22]). Also Fi@3 verifies this comparison and confirms the

efficiency of SDM. Polynomial term in the denominator of the general solution presented
in Eqg.(3.15) describes its existence. This polynomial suggests that the integrity &f E%).(

is only possible ift ¢ {—1,—-2,-3, -5, -6, —7}. Figld depicts the graphical illustration

of Eq.(3.15 for different positive values ok. Since in Eql8.1]), there are three terms

of shape factor involved i.ek(k — 1)(k — 2), therefore, graph deviates from its original
position and high variation can be observed.

3.2. Case-2.Forn = 2, m = 2, Eq.(L.9) is acquired and by extending its derivative terms
it develops into

v @)+ 25 )+ PEZD Y ) 4 e =0 (317
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12
— k=1
11F
k=
o ke
09 —_— k=4
0.8 |- —_— k=
07F — k=
! i I
L L L L L L L L L L I L L L L L L L L L X
-1.0 -0.5 0.0 0.5 1.0

FIGURE 4. Graphical representation of numerical solution of example
3.1.2for different values of k. Higher deviation can be observed in this
plot due to greater number of terms of shape factor in the Emden-Fowler
equation.

"

with initial conditiony(0) = 4., ¥ (0) = 3" (0) = y" (0) = 0. Taking successive deriva-
tives of Eq.B.17) following higher order equations are obtained

Dk (a 3 (2
Dk (a Dk (2 3) (g ) (4
(3.18)

When initial conditions are employed on E&18 and expanded by Taylor series it emerges
as

’

v 9w 4 9Wf O s 9)f (0)
°12(k2 + 3k +2) 20(k? + 5k + 6) 60(k% + 7k + 12)
Upon analyzing this general solution, it is observed that the polynomials of shape factor in
denominator suggests that solution for this problem does notekist Z—. Now, let's
consider the two numerical examples for this case with diffefénj & ¢(y) and two terms
of shape factor involved in Emden-Fowler equation k& (k — 1) to understand the role
of shape factor more precisely and to check the competence of SDM in this case.

25+ (3.19)

3.2.1. Example 1.Considerg(y) = e %@, f(z) = 3622(352'2 4 1462° 4 35) in
Eq.(3.17) and initial conditions ag(0) = 3 (0) = 3 (0) = ¢ (0) = 0. Then for this
example Eq3.19 can be transformed into the general solution for arbitfatiyat is

42 6 6(73k? + 511k + 3816)

- - 124 ... (320
Tkt 12) R4 Th 122 £ 19k +90) (3.20)

y(r) =
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y(x)

A " " " " " " " "
—
-1.0 _A=05 0.5 AN 1.0

/ N\

05+
— Exact

SDM

FIGURE 5. Numerical solution obtained from SDM of exam#e2.1
compared by its exact solution to check the accuracy of SDM.

The polynomial term in Eq3.20) interprets that the existence of this solution is only pos-
sibleifk ¢ {—1,—2,-3,—-5,—6,—7}. To investigate whether E8.20) is the accurate
numerical solution or not, put = 3 in Eq.(3.20) to get

y(z) = —ab — %xm + .- (3.21)
which is exactly the series of exact solutigfr) = In(1 — %) (see [22]). Hence this
shows that SDM is a competent method for handling singular differential equations. Fig.
shows the comparison of exact solution and numerical solution by SDM and this graphical
comparison also supports the argument./@-gxetches the numerical solution in E40)
for different values of positive k's. A mild change can be observed in3Ei¢.from its
actual place due to the less number of shape factor termi(ike— 1) in Emden-Fowler
equation.

3.2.2. Example 2.Now, consider the second example for case 2 togyhg = v° (=),
f(x) = 252(—492' + 540210 — 34225 + 16) and initial conditions ag(0) = 4 (0) =

y (0) =y (0) = 0. Then the obtained Taylor series from E31(9) is the general solution
for this problem for arbitrary: i.e.

20 5 5(19k% + 95k + 274)

_ 10, ... 3.22
25k 46" | (R 45k 6) (k2 +15k+56)" (3.22)

y(z) =1

Eq.(3.22) has polynomial in the denominator that shows that the only possibility of exis-
tence of this solution is it ¢ {—2,—3,—7,—8}. In Figl8the graph has been plotted for
different values of positivé: to show the mild variation occurring in the solution due to
the terms involved in Emden-Fowler equation. kot 2 the general solution in ER(22)
becomes

1 1 1
) = —a® = st Lot T 323)
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-10+

— k=1

k=2
— k=3
— k=4
— k=5

FIGURE 6. Graphical illustration of numerical solution of examgle.1
for different values of. Mild deviation can be observed in this plot due
to two terms of shape factor in the Emden-Fowler equation.

y(x)
\ 20

05

—— Exact
/ SDM

. . . . I .
-1.0 -0.5

FIGURE 7. Numerical solution of exampl&.2.2 obtained from SDM
and compared by its exact solution. The plot here clearly verifies the

efficiency of SDM.

which is exactly the series of exact solutigf) =

\/% (see [22]). In Fid/ the
T

14

comparison of exact and numerical solution describes the accuracy of SDM.

3.3. Case-3. Last case of fourth order Emden-Fowler under discussion is froniLEj.(

for whichn = 1, m = 3, Eq.(L.4) becomes

k 1

y'(@) + -~y (@) + f(2)g(y) = 0 (3.24)
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y(x)

14 -

I . . . . I . . . . . . . . . . . .
-1.0 -0.5 0.5 1.0

FIGURE 8. Graphical illustration of numerical solution exam3e.2
for different values of. Mild deviation can be observed in this plot due
to less number of terms of shape factor in the differential equation.

1" "

with initial conditiony(0) = 4., ¥ (0) = 4" (0) = y" (0) = 0. Taking successive deriva-
tives of Eq.B.249) it becomes

ay® (x) + (k + 1)y™ () + zg(y) f (x) + f(x)g(y) =0
ay¥(z) + (k +2)y" (x) + 29(y) f () +g(y)f (x) =0
(3.25)

Now applying initial conditions and then by expanding via Taylor series its general solution
turns out to be

"

g)f0) & 9w 0 5 g)f0) g
_ — — o 2

2k +1)" 60(k+2)"  240(k+3)° (3:26)
This clearly depicts that the polynomials of shape factor in denominator suggests that the
solution for this problem does not exigk € {—1,—2,—3,---}. To establish this argu-
ment lets take two numerical examples of this case as well.

o]

3.3.1. Example 1.For the first example of numerical approximation of third case of Emden-
Fowler, consideg(y) = e¥®), f(x) = 32(x'? + 492% — 1292 + 15) in Eq.{3.242) and
initial conditions asy(0) = % (0) = »" (0) = y" (0) = 0. Then the obtained general
solution for this problem from the expansion of its Taylor series for arbitkasy

20,  2(43k+143)
Tkl Tk Dk+5)"
4(343k% + 21751k% + 138713k + 201305) |,

(k+ D2(k +5)(k+9) v

Upon solving the polynomial in denominator of E&147) it can be seen that the existence
of numerical solution is only possible if ¢ {—1, —5, —9}. Fig/10 contains the graphical

y(r) =
(3.27)
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/ \
: — Exact
-15F
[ SDM
-20F

35L

FIGURE 9. Numerical solution obtained from SDM of exam#e3.1
compared by its exact solution to verify the accuracy of SDM.

y(x)

k e (1,17)

-2.0

FIGURE 10. Graphical illustration of numerical solution of example
3.3.1for different values ofc. Slight deviation can be observed in this
plot due to only one term of shape factor in the Emden-Fowler Equation.

illustration of Eq.B8.27) for different positive values ot. Since in Eql8.24) there is only

one term of shape factor involved, if,.therefore the variational change in the solution is
not much higher and graph deviates from its actual place a slight bit. To verify the accuracy
of this solution put: = 2 in Eq.(3.27) to obtain

4
y(x) = —4a* + 22% — §x12 o (3.28)

Its exact solutiony(x) = —41n(1 + z*) has the same numerical series as in [22]. InF-ig.
the comparison of exact and numerical solution describes the accuracy of this method for
example 1 of case 3.

fl@) = e~

3.3.2. Example 2.Now for the second example, cons@éy) =y " (2),
y y"(0) = 0. Then the

12) in Eq.(3.22) and initial conditions ag(0) = 1,y (0) = (0) =y~
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y(x)

\ /

\ /

mer / —— Exact

\ / SDM
\ 1.05 | /

1 1 1 L x
-1.0 -0.5 0.5 1.0

FIGURE 11. Numerical solution of exampl&.3.2 obtained from SDM
compared by its exact solution to verify the accuracy of SDM.

obtained Taylor series from E§.2€) becomes
1 1 1 (9% +13)
14 g2 4 6 _ 8
Y@ =1+ 5 - Bt T mete)t Bk e )"
7(Tk* + 38k + 48)
58320(k + 1)(k 4+ 3)(k +7)

which is the general solution of this problem for arbitréryTo prove the preciseness of
this general solution put = 3 in Eq.(3.29) to get

1 1 1 5
I S SRR S S .
y@) =1+ 52" = 8+ 5%~ 1036s”

(3.29)
x10+...

R T
62208 248832

8 4 2 4. (3.30)

This series is exactly the same as the series of its exact solutiory(ie¢.= /1 + l—;

(see [22]). In FigL1the comparison of exact and numerical solution of example 2 of case

3 describes the accuracy of this method. While solving the polynomial in denominator
of Eq.(3.29 it can be seen that the existence of numerical solution is only possibl¢ if
1—2n,n € Z*. Figl1Z2contains the graphical illustration of E&.P9 for different positive

values ofk. Since in Eq8.24) there is only one term of shape factor involved, ife.
therefore the variational change in the graph is not much visible and graph deviates from
its actual place a slight bit.

This detailed discussion about the shape factor in solved examples above describes the
importance of this parameter. Various humerical solutions with different value$ate

been obtained. Usually in previous works this parameter have always kept constant, but by
varying this parameter, some interesting observations can be made. Physical situations can
be better understood with varying shape factor and use of equations in certain situations
can be made more effective accordingly.

4. CONCLUSION

In this work, fourth order Emden-Fowler singular equations have been solved by a
numerical method known as Successive Differentiation Method. This numerical method
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— k=1
k=2
k=3

— k=4

— k=5

I
-1.0 -0.5

FIGURE 12. Graphical illustration of numerical solution of example
3.3.2for different values ofc. Slight deviation can be observed in this
plot due to only one term of shape factor in the Emden-Fowler equation.

utilizes basic concepts of differentiation and expansion of Taylor series. This method is
proved to be the easiest and the most accurate method among all other contemporary avail-
able methods. No hassle of finding Adomian or Lagrange multipliers and introducing any
perturbation parameters. Various examples have been solved numerically and graphical
illustrations of its solutions have been provided. [Eid=igi3, Fig!5, Figl7, Figl9, Figll1
represents the accuracy of numerical solutions obtained by SDM for various examples of
all three cases. whereas [ZgFigl4, Fig\6, Figi8, Figi1l0, Figi12 depicts the variation in
solution occurring due to the different values of shape factor. Observations made while
solving these equations is of shape factor that not only defines the types of equations and
reduces the terms in equation of the problem, but the presence of this shape factor in numer-
ical solution also defines the stability and existence of numerical solutions. As explained in
this work all these equations have solution for positive shape factors. As soon as the value
of k becomes negative the solution ceases to exist. Also, less involvement of shape factor in
equations and their numerical solutions gives least variation. Physical variation in graphs
is higher when greater number of terms are involved in differential equation otherwise not
much significant change is observed in the exact and numerical solution of Emden-Fowler
with different values of.
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