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Abstract.: The special non-autonomous Birkhoffian equations with con-
sistent algebraic structure are studied and it has been shown that the spe-
cial form of integrable Birkhoffian vector fields are equivalent to the Hamil-
tonian vector fields. For a quasi Hamiltonian equation, conserved quanti-
ties are computed from some of the symmetries. Finally the Birkhoffian
evolution equations are constructed.
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1. INTRODUCTION

Birkhoffian mechanics is the generalization of Hamiltonian mechanics, which can be
applied to biophysics, atomic and molecular physics, space mechanics, statistical mechan-
ics, engineering and so on [14, 15]. All conservative or non-conservative, un-constrained,
non-holonomic constrained and selfadjoint systems, usually admit a representation of Birk-
hoff's equations [15, 7]. Recently, many results are obtained in related to the Birkhoffian
mechanics such as the integral theory [8, 6], stability of motion [21, 9], inverse problem
[10], as well as the symmetry [11, 20, 22, 16, 23].

Since the Birkhoffian dynamics is more general thanHaeniltonian dynamicsthen
the Birkhoffian dynamics is expected to play an important role in modern physics as they
have played in non-linear systems [2, 3] and quantum systems [17, 18]. It is known that
the Hamilton approximation system is used in biophysics, relativity, and the rotational
relativistic system [24].

The Birkhoffian and Hamiltonian systems considered in this paper are finite dimen-
sional. In sections 3, a special type of non-autonomous Birkhoffian systems with Poisson
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bracket which is called quasi-Hamiltonian system are considere and the conditions of in-
tegrability of Birkhoffian systems are obtained. In last section the Birkhoffian evolution
equations constructed by such systems.

2. GENERAL PROPERTIES

The Birkhoff’s equation or Birkhoffian system has the general form
dz; 0B(x,t)  OR;(x,t)
K:: =) _ ’ ? —0.
(@07, ( oz, ot 0
WhereK;; := OR;/0x; — OR;/0x;. The functionB(z,t) is called the Birkhoffian and
functionsR;,i =1,2,3,-- -, 2n, are called Birkhoffian functions.

2. 1)

In autonomous Birkhoffian system the functioRs and B and in semi autonomous
system the function®; do not have explicit dependence on time variable. The Birkhoffian
system (2. 1) is nonautonomous when both the functi®nand B depend explicitly on
time [15].

The Birkhoffian system is regular iet(K;;)(R) # 0 in the region considered. The
necessary and sufficient condition for an analytic first order system

dx

Kz-j(m)d—ti +Dj(z,t)=0 i=1,2,---,2n,

to be self adjoint on star shaped regiBn of points of 7* M x R, is that satisfies [18]:
GKZ i aKjk (9]:{]ﬂ
Oxy, - Ox; * O0x;
0Kij 0D; 0D;
ot Ox; Oz’
Here, T* M is the cotengent bundle of tfi—dimentional manifoldM/. Let D,(x,t) =
0B/0x;+0R;/0t, clearly the Birkhoff system (2. 1) will be self adjoint. For autonomous

and semi autonomous Birkhoffian systems, consider a symplectic two form in local coor-
dinates

=0, Kij +Kj;; =0, (2. 2)

i k=1,2,-- 2n.

2n
Q=Y Kz, t)da; Ada;. (2. 3)
ij=1
Note that the form ( 2. 3)) has the proped§ = 0.

For non-autonomous case, all of conditions in ( 2. 2 ) must be considered and the
coresponding geometric structure can be obtained by replacing symplectic geometry on
T*M with local coordinates:; by contact geometry on the manifold x R with local
coordinates;, i = 1,--- ,2n + 1,Z2,11 = t. Then we have an exact cont&ctform

) 2n+1 R K D
€= ‘Zl szdjl AN d:f?j = QO+ 2D;dx; A dt, K= ( _DpT o ) s (2. 4)
1,]=
in (2n+1) dimentional space. On the manifdld}/ x R, we have the contact form =
R;(%)dz; such that
Ri _ —-B z =2n+1
R; 1#2n+1
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It can be seedn = ). Moreover, the non-autonomous system

dz; -
- B :
I (x,t)/Ri(x,t),

is the geodesic equation on manifdid x R.

3. ALGEBRAIC PROPERTIES

For non-autonomous Birkhoff’s equation ( 2. 1) we define an algebraic product

A ../0B OR;
’LJ _ 7‘7 =
5 K (8$j+ o ) A.B, (3.5)

whereK " is the covariant tensor df;; and A, B are Birkhoffian.
In autonomous and semi-autonomous Birkhoff systems product ( 3. 5), satisfies the left
and right distributive and scalar laws

A(B+C)=AB+ AC, (A+B).C=A.C+ BC,
(M).B = A.(AB) = A(A.B) A is constant

and lie algebraic axiom, so it defines a generalized Poisson bracket. We say in this case the
Birkhoffian equations possess a lie algebraic structure [12, 4]z let(x, xa, - - - , Tay)
be the local coordinates on M, the associated Birkhoffian vector field will be of the form
op = K (0B /0x;)(9/0z;). Then such as Hamiltonian systems, we will hfug, 9 4] =
UB.A-

But in non-autonomous case, the product ( 3. 5) doesn't satisfy the left distributive law,
so an algebraic structure for these equations can't be expressed by the product (3. 5).

We consider the special case of non-autonomous Birkhoff’s equation( 2. 1) satisfying

KV —==T"— 3.6
875 8l‘j7 ( )
where(T%) is a diagonal matrix.
Then the Birkhoffian system ( 2. 1) takes the form
&y — Sf’fa—B =0, where  S% = K% 4 T, 3.7
8Ij
We define a product
0A ..0B
—8Y—:=AxB. 3.8
8xiS Ox; * (3.8)

From the product ( 3. 8 ) we define a Poisson bracketB = Ax B — B « A as [4]. The
special non-autonomous Birkhoff equations (3. 7 ) not only possess a consistent algebraic
structure according to the product ( 3. 8) but possess a cosistent lie algebraic structure [4].
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The system (3. 7)) can be writtenas= 0p(z) = B * x. Let

™ ... 0 —f 0

) o .0 —f,

(S J) = fl 0 T(n+l)(n+1) 0 ’
0 ... f 0 ... T2n2n

where f;s are real functions on M, then we call the corresponding system a quasi Hamil-
tonian system.

Here the associated Birkhoffian vector field will be of the form
oB 0

~ _ ij
vB 5 aCIL‘Z‘ afL’j'

(3.9)

We denote the space of Birkhoffian vector fields (3. 9 Y3oyf T%s (i = 1,--- ,2n) dont
depend onX, then

(64, 65] f8AA n 0B faA”

V4,0B| = fi=—7 @ i— e, — fim——0 @

A,UB i 9z, 0B/0x;1n T 9j 02, em 0A/0z; — Jj 0z om 9B /dx;
OB

9 .
— 9 =—094/00... +T'=—0sp/5s, +T7T"
93 g, YoA/0m e + 175 VoB 00, 3%;em
0B OB
- § 9p VoA/ow; — S D V0A/ O

@BB/aijrn

J Lj+n

for everyd4, i € B. Note that,f;, 77, T9+"(j = 1, ...,n) are the entries of the matrix of
94 andg;, S7, S7+" belong tois.

4. GEOMETRIC PROPERTIES

Since the Birkhoffian system is self adjoint, then the phase flow of the Birkhoff's equa-

tion conserves the symplecticity and we get
d d

Let (#,7), be the phase flow of the Birkhoffian system (2. 1), thén(3, #)dd; A di; =
K;;(z,t)dz; A dz;. Also, the symplectic fornf2 is an integral invariant of any Birkhoff’s
equationL 3 _(€2) = 0. Therefore, the Birkhoffian vector fieltl; preserves the rank on
manifold M x R i.e the rank ofM/ x R at (exp(tip)x, t) is the same as the rank df x R
at(z,t).

If we consider to the canonical form of the Poisson bracket, then the Birkhoffian system
(3. 7) takes the form

i = i 98 (4. 10)
aJCj
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with canonical matrix

TV ... 0 -1 ... 0
i 0 " 0 -1
ijy
(J )_ 1 O Tn+1 O 9
0o ... 1 0 LT

and BirkhoffianB s.tT'9?B/dz;? = 0, fori = 1, ..., 2n.

Suppose thaf is the space of Birkhoffian vector fields, = J (0B /dx;)d/dx;, then
it can be easily proved thét s, 5] = 9405 for everyo,, o5 € B.
Theorem 1The Birkhoffian flow of special type non-autonomous Birkhoff equadbri )
preserves the Poisson bracket bh x R.

Proof: If F', B andP are real valued functions, ad = exp(tvz). By differentiating the
Poisson conditioF(¢;) o P(¢;) = F o P(¢;) with respect to t and using the fact

*
78(}(;%3) = %*B+F* gﬁ,
we find
op(F o P) —dpop(B) = dp(F) o P —op(B)o P+ Foig(P)— Fotp(B),
at the pointp;(z). This is the same as the Jacobi identity. O

Theorem 2Let M x R be a Poisson manifold. The system of Birkhoffian vector filds

on M x R is integrable, so through each poifit,¢) € M x R there passes an integral
submanifoldV of B satifyingI'N|, = B|p for everyp € N, such that is a contact subman-
ifold of the Poisson manifold, and, collectively, these submanifolds determine the contact
foliation of M x R. Also, for Birkhoffian functiorB : M x R — R, any solution to

the corresponding quasi Hamiltonian system, with initial dataVinremains in a single
integral submanifoldV.

Proof: As mentioned, the Lie bracket of two Birkhoffian vector fields (3. 9) in canon-
ical form is a combination of such Birkhoffian vector fields, Sds involutive. On the

other hand, for non-autonomous Birkhoff equations, a contact form can be found in each
point. Finally by the variable rank Frobenius’ theorem and last theorem, the proof will be
completed. O

Recall the similar foliation of manifold M related to Hamiltonian systems. Cosider
the Hamiltonian system in which its Hamiltonian is the same as the Birkhoffian of the
Birkhoffian system (4. 10 ). we will have these conclusions.

Theorem 3The phase flow of a Hamiltonian system is symplectomorphic to the phase flow
of the corresponding quasi Hamiltonin system.

Proof: Suppose that = g(z,t) is the flow andN is the phase flow of the Birkhoffian
system, and the graph of the phase flow of the Birkhoffian systghtist,) = g(z, ¢, o),
ie.

T, = {(#,2) € R*"|& = g(w,t,t),r € R*"},
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and suppose that andg*(z,ty) = g(x,t,1t0),I'; belong to the Hamiltonian system. Note
that the manifoldV x R2" is symplectic with symplectic two form

Q= K(i’,t)d,ﬁ%z A dii] - K(.T,to)dl’z A diL’j,

and we have the inclusion map T', C N x R?" such that*(Q) = 0 [18]. ThusT, will
be a lagrangian submanifold &f x R?”. Theng? : R2® — N is a symplectomorphism[1].
Similarly we have the symplectomorphisjh : R2" — N in Hamiltonian case. S§' o
g~': N — N is symplectomorphism. O

Now, consider a contact foliation af x R constructed from the symplectic Hamiltonian
foliation of manifold M. Therefore we can say the solutions of the Birkhoffian system
(4. 10) lie on hypersurfaces of contact leaves of manifdic R up to diffeomorphism.
Theorem 4The solution of quasi Hamiltonian systém 10 ) passing throughp € M xR
lie on the hypersurface of a contact submanifold/6fx R in p. O
Example 1The system of equatioris = t2e®! sin tzo+te®! costrs andiy = —e®! sintaro+
te®! cos tx, iS quasi hamiltonian whit Birkhoffial = e*! sintz, andT!! =2, 7?2 =1
. On the other hand it is a Hamiltonian equation with Hamiltontan= —te*! costzy +
et sintxs.

5. SYMMETRIES AND CONSERVATION LAW

Suppose thah is a Birkhoff system and fdp; = 0B/0x; +0R;/0t, DY = K;;D;—
D;, is the Frechet derivative ak. By conditions in ( 2. 2 ),DX) will be selfadjoint i.e.
DY = D~

In fact, a general non-autonomous first order system is self sdjoint in réjiohpoints
of TR2™ x R if and only if it is of the Birkhoffian type [15]. As a result of self adjointness
we have the integrability condition for the contact structlre: d(R,;da?i).

The adjointness, implies tha\ is the Euler Lagrange expression for some variational
problem£ = [ Ldz. In which caseA = E(L), a lagrangian forA can be constructed by
integration [13], or calculated by Pfaff action [5]. Indeed for Birkhoffian system, we have
Ldt=n.

Therefore, by Noether’s theorem we can get the conservation law for Birkhoffian equa-
tion from the variational symmetries of the variational problem. Also, the Noetherian sym-
metries form a closed subalgebra of Lie symmetries algebra [19].

Example 2 Consider the equations

ill = U2, 1:'62 = Uui. (5 11)

Letxy = uy, x2 = u9, x3 = U9, x4 = U1, then the equation (5. 11) can be transformed
into the form of a quasi Hamiltonian equation with

Rl = —I3 — l‘lt, R2 = —X4 — $2t7 R3 = R4 = 07 B = Xr3x4.
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The generators of symmetry algebra of the equationare 9/0t and

vg = sinhtaiu1 + sinhtaiu27 vz = coshtaiu1 + coshtaiuQ,
vy = sinta—u1 — sinta—u27 v = costa—u1 — costa—w,
0 0 0
vgzula—ul—i—ma—w, v7:uQ8—u1—|—ula—u2.
The Noetherian symmetries correspond to the spanned subalgebra by the vector fields
vy, ,v5. SO the corresponding conservation laws for the equation (5. 11j),are

’U,% + U% — ujusg, and
p2 = sinh #(dy + tg) — cosht(uy + uz), p3 = cosht(iy + d2) — sinh¢(uy + ua),

P4 = Sint(ﬂl — UQ) — COSt(Ul — UQ)7 P5 = COSt(’(.J,l — Ug) — sint(u1 — Ug).
6. EVOLUTION EQUATIONS

Suppose that M is an open subset of the space U in whichz = (z1,--- ,2,) € X
is independent and = (uy,--- ,u,) € U is dependent variable. Suppose this the
algebra of differential functions ove¥l and F is the quotient space od under the total
divergence.

In order to construct an evolution equation of Birkhoffian type we need various com-
ponents of Birkhoffian system (3. 7). For this we replace Birkhoffian function B with
Birkhoffian functional = [ Bdx € F and gradient operation by the functional gradient
0% € A™.

According to quasi Hamiltonian matrix, we suggest associated linear operator
A" — A™in the form 2 = f(t)%1 + 2, such that? can be a linean x n matrix
differential operator ang (¢) a diagonal: x n matrix with real function entries?,, %
are self adjoint and skew adjoint(Hamiltonian) operators, respectively.

We define the corresponding poisson bracket as

Ro = /5@.(@ — P)6.Ldx. (6. 12)

Clearly the poisson bracket satisfies of the skew symm@tey.¥ = —% o #, and the
Jacobiidentit( P o L) o Z + (# o P)o. L = (L o X) o & for all functionals#?, £,
and%.

Theorem 5Let 2 be a Birkhoffian operator with poisson brackgt 11 ) There is an evo-
lutionary vector fields, which corresponds to each function# = | B dx and satisfies
prig(#) — prig(B) = Z o A for all functional Z € F (See P.J. Olvefl13]). O

Infacti g has characteristi®0.2 = 2 E(B). By exponentiating the Birkhoffian vector
field 94, we obtain the evolution Birkhoffian system corresponding to functioffad in
the following form

ou
i .08
Suppose that the Birkhoffian operat@rof the Birkhoffian evolution equation has the

propertyd2,.6% = 0, then for the generalized symmetry grofip of the system we
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have[tg, U 2] = 02,4 . FOr example Burger’s equatien = 2uu, + u., is a Birkhoffian
evolution equation with the operatér = 2u+ D, and is a Hamiltonian evolution equation
too. Specially in the case ¢f(t) = c¢(c is constant), the functiona¥ satisfies

0

W'f‘e@o@:cg

for some distinguished function@dl (20% = 0).

So we can say 4 with the characteristicZ — 2*)6 2 determines a generalized sym-
metry group of the corresponding Hamiltonian evolution equation if and only if there is a
functional% with the propertyzd¢ = (2 — 2*)6%¢ such that? = 2 — %.

For example the symmetries of Burger’s equatign= 2uu,. + u,, can be derived from
the symmetries of the corresponding Hamiltonian evolution equation, i.e the heat equation
u; = ug, (See P.J. Olver [13]).

7. CONCLUSION

In this paper we begin the analysis of the integrable nonautonomous Birkhoffian systems
and we find the conditions that these systems are equivalent to the Hamiltonian’s. The study
of integral manifolds of these systems provide an effective way for the study of dynamics
of such systems .The result of this paper develops the evolution equations of Hamiltonian
type to the Birkhoffian evolution equations and make a relation between symmetries of an
evolution equation and the symmetries of its Hamiltonian evolution equation part.
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