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Abstract.: This article deals with the family of extended Mittag-Leffler
function in short ML-function defined in terms of extended Beta function,
which depends upon the bounded sequegngg. The focus of the article

is to define integral and differential operators of Weyl-type fractional op-
erators associated with the proposed function. A new fractional calculus
integral operator involving extended ML-function is also defined and its
composition with the fractional calculus operators and some basic proper-
ties studied as well.
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1. INTRODUCTION

First time Swedish Mathematician, Mittag-Leffler [11] defined a function known as
Mittag-Leffler by his own name and defined as

Ee(z) =) NGE) ;R >0 1.1

k=0
This is the generalized form of the exponential function.
Due to vital role of this function in applied sciences, physics, mathematics and engineer-
ing, many researchers showed interest in its extension by introducing different parameters
for getting more generalized form of the function. See, for example, each of the research
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monographs [6, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 36] and the references
included in these sequels.
Srivastava et al. [35] introduced the function

o { Tiem (12 < ;0 < B < o0; g 1= 1
O({Fntneny; 2) = { moz® exp(z)[1 + O(2)] (R(z) — oo;mg > 00 € C

wheremg is a constant and the value af associated with the bounded sequence
{kn}nen, Of real or complex number and¥, = N |J{0}. See, for details, Srivastava
et al. [35] and Parmar [19] . Corresponding to the func&fxy, }necn,; 2) extended form
of Gamma function, Beta function and Gauss hypergeometric function were defined. See,
for details, Srivastava et al. [35]

The function®({x, }nen,; ) introduced by Srivasatava et al. [35] provides a path to
researchers for the extension of number of special functions. Parmar [19] defined extension
of generalized ML-function through extended Beta function corresponding to the function
O({kntneny; 2). Thus, the extension of ML-fucntion is defined as

{Fntnengsv)

Vv N Bp (y+k1—vp) 2F
S Br1-7) NGRS

Eé}'gn}nENQ;'y (1 2)

=0

(€, ¢y € OsR(E) > 0,R(C) > 0,R(y) > 0;p > 0)

Bé{'ﬁn}nENOrY)

where is known as extended Beta function and is defined as

1
Byl tnexo™ (o gy = / A C ) L ({K‘n}nENo; _t(lp— t)) o

(min{R(a), R(G)} > 0;R(p) = 0)

The above mentioned functidd({ s, }»ec N, ; 2) Was systematically investigated by Sri-
vastava et al. [34, 35] and used for the generalization of Mittag-Leffler function. Several
further extensions of the function behave like the special cases of the form as in the present
sequel.

Remark 1.1. Different extension of Mittag-Leffler functions depends upon the choice of
the sequence{k, }nen,)
@) In(1.2),if we select

{kn} =1, (neN)

Then extended function reduces to the form define@aarslan and Yilmaf18] (with
c=1).

. _OOB('YWLkvl*’Y) Gl
Eg,c(&p) = kZ:O pB(%l —v) T(k+¢) 49

(€, ¢y € CsR(E) > 0,R(C) > 0,R(y) > 1;p > 0)
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(ii) If we select the sequence
{kn} =0, (n€EN)

This immediately reduces to Prabhakar’s functi@i]. For anyz € C this function is
defined as

o0

1 D(y+ k)zk
I'(z) &= KIT(&k +¢)

(iii) For the selection of sequence

Eeo(2) = £GyelC R >0

{kn} = 8: (n € No)

yields another form of the extended generalized Mittag-Leffler function:

©  p(p,o) k
FPo)Y (L. — By (y+k,1—7) z 1 4
D = TG M@ -4
(€,¢, 7€ C;R(E) > 0,R(¢) > 0,R(y) > 1;p>0)

By the selection of parametegfs= ( = 1 in the equations (1. 2), (1. 3)and (1. 4)
this immediately reduces to the extended confluent hypergeometric fuigtion

In this article, we use the extension of ML-function defined by Parmar [19] as in ( 1.
2) in terms of extended Beta function . We investigate the composition of extended ML-
function with Weyl fractional operators of integration and differentiation. In the second
section, we introduce new integral operator containing extension of ML-function as a ker-
nel and some of its basic properties will be discussed.

2. Weyl Fractional calculus operators of Integration and Differntiation

The theory of operators of fractional calculus has been extensively used due to its ability
to deal with derivatives and integrals of arbitrary orders. Fractional integral operators con-
taining various special functions, are extensively used in many fields of applied mathemat-
ics, physics and engineering like guantum mechanics, plasma, fluid dynamics, astrophysics,
control theory and in statistical distribution theory etc. Due to its importance and popular-
ity in recent years, many studies related to the fractional calculus found in papers of Choi
and Agarwal [5], Geholt [7], Gupta and Parihar [8], Nadir and Khan [14, 15], Raina [25],
Saigo [26], Saigo and Maeda [27], Samko et al. [28], Shishkina and Sitnik [29], Singh [30],
Srivastava and Agarwal [33] and Srivastava et al. [37].

The objective of this article is to find the behavior of extended ML-function with Weyl
fractional operators of integration and differentiation. Here, in this section, we are defining
the class of fractional calculus of Weyl operators, (see, Samko et al. [28] ). When the int-
geral is Ieft—sidedff(.) then the corresponding fractional operators are called left-sided or

first kind. When the integral is right—sideﬁjc’(.) then the corresponding fractional integral
and fractional derivative are called right-sided or second kind. Heran be—oco andb
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can beco. Thus, Iy andD}_ are called left-sided Wey! integral operator and left-sided
Weyl differential operator respectively and are as follows [9, 28].

10w =55 [ T e (e (2.5)

and

a\" 1 o
A _(_1\ym [ 2 - _oaym—A—1
)o@ = (0" (52) gy [ -2 e0a @9)
where¢ € L(t,00), A € C and®(\) > 0.

Weyl differential operator can be written in terms of integral operator

D o) = 0" (1) (@79 @) @.7)

Now, we define an integral containing extended class of ML-function in its kernel. This
new integral operator depends upon Weyl fractional integral operator.

oo
(o) @ = [ = BE - o oar @8

whereg, (,v,w € C;(R(€),R(¢) > 0),¢(t) is such that the integral on right-side,
exists. It is clear that whemn = 0 then the proposed integral operator ( 2. 8 ) becomes the
well-known classical Weyl operator. Bounded conditions of the new integral operator are
defined in the spack(¢, oo) of Lebesgue measurable functions(omo).

L(t.00) = (hte) = il = [ Ih(o)lde < o0) (2.9)

Composition of Weyl fractional calculus with proposed integral operator, defined in ( 2.
8) is also establised.

3. First kind of Weyl Fractional calculus associated with Extended Mittag-Leffler
Function

In this section, we consider differentiation of the family of the funct@éﬁ:”}"‘”"”).

Thus by using ( 1. 2 )and differentiating term by term, we can easily derive

d\" A N
(CLL) :L‘C—lEé:{C n}neNo"Y) (wxE; p) — x£_7n_1Eé:{< n}neNU,’Y) (wxg;p) (3 10)

whereg, ¢, v,w € C;min{R(&), R(C),R(y)} >0

Next, in the following, we determine the composition of a functmg:"}“e%m with

fractional integral operatal)_ and fractional differential Wey! operatdp}_ of arbitrary
order defined in (2. 5) and (2. 6). Thus, implementing term-by-term right side and
considering the uniform convergence of the series.
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Theorem 3.1.Let¢, ¢, v,w, A € C;min{R(£), R(C), R(y), R(N)} > 0, then the following
relationship of Weyl fractional calculus formula of integration holds true.

I [t*’\*cEg:"}"EN"W)(wt*f;p)} (z) = ;v*gEé(:{:_:i"EN"W)(wm*‘s;p) (3.11)

and under the same conditions, the following relation for Weyl fractional derivative exit.

Dé\_ |:t)\7<Eé:{Cfin}neNoW) (wtfg,p)} (.13) — x—gEg(f:jineNOW) (w]fg;p) (3 12)

Proof. Using (1. 2 ),( 2. 5) and due to uniform convergence of the series, we have
Ié\_ {t_)\_gEé:{gn}neNoﬂ) (wt_g;p)} (33)

oo 0o p({Kntnengiv) . ki—¢k
1 B 0 +k,1—
iy | e (o Gkl zmin) w0 ),
F(/\) x k=0 (rYa 1- ’Y) F(fk C)

_ i Bl e (o p k1 —yip) Wb 1 /oo(t PGy
2 B(71-7) M+ QT J,

where order of integration and summation are justified under the stated conditions i.e
absolute convergence of the integral involved in any compaaf'setd the uniform con-
vergence of the series involved.

Put

then the intergal becomes the type-2 beta integral and after some simplification, we get the
desired result.

Now, we investigate the Weyl fractional derivative of extended Mittag-Leffler function. In

an analogous manner, using ( 1. 2) and ( 2. 6 ) and uniform convergence of the series, we
have

— Rn fn 5 — m d " 1
Dy [PeB o) @)= 0 () rme

dx m—A)
- ) B({nn}neNg?'Y) (,y + k1— ,yp) wkt_gk
T (S 2 — '
i 2 B(’Y,l 77) F(karC)

({Wn}nENOW) k

A\ 1 >, B, (v+hk1-%p w
= (=1 (dm) F(mf)\)kzzo B(v,1—-7) I'(&k +¢)

oo
></ (t — ) AT IACER gt
xT

Changing the variable = (t_t‘”), then we have the integral in the form of type-2 beta

integral. After some simplification, we get the required result. O
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4. Weyl fractional operator of integration associated with extended ML-function

Consider the new Weyl fractional calculus operator of integration containg extended
ML-function in the kernel. First of all, we check the bounded condition and some basic
properties of teh operator defined in ( 2. 8 Yif¥, o).

Theorem 4.1. Let¢, ¢, v,w € C;min{R(£), R(¢), R(y)} > 0,then foro = t+a, we have

Knjn ) )
(lentieor=) (@)

(iL’ + a)C*“ o] B;{“"}"ENOW)(,Y + ]f, 1— 77p) e
- (e — &k —
T(n) kZ:O B(v,1—7) [w(z +a)*]"T'(n — &k = Q)

Proof. From equation ( 2. 8) of our proposed integral
(GE{SZ}C;ENO/Y) n— 1) (l‘) — /x (t _ x){—lo_p—lEé:{:n}neNg;"/) [w(t _ l‘)C;p]dt

({Kn}nengsr) k o)

B 0 1—~:

— ( +k7 Vap) w / (t— :L,)g—lo_u—ldt
Z B(,1-7) T(gk+0)

we approach the relevant result.

By the selectlon ofi = 7%,

O

Theorem 4.2. Let&, ¢, v,w € C;min{R(£),R(C),R(v)} > 0, then (eé{fz};owm)) is
bounded on the spade(t, o) and

{rntn )
egcmnc™ 0N < elixlh

where the constant(0 < o < oo) is given by

oS B({Kn}neN()?’Y) ('7 1k 11— ’Yp) |w(b _ a)5|k
— (b _ R P ) ’
p=(b-0)"O %7 Bi—7) [Tk 1 OOk + RO
(4. 13)

k=0

Proof. Let C denote the:!" term of ( 4. 13) then by ratio test [1]
’Ckﬂ _’ I'(¢k +¢) H )k +R(Q)

_ R
C T(Ek+E+0Q) k+§R )+ R(O) (b= a) ]

EGROLG)
(I&]k) ™)

ask — oo. Hence,cg:1 — 0 ask — oo the right side of the expression is convergent

and finite under the given conditions.
Now, according to ( 2. 8), (2. 9) and by using Dirichlet formula, we get

|| = | = o B et - )

</ N [ / (¢ - )t B x>f;p]\dm] ()] dt

dx
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by takingu =t — x

[e%¢} t—a
e R A BT

0o b—a
< / [/ u?R(C)—l ‘Eé:{:n}neNUW) [wuﬁ;p]‘ du} ‘X(t)| dt
Let ,
- JRO-1 E({Hn}newow) [wué' du —
£.C ipl|du=p

Then

00 {Fntn i) . _

_ Z By O oy 4 k1= i p) WP /b * RORRO-1

p= u u
— B(v,1 =) [Tk + ()

(b— a)®© Z B e (g 4 1 — i) fw(b — a)" O
B(y,1—7)[T(€k + Q)| IR(OE + R(C))

Thus, we have

[ < [ oh@lde<olal

O

Now, we determine composition of the integral operaéﬁﬁ”}"eNO " defined in (2.8

) via Wey! fractional operator of integrdf) and the Weyl fractional operator of differen-
tiation D} _.

Theorem 4.3. Leté, (,v, A, w € C;min{R(&), R((), R(y)} > 0, then
(IOA_ 2{52}25“ ) ) (z) = (62{?;/}\7?22,7))() (z) = (eg{fZ}ZENO’”IA ) (z)

For any arbitrary functiony € L(¢,c0). Under the same condition, following relations
holds for the derivative of the integral operator.

(Do_elis ) (@) = (e hisne ™) (@)

Proof. By (2. 5) and ( 2. 8) and using Dirichlet formula (see, for details, Samko et

al. [28], we get

(I(S\—GE{SZ}SENOW)X> (1,)

_ ﬁ </:°(u gt U:o(t = et gLl g x)ﬁ]x(t)dtD du

_ (/w ﬁ [/:(u ) — LB e x)f}duD ()t

changing the variable = ¢t — u then, we have
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(Bl x) (@)

> 1 /t_m A—1,_¢—1 p({Entnengsv) })
= — t—x—1T LR AN pldr | ) x(t)dt
([ w | a-a-n @ wripldr| ) (o

Now, using the result of Parmar [19] pp-1078 of extended ML-function with the right-
sided Riemann-Liouville fractional operator of integratigh , we get

(Bezte ™) @)

- / Ry [P B orp)]| (1 - a)x(tyat

- / (= )1 B e (s — ) ] ()

Thus, we reached the required assertion. To prove the second expression of the right
side, we have

(elcele™ 1 x) @)

1

_ /:O [t =) B (e - )] o) / "= 0 Mx(w)duldt

[t | o B e — gl a(ua

Now, changing the variabte = ¢ — =, we get
(eleehs™ 1 x) @)

> 1 e ({xn} 7)
- — KnyneNg;
= / m |:/ (u — T — T))\ 1T< 1E§’< o [wt§7p]dt:| X(u)du
T 0

Again by Parmar [19] pp-1078, we have
(6({“n}n€N0,’Y)IO)\_X) (J?)

§,¢,w,00

:/ I;‘+ {Tc_lEgg”}”ENom[wtg;p]} (u—x)x(u)du
> ({knIneng i)

= [ =) B Dty — o)y ()
x

= (R @
which completes the proof.

Now, we study the composition of Weyl differential operator with the proposed integral.
Using (2. 6 ) and ( 2. 8), we have
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<D6\_6({'€n}nENO§7)X> ()

£,¢,w,00
m d\" ym— Kn fneNg ;Y
( ) (dw) ( 0 * gQw},oo " )X) (I)

Using the result of the above theorem, we get

(DS\_G({H"}neNOW)X> (z)

§,¢w,00

m d " > m—A— Rn fn€Ng)
—0n () [T B e - sl

By using Dirichlet formula, we get

m d m—t e a m—X\— Rnjn )
—0m(g) [ g B et - o sl

+lim(t — 2) A B0 M 0 pl(e)

B . d m—1 oo 00 B;{HWV}HENO;W)("}/+I€,177;p)wk(§k+c+m*>\*1)
= <dw> / 2 B(y,1 =Tk +¢—m—X)

k=0

X (t — @) SRFCTm=A=2y (1) dt

d\" [} neng )
—cn () e s et - oo
x

Integratingm — 1 times, we get
(Do_edZelie ) (@)
= (~)"(-y” / Tt =) B0 (e — ) plx ()t
= (2l @)
0

Now, numerous types of Mittag-Leffler functions can be deduced from the appropriate
selection of arbitrary sequeneg,. Here, we discuss only two examples by selecting ap-
propriate values of parameters and bounded sequence
In particular,x,, = 1 proposed function ( 1. 2 ) takes the form defined(imarslan and
Yilmaz [18]

L = B(yt+k1-y) 2k
El (zp) = kZ:O pB(v, 1—v) T(¢k+Q)

and relation (3. 10), (3. 11 )and ( 3. 12) yields the results for Mittag-Leffler function
by Ozarslan and Yilmaz [18]
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Corollary 4.4. Let¢, (,v,w € C;R(€) > 0,R(¢) > 0,R(p) > 0,, then the relation for
the usual differentiation holds

dzx
While composite relation of Weyl fractional integral and diffferential operators hold
true.

d\" . e
< ) z° 1E27<(wx5;p):x< 1E;C_m(wx5;p) (4. 14)

I [tf/\ch;C(wtfg;p)} (x) = o:chg,C_M(wo:*g;p) (4. 15)

DY [ =B (wt™5p)] (@) = 2~ B\ (we i) (4. 16)

settingr, = (9=, (n € No)in (1. 2), then (3. 10), (3. 11)and (3. 12) yields the
following results.

Corollary 4.5. Let{, ¢, v,w € C;R(E) > 0,R(¢) > 0,R(v), R(p) > 0, then the relation
for the usual differentiation holds

d m K ; K 3
<dm> x(*lEé{c n}nENov'Y) (wxf’p) _ x<7m71E€(7{4_";nENO7’Y) (WIE7p) (4 17)

While composite relation of Weyl fractional integral and diffferential operators hold
true.

I {t*)‘chéi“m(wfg;p)} (z) = a:fCEgé’fj\v(waf&;p) (4. 18)
— S,1); — — DR —
D) [ﬂ CELI (Wi, p)} () = 2SS (wa; p) (4. 19)

Note: If we putp = 0, then the result of main theorem reduces for Prabhakar-type Mittag-
Leffler function and on settingg = ¢ = 1 function reduces in term of extended confluent
hypergeometric function. We have skipped the details.

Conclusion. In this paper, we have developed the images of Weyl fractional integral and
differential operators involving extended form of ML-function which depends upon the
bounded sequence. On suitable selections of bounded sequences and parameters involved,
yields known and some new results. Further, a new integral operator of Weyl fractional is
also defined while proposed extended function is used in its kernel.
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